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Noncommutative manifolds

Basic device: a spectral triple (A, H, D):
@ algebra A of bounded operators on
@ a Hilbert space H,

@ a self-adjoint operator D in ‘H with compact resolvent
and such that the commutator [D, a] is bounded for all a € A.



Key example: Riemannian spin geometry

Let M be an compact m-dimensional Riemannian spin manifold.
o A= C>(M)
e 1 = L%(S), square integrable spinors
e D =9, Dirac operator

Then D has compact resolvent because @) elliptic self-adjoint.
Also [D, f] bounded for f € C>*(M).



Real spectral triples

(A, H,D)
@ Extend to a real spectral triple:

J:H—-H real structure (anti-unitary)

such that
J? =41 JD =+DJ

@ Action of A°P on H: a°? = Ja*J~! such that
a%PbP = Ja* J7Ub* St = J(ba)* St = (ba)°P

We demand
[a°P, b] = 0; a,be A

@ D is said to satisfy the first-order condition if

[[D,a],b°?] =0



Spectral invariants

Tr f(D/N) + %(Jw, D)

@ Invariant under unitaries u € U(.A) acting as
D UDU*;  U=uJu)!

e Gauge group: G(A) = {uJudt : u c U(A)}

o Compute rhs:
D — D+ u[D, u*] + 0[D, 0*] + o[u[D, u™], i

with & = JuJ~! and blue term vanishes if D satisfies first-order
condition



Semi-group of inner perturbations

> jaibi=1

Pert(A a bOlD e A AP o Jns
ZJ Z_/ J®bp_2j >

with semi-group law inherited from product in A ® A°P.

o U(A) maps to Pert(.A) by sending u +— u® u*°P
@ Pert(A) acts on D:
DY a;Db;
J
o For real spectral triples we use the map Pert(A) — Pert(A ® A)
sending T — T ® T so that
D Z a,-éij,-Bj
i

and this extends the action of the gauge group G(A).



Morita equivalence

Suppose A ~p B.
Can we construct a spectral triple on B from (A, H, D)?

o Let B~ End4(&) with & finitely generated projective. Define
H =E@4H

Then B acts as bounded operators on H’.

@ The self-adjoint operator (1 ®v D)(n ® ) := Vp(n)y +n @ Dy
requires a universal connection on &:

V:E— Ea4 QA

where Vp indicates that ad(b) € Q'(A) is represented as a[D, b].
@ Then (B,H',1®vy D) is a spectral triple [Connes, 1996].



Morita equivalence
with real structure
Again, suppose A ~y B.
o If there is a real structure J on (A, H, D), then we define

H = (EQUH)R4E

with the conjugate (left A-) module £ and define analogously the
operator (1 ®y D) ®< 1 on H’, where

V€ QN A) @4E,
and we also define

J H = H, NRYRIp— pRJY RN

Proposition (Chamseddine-Connes-vS, 2013)

We have (1 ®v D) @< 1 =1®vy (D ®g 1) and the tuple
(B,H',(1®v D) ®g 1;J') is a real spectral triple.




Morita self-equivalence

o lf B=A(ie. E=A)wehave H =E R4 H@4E ~H and J = J.
@ The operator D is perturbed to D' = D + Ay + /~4(1) + A(2) where

A(l) = Z aj[D, bj], Z(l) = Z éj[D, Bj] = :|:JA(1)J_1;

J J
A=Y _3i[Aw), bl = &ail[D, b, bj]
.k

J
and blue terms vanish if D satisfies first-order condition
@ Gauge transformations D’ — UD’U* implemented by
A(l) — UA(l)U* + U[D, U*]
Ay Jud Ay Ju* I+ JudHu[D, u*], JuF S



Perturbation semi-group and Morita self-equivalences

Proposition (Chamseddine—Connes—vS, 2013)
o The linear map 1 : Pert(A) — Q1(A), n(a ® b°P) = ad(b) is surjective.
o Ify;a;® b® € Pert(A) then the perturbed operator

> aiDbj=D+Y aiD, bl =D+ Ay,
J J
and, for real spectral triples:

> " ai8Dbiby = D+ Awy + Awy + A
i




Examples: Pert(.4) for matrix algebras

(joint with Niels Neumann)

2jajbj =1

Pert(.A) aj@b* € A® AP o % o %0
{ZJ Zjaj@)bjpzzjbj@ajp }

J

o If A= CV, then in terms of basis vectors {e;} of C":

Gii } ~ CN(N-1)/2

Pert(CN) ~ {Z Cijei® e € cV o ?

