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Hopf fibration S7 → S4

- S7 := {(z1, z2, z3, z4) ∈ C4 :
∑
i |zi| = 1}

- Right SU(2)−action

- Bundle projection S7 → S4:

α = 2(z1z3 + z2z4),

β = 2(−z1z4 + z2z3),

x = z1z1 + z2z2 − z3z3 − z4z4

with αα∗ + ββ∗ + x2 = (
∑
i z
izi)2 = 1.

- Dual picture: Calg(S4) = CoinvCalg(SU(2))(Calg(S7))
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Instantons

Instanton on S4 is a connection on a rankC 2 vector
bundle, carrying an action of SU(2), with self-dual
curvature ∗F = F ; instanton number: k = c2(∇).
Similarly: anti-instanton with ∗F = −F .

Basic anti-instanton (k = −1) on S4 is described by
projector p as ∇ = pd. Defined by p = |ψ1〉〈ψ1| +
|ψ2〉〈ψ2| with

|ψ1〉 =


z1

−z2

z3

−z4

 ; |ψ2〉 =


z2

z1

z4

z3


vector-valued functions on S7. Explicitly

p =
1
2


1 + x 0 α β

0 1 + x −β∗ α∗

α∗ −β 1− x 0
β∗ α 0 1− x


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Quantum Hopf Fibration

We call B → P a Hopf-Galois extension if

• H is a Hopf algebra

• P a right H-comodule algebra, i.e. ∆R : P →
P ⊗H is an algebra map.

• B := Coinv∆R
(P )

• the canonical map χ : P ⊗B P → P ⊗H defined by

χ := (mP ⊗ id) ◦ (id⊗B ∆R)

is bijective.

———————————————————————————————–

⇒ Find S7
θ , SUθ(2) such that:

- Coinv∆R
(Calg(S7

θ)) = Calg(S4
θ)

- Calg(S4
θ) → Calg(S7

θ) is a Hopf-Galois extension
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θ−deformed spheres

- Calg(S7
θ) is complex unital ∗-algebra generated by

z1, . . . , z4 with relations

zizj = λijzjzi; zizj = λjizjzi∑
zizi = 1

for λij = λji.

- Calg(S4
θ) is complex unital ∗-algebra generated by

α, β, x with x = x∗ a central element and relations:

αα∗ = α∗α; ββ∗ = β∗β

αβ = λβα; α∗β = λβα∗

αα∗ + ββ∗ + x2 = 1

λ ∈ S1 ⊂ C
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Quantum group coaction

No θ−deformation of Calg(SU(2))
⇒ Classical coaction of Calg(SU(2)) on Calg(S7

θ):

∆R : (z1, z2) 7→ (z1, z2)⊗
(
w1 w2

−w2 w1

)
∆R : (z3, z4) 7→ (z3, z4)⊗

(
w1 w2

−w2 w1

)

with w1w1 + w2w2 = 1. ∆R(zi)∆R(zj) =
λij∆R(zj)∆R(zi) ⇒

λ12 = λ34 = 1; λ14 = λ23 = λ24 = λ13

Calg(SU(2)) coacts classically so

Coinv∆R
(Calg(S7

θ)) = C[z1z3 + z2z4,−z1z4 + z2z3,

z1z1 + z2z2] (mod. relations)
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Again we define

α = 2(z1z3 + z2z4),

β = 2(−z1z4 + z2z3),

x = z1z1 + z2z2 − z3z3 − z4z4,

Imposing αβ = λβα and αβ∗ = λβ∗α ⇒

λ14 = λ23 = λ24 = λ13 = λ
1
2

we conclude that for these values of λij:

Coinv∆R
(Calg(S7

θ)) = Calg(S4
θ)

In fact, an inverse to χ can be constructed explicitly
so that

Calg(S4
θ) → Calg(S7

θ) is a Hopf-Galois extension

Proof is very similar to [BCDT].
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Basic instanton on S4
θ

Projector defined as p = |ψ1〉〈ψ1|+ |ψ2〉〈ψ2| with

|ψ1〉 =

 z1

−z2

z3

−z4

 ; |ψ2〉 =

z
2

z1

z4

z3


In terms of generators α, β, x of S4

θ :

p =
1
2


1 + x 0 α β

0 1 + x −λ
1
2β∗ λ

1
2α∗

α∗ −λ
1
2β 1− x 0

β∗ λ
1
2α 0 1− x


which is (K-)equivalent to projector found in [CL],
describing the basic anti-instanton on S4

θ :

p =
1
2

1 + x 0 α β

0 1 + x −λβ∗ α∗

α∗ −λβ 1− x 0

β∗ α 0 1− x


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Strong connections

Let B → P be a Hopf-Galois extension and suppose
the antipode of H is invertible. A strong connection
one-form [H] is defined by a map l : H → P ⊗ P as

ω : H → Ω
1
P (universal diff. forms)

h 7→ l(h)− ε(h)1⊗ 1

with conditions on l:

l(1) = 1⊗ 1; χ(l(h)) = 1⊗ h

(l⊗ id) ◦∆ = (id⊗∆R) ◦ l

(id⊗ l) ◦∆ = (∆R ⊗ id) ◦ l

where ∆L : P → H ⊗ P is defined by p 7→ S−1p(1)⊗
p(0) Then ω satisfies

∆Ω1P ◦ ω = (ω ⊗ id) ◦ Ad

(mP ⊗ id) ◦ (id ⊗∆R) ◦ ω = 1⊗ (id− ε)

dp− p(0)ω(p(1)) ∈ (Ω1B)P, ∀p ∈ P

where Ad : H → H ⊗H,h 7→ h(2) ⊗ S(h(1))h(3)
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The map l(h) := χ−1(1 ⊗ h) defines a strong
connection Calg(S7

