CHAPTER 2

Basics of noncommutative geometry

DEFINITION 7. A spectral triple (A, H, D) is given by an unital x- algebra A represented as
operators in a Hilbert space H and a self-adjoint operator D such that (1 + D?)~! is a compact
operator and [D,a] bounded for a € A.

A spectral triple is even if the Hilbert space H is endowed with a Z/2Z-grading v such that
(.0 = 0 and {7, D} = 0.

A real structure of KO-dimension n € Z/8Z on a spectral triple is an antilinear isometry
J:H — H such that

J?=¢, JD =¢'DJ, Jy=¢"yJ (even case).

The numbers e,&' " € {—1,1} are a function of n mod 8:

lnJO 1 2 3 4 5 6 7]
e |1 1 -1 -1 -1 -1 11
g1 -1 1 1 1 -1 11
el -1 1 -1
Moreover, with b° = Jb*J~1 we impose that
[a,0°] = 0, [D,a],b°] =0,  Va,be A,

A spectral triple with a real structure is called a real spectral triple.

The basic example is the commutative spin geometry of a Riemannian spin manifold given by
the triple

o A= C%(M), the algebra of smooth functions on M.

e H = L?(M,S), the Hilbert space of square integrable sections of a spinor bundle S — M.

e D, the Dirac operator associated with the Levi-Civita connection.
If the manifold is even dimensional, there is a grading defined by T' := —y1q2. .. 4dmM where A#
are the Dirac gamma matrices satisfying {v#,+"} = 2¢*”. The real structure is given by the charge
conjugation.

A spectral triple is called regular (or smooth) if the algebra generated by A and [D, A] lies
within the smooth domain ()2, Dom ¢™ of the operator derivation 6(T") := |D|T — T'|D|. This
condition permits to introduce the analogue of Sobolev spaces H® := Dom(1 4+ D?)%/? for s € R.
One can develop this theory to an abstract differential calculus, cf. the notes by Higson.

DEFINITION 8. The dimension spectrum of a regular spectral triple (A, H, D) is the subset
3. C C of singularities of the meromorphic functions

G(2) = Tr(b| D[77)

where b is an element in the algebra generated by 6¥(A) and §*([D, A]) for all k > 0.
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16 CHAPTER 2. BASICS OF NONCOMMUTATIVE GEOMETRY

Corresponding to the direct product of manifolds, one can take the product of spectral triples
as follows. Suppose (A1, H1, D1,71,J1) and (Ag, Ha, D2, 72, J2) are even real spectral triples, then
we define the (exterior) product spectral triple by

A=A ® Ay
H="H1 ®H>
D=D;®1+v ® D>
Y=Y Q72
J=®J

Note that D? = D% RI1I+1® D% since the cross-terms vanish due to y1 D1 = —D77y1. The dimension
spectrum ¥ of the product is the sum (in C) of ¥; + Xo.

1. Noncommutative differential forms
Let A be an algebra with unit over C. The universal differential algebra Q,,(A) is the graded
algebra generated by a € A of degree 0 and symbols da, a € A of degree 1, such that

d(ab) = (da)b+ adb d(aa + Bb) = ada + Bb;  (a,b € A o, € C).

We can write Qun(A) as a direct sum of subspaces Q4,(A) generated by linear combinations of
apday - - - da,. Furthermore, there is the isomorphism of vector spaces

(1.1) A@A™ ~ QF (A),
where A := A/CIL. The operator ¢ is defined on ,,(A) by
d(apday - - - day) = dagday - - - day,
d(6ay - - dap) = 0.

By construction, the algebra ,,(A) is also a A-bimodule. As the name suggests, the universal
differential algebra satisfies the following universal property.

PROPOSITION 9. Let (Q,d) be a graded differential algebra and let p be a morphism of unital

algebras. Then, there exists a unique extension of p to a morphism of graded differential algebras
P Qun(A) — Q such that pod =dop.

