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Our goal is to find a proper formulation of noncommutative gauge field
theories; we do this by studying an example of a noncommutative
4-dimensional sphere Sg; it is the base space of a noncommutative
principal bundle:

SUR2) — Sf — S

This is a quantization of the Hopf fibration on the commutative
4-sphere, that plays a central role in the construction of (charge 1)
instantons on S*.

Recall: moduli space M; of charge 1 instantons on S* is isomorphic to
the homogeneous space:

My ~ SL(2,H) / Sp(2, H)

ES ES

conformal transformations J /gauge transformations
Question: What does the moduli space of (charge 1) instantons on Sy
look like?

To answer this question, we first need a notion of gauge fields on Sg.



Toric noncommutative manifolds

Let M a compact Riemannian spin manifold (dim M = m) with a smooth
isometrical action of the n-torus T".

@ action o5 of T" on C*°(M) by automorphisms:
os(F)(x) = (st x) .
@ decompose f = Z f, in homogeneous elements of degree r:
os(f) = e2mirsf, .

e C°°(M) is represented on Hilbert space H = L?(M, S) of spinors by
pointwise multiplication: 7 : C*°(M) — B(H).
@ There is a representation U of T" on H such that
U(s)DU(s) =D,
U(s)r(AU(s)™" = m(os(F)) -



Given any real n x n anti-symmetric matrix 6 = (6,,,) a twisted
representation Ly of C°°(M) is defined by

Lo(F) = HU(rubp, .., rubun) -

and set C*(Mp) := Ly(C*(M));
@ quantization map Ly : C*°(M) — C°°(Mjy) satisfying
Lo(f <9 g) = Lo(f)Lo(g) with on homogeneous elements:

fr Xp gy = frUr-O(gr’) — e27rir-6.r/ frg,/ '

e the triple (C™(My), H, D) satisfies all properties of Connes’
noncommutative spin geometry of dim m

(i.e. an m-summable spectral triple)



Noncommutative integral given by Dixmier trace:
][Lg(f) = Tr,Lo(f)|D|™™.
Lemma (GIV05)

Iff € C°(M) then][ Lo(f) = / fdv

M

Also, Connes-Moscovici local index formula takes a simple form.

Theorem

For a projection p € My(C®(Mjp)), the index of the twisted Dirac operator
D, = pDp is given by:

Index D, = R_egz*1 tr (’yp]D]2Z>

1 — z
+ > aBestr (v(p — )P, p?| D2 )>
k>1




Differential calculus on My

Let (2(M),d) be the usual differential calculus on M.
e Extend the map Ly : C°(M) — C*°(Mpy) to Q(M) by imposing it to
commute with d. The image Ly(2(M)) will be denoted by Q(Mp).
o Similarly, there is a Hodge star operator on Q(Mp) defined by

xgLo(w) = Lo(*w) .

with x : QP(M) — Q™ P(M) the classical Hodge star operator.
@ inner product on Q(Mp):

(o, B)2 = ][ ro(0 %9 )

since #g(a™ *¢ (3) is an element in C>°(Mp).



Yang-Mills theory on My
A connection on a right C>°(Mjy)-module E is a map
V:E—-E @ oo (My) QI(MQ)
obeying Leibniz rule, curvature F = V?: & — & ® oo (My) Q2(My).

@ Yang-Mills action for a connection V on a finite projective
C*°(Mp)-module & with curvature F is defined by

S5(V) :][tr xg(F *¢ F)

e Gauge invariance: S(u*Vu)= inend¢dmutative vector bundle
Infinitesimally: S(V + [V, X]) = 5(V) with X € Endtee(py,)(€)-

@ Equations of motion: nc Yang-Mills equations

e Bianchi identiy [V, F] = 0 = connections with (anti)selfdual curvature
xgF = +F (instantons) are solutions of the YM equations; absolute
minima of YM-action.