θ) → Calg(S4
θ)

(Here χ−1 implicitly denotes the lift to P ⊗ P of the
inverse of the canonical map χ : P ⊗B P → P ⊗H.)

l(w
1
) =

∑
i

〈ψ1|i ⊗ |ψ1〉i

l(w
1
) =

∑
i

〈ψ2|i ⊗ |ψ2〉i

⇒ Projector associated to l(w1), l(w1) describes basic
instanton
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Local expressions

- Calg(R4
θ) is complex unital ∗-algebra generated by

ζ1, ζ2 with relations

ζ1ζ2 = λζ2ζ1; ζ1ζ
2

= λ ζ
2
ζ1

- Enlarge by adjoining self-adjoint central generator

(1+ |ζ|2)−1, inverse to (1+ ζ1ζ
1
+ ζ2ζ

2
) and define

α̃ = 2ζ1(1 + |ζ|2)−1; β̃ = 2ζ2(1 + |ζ|2)−1

x̃ =
(
1− ζ1ζ

1 − ζ2ζ
2)

(1 + |ζ|2)−1

Inverse stereographical projection: Spectrum of
α̃, β̃, x̃ does not contain classical point x = −1.

- Local expressions for p:

ploc = (1 + |ζ|2)−1


1 0 ζ1 ζ2

0 1 −λζ
2

ζ
1

ζ
1

−λζ2 |ζ|2 0

ζ
2

ζ1 0 |ζ|2


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Conformal group

- Classically, the conformal group SL(2,H) of S4

generates other (anti-)instantons:

∗p(dp)2 = ±p(dp)2 conformal invariant

- Under a proper isomorphism H ' C2, g ∈ SL(2,H)
can be written as an element in GL(4,C)

g =


a1 a2 b1 b

2

−a2 a1 −b2 b
1

c1 c2 d1 d
2

−c2 c1 −d2 d
1

 ; det g = 1

which acts by left multiplication on |ψi〉:

|ψi〉 7→ |ψgi 〉 =
1

〈ψi|g∗g|ψi〉
1
2

g|ψi〉

Note that 〈ψ1|g∗g|ψ1〉 = 〈ψ2|g∗g|ψ2〉 ≡ 〈ψ|g∗g|ψ〉.
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- Transformed projector

p 7→ pg = |ψg1〉〈ψ
g
1|+ |ψg2〉〈ψ

g
2|

=
1

〈ψ|g∗g|ψ〉
gpg∗.

- Gauge transformations: g ∈ SL(2,H) with g∗g = 1
give gauge equivalent instantons: Sp(2)

⇒ SL(2,H)/Sp(2) : 5-parameter family of

instantons (locally: ’scaling’ (1d) and ’translation’
(4d))
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Conformal transformations on S4
θ

Does C4
θ (for special λij) allow action of SL(2,H)?

ρ : z1 7→ a1z1 − a2z2 + b1z3 − b
2
z4

ρ : z2 7→ a2z1 + a1z2 + b2z3 + b
1
z4

ρ : z3 7→ c1z1 − c2z2 + d1z3 − d
2
z4

ρ : z4 7→ c2z1 + c1z2 + d2z3 + d
1
z4

ρ(zi)ρ(zj) = λijρ(zj)ρ(zi) allows only 4 possibilities
which all reduce modulo gauge transformations to:

(z1, z2) 7→ (rz1, rz2)

(z3, z4) 7→ (r̃z3, r̃z4)

with r̃ = r−1 ∈ R>0
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Transformed projector:

p
r
= (r

2
(1+x)+r̃

2
(1−x))−1


r2(1 + x) 0 α β

0 r2(1 + x) −λβ∗ α∗

α∗ −λβ r̃2(1− x) 0

β∗ α 0 r̃2(1− x)


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Local expressions

This projector reads locally:

prloc(ζ) = (r2+r̃2|ζ|2)−1


r2 0 ζ1 ζ2

0 r2 −λζ2
ζ
1

ζ
1 −λζ2 r̃2|ζ|2 0
ζ
2

ζ1 0 r̃2|ζ|2


⇒ prloc(ζ) = ploc(r̃2ζ)

All non-gauge-equivalent instantons generated from
the basic instanton by conformal transformations arise
by ’scaling’

Abscence of ’translated instantons’ can be seen
from the commutation relations on R4

θ:

ζ1ζ2 = λζ2ζ1

since it does not allow automorphism ζi 7→ ζi+ai with
ai ∈ C.
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Outlook

• Calculate dimension of moduli space of (k =
1)−instantons on S4

θ :

- If dim = 1: all instantons on S4
θ are obtained

from the basic instanton by scaling
- If dim > 1: classical methods to generate

instantons not sufficient

• Understand structure of Hopf-Galois extension and
relation with projectors; Find principal bundles
describing instanton with |k| > 1 (even classical!)
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