An example of a frequently used differential calculus in the text and more generally, in non-
commutative geometry, is Connes’ differential calculus [?]. Let (A, H, D) be a spectral triple. The
A-bimodule Q7 (A) of Connes’ differential p-forms is made of classes of operators of the form

w—ZaoD al Daj] agGA,

modulo the sub-bimodule of operators

{D DD, bi] -+ [D,b, 1] = b € A, BY[D,b]]--- (Db, 4] = 0}.

The exterior differential dp is given by
dD{Zao D)+ Dl = DD, al] (D,
J
In the case of the canonical triple (C*°(M), H, D) of a Riemannian spin manifold M, this differential
calculus is isomorphic to the de Rham differential calculus.
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2. Modules and connections

We recall some basic definitions on modules and connections thereon. We derive a general Bianchi
identity for the curvature of such connections and link with gauge theory.

2.1. Modules
Let A be an algebra over the complex numbers C.

DEFINITION 10. A right module £ is a vector space over C that carries a right representation
of A, i.e. there is a map € x A > (n,a) — na such that

n(ab) = (na)b,

n(a+b) = na +nb,

(n+&a = na+¢&a,
for any n, € € £ and a,b € A.

There is the natural notion of a morphism of (right) .A-modules as linear maps that respect this
structure. Thus, a morphism between two (right) A-modules £ and F is a linear map p : &€ — F
that is also right A-linear:

pna) = p(n)a;  Vne&,ac A

Left modules and morphisms of left modules are defined similarly. A bimodule over an algebra A
is both a left and a right .A-module such that the left and right action of A commute:

(an)b = a(nb); Vne &, a,be A

Given a right A-module, we define its dual module £ as the collection of all morphisms from £ into
A, where A is seen as the trivial right A-module; in other words:

5'::{¢:€—>A]¢(na):¢(n)a, nEE,aGA}.

DEeFINITION 11. A right A-module £ is said to be finite projective if there exists an idempotent
p=p> € My(A) such that & ~ pAN as right A-modules.

Here My (A) ~ My(C) ®c A denotes the algebra of N x N matrices with entries in A whereas
AN .= C" ®c A which can be thought of as the set of N-dimensional vectors with entries in A,
and is clearly a right A-module.

2.2. Connections

Let us suppose we have an algebra A with a differential calculus (2(A) = ©,0P(A),d). We now
review the notion of a (gauge) connection on a (finite projective) module £ over A with respect to
the given calculus; we take a right module structure.

A connection on the right A-module £ is a C-linear map

V:EQ4P(A) — ER4 P (A),
defined for any p > 0, and satisfying the Leibniz rule
V(wp) = (Vw)p+ (=1)Pwdp , Vw € QP(A) , pe Q(A) .
A connection is completely determined by its restriction
V:E—Eo40YA),

which satisfies
V(na) = (Vn)a+n®sda,Vne€,acA,
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and which is extended by the Leibniz rule. It is the latter property that implies that the composition,
VZ=VoV:E—EROMA),
is Q(A)-linear. Indeed, for any w € QP(A), p € Q(A),
VA (wp) = V ((Vw)p + (~1)Pwdp)
= (V2w)p + (=" (Vw)dp + (-1)P(Vw)dp + wd?p
= (V2w)p .
The restriction of V? to £ is the curvature
(2.1) F:8—E040(A),
of the connection. It is A-linear, F'(na) = F(n)a for any n € £,a € A, and satisfies
Vin@ap)=Fnp, Ve, peQA).

Thus, F € Endy(€,€ @4 Q%(A)), the collection of (right) A-linear endomorphisms of &, taking
values in the two-forms Q?A.

Connections always exist on a projective module. On the free module £ = CN @c A~ AV, a
connection is given by the operator

Vo=1®d:CY @c QP(A) — CN @¢c QPHH(A) .

With the canonical identification CV @c ®4 = (CV @c A) @4 Q(A) ~ (2(A))Y, one thinks of V
as acting on (Q(A))" as the operator Vo = (d,d,--- ,d) (N-times).

