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What Feynman graphs are...

Graphs built from a fixed set {vq,..., vi} of types of vertices (possibly
k = oo [BK]) and a fixed set {eq,..., ey} of types of edges.

vertex: % , edge:

and one constructs graphs such as %: , —O—

@ Electrodynamics:

vertex: -~< , edges: , ~AAAA,

and one constructs graphs such as W<< ' _%_

Examples:
@ Scalar ¢3-theory:




@ Yang—Mills theory:

edges: —— | 000000/ ,

and one constructs graphs such as

o (Gravity):
vertices: ,

edges: 00000 |

and one constructs graphs such as




Hopf algebra of Feynman graphs

@ Restrict to one-particle irreducible graphs (example not 1Pl ~sxO~Or)

@ Residue of a graph: res wv\<) ««< and res( ":’N, ) =
Eg. a graph not allowed: >v()w< since 1PR and residue X % v

Theorem (Connes—Kreimer, 2000)

The free commutative algebra H generated by 1Pl graphs with residue v;
and e; is a Hopf algebra with counit €(I') = ér y and coproduct:

AM)=Te1+1a7+Y y@Tl/y,
Y&l

where the sum is over (disjoint unions of) 1Pl subgraphs with residue v; or e;.




Examples of the coproduct with v = —< and e = —

AMN)=Tel+1F+> rv®l/y
) %{@1+1®*(]: +%<®%(
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Renormalization as decomposition Hom¢(H, C)

The Feynman rules specify an element in the group Homc(H, C) of
characters of H:
U,:H—C

with z a regularization parameter (cutoff, dim-reg, ...).

The renormalized Feynman rules are given by the map
R,=Ctx U,
where C, is the counterterm map defined using the coproduct by
C(X) = e(X) = Tm(C @ Uz)(1® (1 - e)A(X)]

R, is finite (renormalized) as z — 0.

All the maps U,, C;, R, are characters in Hom¢(H, C); such a
decomposition works in general for graded connected Hopf algebras.



Gauge theories
The physical (renormalized) Green's functions are given by
or(py s, 1, ..00) Ra=o(G")(p, pty v, £, .. 2)

with r = v;, ¢j and ¢, the corresponding formfactors (depending on
momenta, Lorentz and spinor indices, chiralities et cetera) and

Vi __ r € _ r
el 2 M TN 2 )

Gauge symmetries imply certain identities between these formfactors,
such as in pure Yang—Mills theories:

"o = i "y or W = 3+ I+ X

For renormalizability of gauge theories it is essential for these identities
to hold at any loop order: the Slavnov—Taylor identities for the couplings

G*G™ = (G,

Thus, we first need an expression for the coproduct on the G''s.



Structure of H
Gradings

e Grading by loop number /(I') = AY(T):

H=p H, q:H—H
IGZZO

@ Multigrading by number of vertices:
di(I') = #vertices v; in T — 4§, cq(r)
with

_ n,...,n . ni,...,n
H= @ HMo Mk Prgoomy o H — HMo

@ These are related via Zf‘zl(val(v,-) —2)d; =2I.
N.B. Connected Hopf algebra: H® = H%0 = C1.



Structure of H
Hopf subalgebras

@ Question: what is the coproduct on Green’s functions?
e Example: scalar ¢3-theory (with one type of vertex v = —< and one
type of edge e = —) :
Proposition
The elements X = G¥(G®)~3/2 and G¢ generate a Hopf subalgebra in H:

AX)=> XM eq(X), AG)=> G6X’®q(G)
1=0 1=0

@ This is recognized as the Hopf algebra dual to (a subgroup of) the
group C[[A]]* x Diff(C,0). Namely, a character ¢ on this Hopf
subalgebra defines

@ An invertible formal power series by >~/ ¢(qi(G€))N
@ A formal diffeomorphism on C by A — > 720 é(q(X))AF.



Structure of H
Hopf subalgebras and ideals

@ In general (vertices {v1,..., vk} and edges {e1,...,en}), we define for

each vertex v 1 jval(v)—2
X, = G
(H (Gej)valj(v)/2>

Proposition (vS, 2008)

The coproduct on the Green's functions reads

A(Gr) _ Z Gr(Xv1)n1(val(v,-)f2) . (XVk)nk(val(vk)f2) ® Pnl,...,nk(Gr);

Nny,...,Nk

@ On the elements X, we then have

Z X, ( nl(Val(Vi)72) - (Xvk)”k(val(vk)*” @ Pry.m (X0,
N1yeey
It appears that XV and G¢€ for all vertices v and edges e generate a
Hopf subalgebra, when restricted to each multidegree...