1y



Examples: Pert(.4) for matrix algebras

(joint with Niels Neumann)

Pert(A) {Z aj@b" € A® AP

J

Zjajbj:].
>3 @b =30 br@a®

o If A= Mp(C) ~ A°P, then in terms of basis vectors {ej;} of My(C):

G
i ij, ki

Pert(My(C)) ~ {Z Cij ke @ ex € Mp2(C) 2, ¢ ’N"Clk }
Ji

:{CEMNz((C)’ ggig% }

where Q = <1N(N+1)/2 0 > )
0 —lnv-1)/2



Examples: Pert(.A4) for function algebras

2jajbj =1
. op _ * *0p
Zjaj®bj —Zjbj@)aj

Pert(A {Z aj ® bfp c A® AP

o If A= C°°(M) then

~~

Pert(C®(M)) ~ {f € C™(M x /v/)‘ fx,x)=1 VxeM }

(x,y)=f(y,x) ¥x,yeM

@ Action of Pert(C*(M)) on D = @ = ir"V,, is given by

> aipbj =P+ 'V o Fx, )=y =09+ VA,
j

with A, € C*(M,u(1))



Non-abelian Yang—Mills theory
On a 4-dimensional background:
o A= C>®(M)® M,(C)
o H = L?(S)® M,(C)
e D=p®l1
o J=C®(.)"

Proposition (Chamseddine-Connes, 1996)
e Tr f(D): pure gravity

o The perturbations Ay + Z(l) with Aiyy = YA, describes an
su(n)-gauge field on M.

e Gauge group G(A) ~ C>(M, SU(n))
@ The spectral action of the perturbed Dirac operator is given by

D+ Aw) + A f(0) v -1




Almost-commutative geometries

A class of examples

(C¥(M)@ Ar, L*(S)®Hr, P®1+75® DF)
with real structure J = Jy; ® Jg.
e Gauge group G(C*(M) ® Ar) = C=(M,G(AF))
@ Inner perturbations:
D—D =901+~ ®adA,+v5 @
with adA, a g(AF)-gauge potential and ® = Dr + ¢ + J,:(;SJEl a map

Hr — HF
o Explicitly,

Au=—iY a0uby)  ¢=)_ alDr, by
j j

@ As G(Af)-representations:
Ay = uAuu”t — iud,u’, ¢ — UoU*



Almost-commutative geometries

Spectral action

Proposition (Van den Dungen—vS, 2012)

In the above setting,

v (1(5)) ~ w20 () - 2 04 (O (o)
f(0)

+ 2825 (99) + ';STOZ)Tr ((D,®)(D"®)) + O(A™).

with f, the first moment of f.




The noncommutative Standard Model
(C®(M) @ (CoH @ M3(C)), L%(S) @ He, P @1+ v5 ® Df)
@ Fermions are given by:

He = (H1 @ H; & He ® Hg) ™.

@ Algebra acts as:

A0 0O A0 0O
H, OXNO0 O Hq OXNO0O
()‘aqvm)_> 00 OLB ) ()‘,qam)__% 00 0475 ®137
00-pa 00 —-pFa
H; He
()‘7 q, m) — Alg, ()‘7 q, m) — 1y@m

@ Real structure Jr interchanges fermions and anti-fermions.



The noncommutative Standard Model

The finite Dirac operator

S T
m“:<T5>

@ The operator S is given by

0 0V 0 0 0VY,0
e _|loo0oov e o0 o0y
=Sk =1 ys 0 0 0 |0 2®B=5 =y 0 0 0
0 Y0 0 0 Y;0 0

where Yy, Ye, Y, and Yy are 3 X 3 mass matrices acting on the three
generations.
@ The symmetric operator T only acts on the right-handed

(anti)neutrinos, Trg = YgUR for a 3 x 3 symmetric Majorana mass
matrix Yg, and Tf = 0 for all other fermions f # vg.