For a generic projective module £ one has a canonical inclusion map, A : € — A", which identifies
£ as a direct summand of the free module A" and a canonical idempotent p : AV — & which
allows to identify & = pAY. Using these maps as well as their natural extension to £-valued forms,
on &£ a connection Vj is given by the composition

E@a(A) 25 CVoc?(A) 24 N ecortl(4) L P4

(we have also used canonical identifications for the free module). This connection is called the
Levi-Civita or Grassmann connection and is explicitly given by

Vo=po(l®d)oA
although one simply indicates it by
(2.2) Vo = pd.

3. Unitary and Morita equivalence of spectral triples

In the previous chapter we have seen the prominent role that is played by symmetries in physics.
We now consider symmetries of (A, H, D,~,J), an even real spectral triple. The first candidate is
unitary equivalence.

DEFINITION 12. Two spectral triples (A1, H1, D1) and (Az, Ha, D2) are called unitary equiv-
alent if Ay ~ As and there exists a unitary intertwining operator U : Hy — Ha such that

Ury(a)U* = m(a) (a € Ay)
UD,U* = Dy

If there exist grading operators 71,7ve then we also demand that UyiU* = 5. If there exist real
structures Ji, Jo then we also demand that UJLU* = Js.
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19 3. UNITARY AND MORITA EQUIVALENCE OF SPECTRAL TRIPLES

As a special case, we consider the gauge group U(A), defined as the unitary elements in the
algebra A of a spectral triple (A, H, D). It implements unitary transformations from the spectral
triple to itself, transforming

D — D+ u[D,u"].
If the spectral triple is real, the unitary intertwiner is given by U = uJu*J~! for u € U(A), thus
transforming
D — D+ u[D,u*] + € Ju[D,u*]J L.

Effectively, the unitary group acts as automorphisms on A4 by conjugation, a — wau*. Such
automorphisms are called inner, in contrast to the outer automorphisms which are defined as the
quotient Aut(A)/Inn(A). This is nicely summarized by

1 — Inn(A) — Aut(A) — Out(A) — 1.

Note that if A = C°°(M) is commutative, there are no non-trivial inner automorphisms and
Out(A) = Diff(M).

We have seen that a non-abelian gauge group appears naturally when A is noncommutative.
Even more, noncommutative algebras allow for a more general — and more natural — notion of
equivalence than automorphisms, namely, Morita equivalence. Let us see if we can lift Morita
equivalence to the level of spectral triples.

Recall that given an algebra A, a Morita equivalent algebra B is the algebra of endomorphisms
of a finite projective (right) module £ over A,

B =EndA(E).

Let (A, H, D) be a given spectral triple and try to construct a spectral triple (B, H', D’). Naturally,
H' := £ ®4 H carries an action of ¢ € B:

pm@Y)=¢m @y  (ne&eH).

The naive choice of an operator D’ by D'(n® ) = n® D will not do, because it does not respect
the ideal defining the tensor product over A, being generated by elements of the form

na @Y —nQ ay; me&aec Ay eH).

A better definition is
D'(n®@¢) =n® Dy + V().
where V : £ — € ®4 QL (A) is a connection associated to the differential d : a — [D, a] (a € A).

THEOREM 13. If (A, H, D) is a spectral triple and ¥V is a connection on a finite projective right
A-module &, then (B, @4 H,V®1+4+1® D) is a spectral triple.

Analogously, we define for a real spectral triple (A, H, D, J) a real spectral triple (B, H', D, J')
by setting H' := € @ 4 H ®4 E°. Here £° is the conjugate module to &:

£ ={€:¢e¢&}
with a left A action defined by af = £a* for any a € A. Still ¢ € B acts on H’ by
@Y RE =¢n)OY®E

and

Dne@v @& =(VNY @&+ n® DY @&+ n@p(VE)
JM@YeE) =0 JpaT

THEOREM 14. If (A, H,D,J) is a real spectral triple, then (B, @4 HR4E°,VR1®1+1®
D®1+1®1®V) is a real spectral triple.
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Finally, for even spectral triples one defines a grading v =1 ®vy® 1 on £ @ 4 H @4 E°.