Structure of H
Hopf subalgebras and ideals

Theorem (vS, 2008)
@ The elements X,. and G generate a Hopf subalgebra H' in H with dual
group

G = Homc(H',C) € (C[[\1, . .., MJ]X)Y x Diff(C¥)

Q@ The ideal J := (X, — X,;) in H' is a Hopf ideal, i.e. H'/J is a Hopf
algebra with dual group

Homg(H'/J,C) c (C[[A]]*)" » Diff(C)

@ The relations X,, = X,, in the quotient Hopf algebra H'/J are called
(generalized) Slavnov—Taylor identities for the couplings.




Structure of H

The gauge theory theorem
With Bl the (suitably normalized) grafting operator on H, we can define a

linear map BJkr;r :H— H by

B_lr_;r — Z ;Bl

o Sym(y)
1(v)=k, res(y)=r

Denote Xy, = G"(X,)* € H/J, independent of the choice of the vertex v.
Theorem (Kreimer, 2005)
In the quotient Hopf algebra H/J, the following hold

@ G" =370 BY (Xk,)

Q@ A(BY (Xk,)) = BE (X)) @1+ (id ® BE")A(Xq ).

@ A(G)) = Y[, Polf(G) ® Gf_;.
where Pol;(G) is a polynomial in the Gy, of degree j, determined as the
order j term in the loop expansion of G"(X,)?k=2.




Application I: ST identities and renormalization
We now apply the above results to (Yang—Mills) gauge theories (eg. QCD).
@ Suppose we are given a gauge invariant regularization scheme, such that
U.(Xy,) = UZ(XVJ.); (Vi,j=1,...,k).

or, more explicitly, in QCD: Slavnov—Taylor identities for the couplings,

¢\ _ 6\’ «
Uz<(Gw)2>—Uz (W) ie. U,(G*G™) = (U,(G™))>2.

@ Thus, the map U, is a character on the quotient H'/J and there exists
a decomposition U, = C;l * R, as characters on H'/J.
@ Consequently, both C, and R, vanish on J, in other words

C(Xo) = Go(Xy):  Re(Xy) = Re(X)

In particular, the Slavnov—Taylor identities for the couplings are
satisfied by the renormalized Feynman rules.
e N.B. This is a completely (Hopf) algebraic proof of this physical fact.



(Potential) Application II: MHV /BCFW rules [KvS]

Consider the following n-valence tree-level gluon amplitude in QCD:

pk(2) =: Af,ree

. . pi\z
Shift two external momenta (|.e/.) (pk), p;) by a complex amount z.
One can show that A(z) is meromorphic in z with simple poles;

These poles appear in the propagators that ‘split A,(z) into two pieces':
m m+1

n n

. . 1

> . implying A, = > Al P2 AnSmi
— +_ m=2

1 n
At higher loop order, this would become: A, =>"7 _, Am+1Ai2A,,,m+1;
compare to our Hopf ideal which is generated (in this case) by

G(m+1)ﬁg(n—m+l) — g




General setup

Comodule Gerstenhaber algebras

We now establish a connection between the Hopf algebra of renormalization
and a Gerstenhaber structure in the context of gauge theories, with the goal
of explaining the origin of the Hopf ideals J.

@ In general, we assign to each vertex v; a parameter \; for i =1,..., k.

@ To each edge e; we assign a field ¢; and a corresponding antifield ¢J¥ for
Jj=1,..., N (with certain degrees); the anti-bracket is defined by

(4100 65(9)) = d50(x = ).

and zero on other generators.

@ This makes the following a Gerstenhaber algebra:

A= F([o1, 6%, on, Oh]) © ClDa, -+, Adl]
i.e. a graded algebra with a Lie bracket of degree 1.




The algebra A = F([¢1, ﬁﬁ’ 0N, gzﬁv]) ® C[[A1, -+, Ak]] consists of
Cl[[M1, -+, Ak]]-linear functionals in the fields.

Proposition (vS, 2008)

The algebra A is a Gerstenhaber comodule algebra over H'. In other words,
there exists a map p : A — A® H' compatible with the coproduct on H' and
respecting the bracket in A.

Consequently, there is an action of G C (C[[A, ..., /\k]]X)N x Diff(CK) on A.

For instance, we have

p:ojr— Z GIATY - A @ Ppyn, ((Gef)l/z) (invertible series)

ny---ng

PN Z NATY -+ A0K @ Ppyen, ((X\,)Val("")ﬂ) (formal diffeos),

ny---ng

where we recall X,, = < GY e H.