The noncommutative Standard Model

The spectral action

Proposition (Chamseddine-Connes—Marcolli, 2007)

In the above setting,
@ The unimodular gauge group
SG(CaHa M;3(C)) = U(1) x SU(2) x SU(3)
o The inner perturbations of ) @ 1 + 5 ® Dg are parametrized by
U(1),SU(2) and SU(3) gauge fields A, Q,,, V,, and a Higgs doublet H

@ The spectral action is given by

D’ 1
Trf(W> ~ () 752)(30 W/wuﬂ(QWQWHTr(VWVW))
bf(0 —2af A% + ef (0
(2)|H|4+ 327r2 e()

HE+ Q10,2+ o),

y




Example beyond first-order
[Chamseddine-Connes—vS, 2013]

F=Cr®CL® My(C),
HF = (Cr®CL) ® (C°)° & C*® (C ® CY),

JF= <(1) (1)> oC (C : complex conjugation),

0 ke @ 15 %g 0
Dp — ke ® 1o 0 0
o 0 0 1o @ ky
0 0 1o @ ky 0

The algebra action of (Ag, AL, m) € A on H is given explicitly by

ARl m* .
(o]
ﬂ-()\Ra)‘L: m) - < Atz m > ' p()\R’ )\L’ m) = " ArL2 ’
m Arlp



Proposition

The largest (even) subalgebra A C Ax = Cr & Cp ® My(C) for which the
first-order condition holds (for the above Hg, D and Jg) is given by

Af = {</\R,)\L, <)‘OR 2>> : ()\R,)\[_,,u) cCrp(Cy @(C}

Proposition

The inner perturbed Dirac operator D' is parametrized by three complex
scalar fields ¢, 01,02 entering in A1y and Ay):

0 ke(14+4)®12  kyvvt 0
~ _ | k(1+o)®1 0 0
Dr +Aq) +Aq) +Ap) = (kyv A 0 Lk(1+9)
0 0 1Lo®kx(14+9¢) 0

with v = <1 * Ul).
02




Spectral action
Spectral action gives rise to a scalar potential

f2
V(6,01,02) = =5 A (4lke 2|61 + [ky[P(I1 + 01 + [o2f*)?)

fo
s (4l 10+ 4P P10 + 0 + [’

4+@WH+mF+wﬁf)




Spontaneous symmetry breaking to first-order

Proposition

The potential V(¢ = 0,01,02) has a local minimum at
(01,02) = (=14 /w,0) with w = \/26N? /(fy|ky|?) and this point
spontaneously breaks the symmetry group U(Af) to U(AF).




“Usual” SSB

After the fields (01, 07) have reached their vevs (—1 + /w, 0), there is a
remaining potential for the ¢-field:

2f

fo
V() = =S Nk P10 + =5 kel 0]
T T

0.2p

-0.2F

—04af

-06F

—-08F

-1.0F

Selecting one of the minima of V/(¢) spontaneously breaks the symmetry
further from U(Ar) = U(1)g x U(1). x U(1) to U(1). x U(1), and
generates mass terms for the L — R abelian gauge field.



The Standard Model revisited

[Chamseddine-Connes—vS, 2013]

A similar, but more elaborate treatment can be given for the Standard Model
algebra, through the inclusion

@ This subalgebra is the maximal subalgebra that satisfies first-order for a
so-called irreducible spectral triple on My (H) & Ma(C), and can be
selected via spontaneous symmetry breaking.

@ Physically, this corresponds to the Pati—Salam model with
SU(2)r x SU(2)L x SU(4) symmetry, spontaneously breaking to the
U(1) x SU(2), x SU(3) Standard Model symmetry.



Spectral action: pure gravity

Proposition

For the canonical triple (C>*(M), L2(M, S),d), the spectral action is

i Nt HRAN2 F(0) /1 1 11
T (F(5) ) ~ - —As— —Cpuypo CHP7 + ——R*R*).
' ( (/\) 22 247r25+167r2<30 70 e 360 )




Coefficients NCSM

=Tr (Y*Y + Y Ye+3Y, Y, —|-3Yde)
=Tr ((Y;Y2)? + (YaYe)? +3(Y; Ya)?
=Tr (YiYr),
((YRYR) )a
(YRYRY*Y)

3( Yj Yd)2)>