We now focus on Morita self-equivalences, for which B = A and consequently £ = A. Let
us look at connections

V:A— QL(A).
Clearly, by the Leibniz rule V = d + A where A = V(1) = . a;[D,bj] is a generic element in
QL (A). Similarly, ¥Va = (¢'JdaJ ' + € JAaJ 1)y. Since H' ~ H we have
D)=D'(1@yal)=V(1)+V(1) + Dy = D+ Ay + ¢ JAT .

In other words, D is ‘innerly perturbed’ to D := D + A + ¢/ JAJ ™! where A* = A € QL (A) is
called the gauge field. Another name used for these fields is inner fluctuations of the Dirac
operator, since it is the algebra A that generates — through Morita self-equivalences — the fields A.

On the new spectral triple (A, H, D 4) there is an action of the unitary group U (.A) by unitary
equivalences. Recall that U = uJu*J ! so that

Dy— UDAU*

or, equivalently,
A wAu* + u[D,u"]

which is the usual rule for a gauge transformation on a gauge field.

3.1. Spectral action functional

Having identified the gauge group canonically assoaciated to a spectral triple, and derived the
gauge fields, we are ready to find action functionals of these fields that are invariant under the

gauge group.

DEFINITION 15. Let f be a positive and even function from R to R. The spectral action is
defined by

S[A] == Tx f(Da/A)
where A is a real cutoff parameter. The fermionic action is defined as the inner product

SplA¢] == (¢, Dagp).

We will assume that f is given by a Laplace—Stieltjes transform:
f@ = [ )
>0
with 1 a measure on R, and further that there exists the following heat kernel expansion:

—tD? «
Tre = E t%cq
a

as t — 0. Note that this is defined for the unperturbed operator D, but similar expression hold for
any bounded perturbation such as D4 of D.

LEMMA 16. For a < 0 we have

reszz—QaCl (Z) = F(—Oz)

with (p(z) = Trb|D| =% as before.
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Proor. This follows from the Mellin transform:

1 © 2
|D|fz _ / eftD tz/271 dt
I'(z/2) Jo

or, after inserting the heat expansion:

1 o
Tr|D|™% = T cat® 21 gt
z

1 /1
= — cat®#/*~ 1 dt + holomorphic
I'(z/2) Za: o

=3 o
— ['(z/2)(a+2/2)
Taking resisues at z = —2« on both sides gives the desired result. O

Using the Laplace—Stieltjes transform, we now derive an asymptotic expansion of the spectral
in terms of the heat coefficients c,.

PROPOSITION 17. Let ¥ be the dimension spectrum of (A, H,D). Then

BEXU0
where fg:= fo V) dv and fo == £(0).
PRrOOF. Insertlng the heat expansion in the Laplace-Stieltjes transform gives

f(D/A) = /t >Ot°‘A’2°‘ca du(t).

The terms with a > 0 are of order A~'; if & < 0, then
1

t¢ = —/ eyl gy,
F(a) v>0

Applying this to the above intergral gives

A_Qo‘ca/ t du(t) = A% /0/ . top=a=l dudp(t)
>0 Jo>
:A_Qo‘ca/t 0/ Oe_t” v27 L dudp(t)
>0 Jo>

= A2aca/ f(v)vf%‘*l dv = Ao f_o0
v>0

-1
—%B+O(A )

substituting v — v? in the going to the second line. Since ¢, = 0 unless —2a € ¥ we substitute

06 = —2a to obtain the claimed formula. O

COROLLARY 18. For the perturbed operator D we have

SplA] = Y fsA? (ﬂ/ )resZ:BTr|DA|*Z+0(A*1)
BEXU0
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