1/val(v;)—2
e;\val:(v;)/2
Im(69)™ )



Master equation

@ Next, one considers an element S € A (the action) of the following form

S=22, ) orm(r)
with m(r) monomials in the fields that interact/propagate at r and ¢,
are the formfactors. For a vertex: ¢,. = \; (modulo momenta, ...).

@ Theideal / = ((S,S)) implements the ‘master equation’ (S,S) = 0 and

I = (pa(M,- s Ak))as Pa polynomals
o A theory (defined by S) is called simple if / = (\; — \"2(")=2), with
A := );j corresponding to some fixed valence 3 vertex v;.
Proposition (vS, 2008)
If S defines a simple theory, then the subgroup G' C G leaving | invariant is
dual to H'/J (with J = (X,, — X;)i;), i.e.

G' ~ Hom¢(H'/J,C) c (C[N]*)N x Diff(C).




Renormalization group

@ The renormalization group appears as a subgroup of Hom¢(H, C) when
one realizes that the regularized Feynman rules actually depend on a
mass scale u. In fact, there is a decomposition

-1
UN,Z = CZ * R,uvz

@ The effective coupling constants depent on p and are defined via the
action of Ry, ;:

(1) = Ruz=o0A;
The beta-function is then defined as

BM(n)) = ujLA,-(u).

Proposition (vS,2008)

For a simple theory, all 3-functions are expressed in terms of 3(\) for the
fundamental coupling constant \:

BN = BAvI)=2),




Application to Yang—Mills theory

@ The action is (essentially) the Yang—Mills action for a connection
one-form w (with simple gauge group):

5=||F(w)||2+-.-:/ngpgu---, with F = dw + 1o Aw.

@ Feynman graphs are built from v3 = mw% and vq = %

@ The corresponding Hopf algebra H coacts on the Gerstenhaber algebra
A of C[[A3, A4]]-linear functionals in w,w!, ..., and

Homge(H', C) C C[[\3, Aa]]* x Diff(C?)




Gauge symmetry ~ master equation (5,5) =0 < [\ — A3 =0

The subgroup G’ of Homg(H’,C) C C[[A3, \4]]* x Diff(C?) that leaves
this equation invariant is dual to the Hopf algebra H'/J with

J =Xy — X¢)

so that G/ C C[[\]]* x Diff(C) identifying Ay = A3 = \°.
Thus, in H'/J the identities X.¢ = Xy¢ hold, or, explicitly

G% — (Gm%)z
=

As said, their appearance as generators of a Hopf ideal proves that the
ST-identities are compatible with renormalization, so that if U, satisfies
them, it follows that R,, C, do so as well.

Also the beta functions for \3 and )\; are the same so that for the
effective couplings: A\4(11) = A3()? for all p and similarly for the quark
and ghost couplings.



Application to Yang—Mills theory

o Fields: A,w,w, h.
@ The gauge-fixed Yang—Mills action Sy plus BRST-sources (anti-fields) is

1
5:/ tr [—dA*dA—)\gdA*[A,A]—4)\4[A,A]*[A,A]
M
1
—A*dh—i—d@*dw—i—ifh*h—i—)\gdw*[A,w]
+(5A) * AF £ (sw) * wh 4 (sw) * @ + (sh) * .
with
1 _
SA = —dw — Xs[A, W], sw:—§A6[w,w], sw=—h, sh=0

@ The master equation (S, S) implies

o 52 =0 which happens iff \s = \g
o 5(Sp) = 0 which happens iff \s = X\ = A3 and A3 = \,.



@ In the quotient by / = ((S,S)) we then have in terms of \:
S = / tr [ dA * dA — NdA x [A, A] — A[A,A] «[A, Al
—A*dh+dw*dw+%§h*h+>\dw*[A,w]
+(5A) x Af + (sw) * wh 4 (sw) * @ + (sh) * h'.

with sA = —dw — A[A,w], sw=—3Aw,w], sw=—h sh=0

o The subgroup G’ of Homc(H',C) C C[[Az, ..., Ag]]* x Diff(C?) that
leaves this equation invariant is dual to the Hopf algebra H'/J with
J = (X,, = Xy;); so that G' C C[[A]]* x Diff(C) identifying
M=X=M=XN=X=)\

2

e In H'/J we have: (GGS)Q = ((éf:i)/2> e

@ As said, their appearance as generators of a Hopf ideal proves that the
ST-identities are compatible with renormalization

@ Also the beta functions for )y, ..., \¢ are the same so that

A2(1) = N2(1) = Aa(p) = A2(p) = N2(w) = N2(w).
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