The (Connes-Landi) sphere S,
With 6 a real parameter, the algebra A(Sg) of polynomial functions on the
sphere Sj is generated by elements zy = z;, zj,z7, j = 1,2, subject to
242y = NwzuZy,,  Zuz, = )\wz,,z;, v =0,12

with deformation parameters given by
111 .
A =<11X); A= e

() 11

and with the spherical relation Zz;z” =1
o
- Isospectral deformation: nc spin geometry (A(Sg), H, D) of dim 4;
- Differential calculus (Q(S7),d) as before, with x : QP(Sg) — Q*P(Sy).



The sphere S,

With X, = €™%s and (0.,) a real antisymmetric matrix, the algebra A(S}/)
is generated by elements 1,, 1%, a=1,...,4, subject to

¢a¢b = )\labdjbwaa 7/Ja¢2 = Q)aqp;;waa

and the spherical relation:

Zﬁ% =1

- Differential calculus (Q(S4),d) as before.



Noncommutative Hopf fibration

A minimal requirement for A(Sg) and A(S/,) to constitute a
noncommutative SU(2)—principal bundle is that

there is an action a of SU(2) on A(S)) such that A(S;) can be
identified with the subalgebra of invariant elements under this action

@ These conditions express #’ in terms of # and we identify:

20 = P11 + VYatha — P33 — Py g /0 011
21 = 23 + Ystha) =5 < 1o 0
-11 0 O

72 = 2(—pay1 + Y2¢3)

where 1 = VX = ™ giving the inclusion A(Sy) — A(S}).
@ The *-action o of SU(2) on A(S;) is given by

Ay . (’QZJL —¢§,¢3, _¢Z) = (¢17 _¢;a’¢3, _¢Z) ’ (‘(/'JV |9v)

with w = (j% ﬁi) € SU(2).

w



Quantization of S” — S* by an action of T?

The noncommutative Hopf fibration S, — Sj} is a deformation of S” — S*
by an action of a 2-torus:

o Action of T2 € SO(5) on S* gives deformed algebra A(Sg)

e Action of double cover T? C Spin(5) of T? on S” gives deformed
algebra A(S})

@ This lifted action commutes with the action of the structure group

SU(2) which guarantees that the inclusion A(Sg) < A(S;) is a
noncommutative SU(2) principal bundle



Associated vector bundles S/, Xsu(2) V

We associate .A(Sg)-modules to the noncommutative principal bundle
A(S7) — A(S{) by all finite-dimensional representations of SU(2).
e Let p be a representation of SU(2) on V(") = C"*1;

ASER, VD = {f € ASH)V : (awid)(F) = (id @p(w)~1)(F)}

@ There are projections p() € My (A(Sp)) s.t. finite projective

A(S5) B, VI~ py A(SHY

o Twisted Dirac operator D) in the module

A(Sp) =, v,

= p(n)Dp(n) with coefficie

Proposition

The index of the Dirac operator D) on Sy is given by

Index D,y = én(n +1)(n+2)




Basic (charge 1) instanton on S

A generic element in the module & = A(S}) X, C? can be written as W*f,
f e A(Sy)* with

Y1 =Y
¢2 Q;Z)T . . *

V= i satisfying V™V = I.
¢3 _,(/}4 ying 2
Yy Y3

/recallthat: OCW:WHW.(VOVVOV)

Thus, p = WW* is a projection in My(A(Sg)) and in fact £ ~ pA(Sg)*.
Explicitly:

14z 0 7] —[z5
_1 0 1+z9 2z wzy
P=2 zf z 1-— 2z 0

—pz2  fiz1 0 1-2



@ Grassmann connection Vo = pd — curvature satisfies

For this reason, Vj is called the basic instanton on 55‘, of charge 1, since

(s ctuo)) <1
o In terms of f € A(S}) X, C? we have
(Vof),' =df; + o.),ﬂ?

where w = W*dW is the basic instanton gauge potential, a 2 X 2-matrix
with entries in Q1(S},) satisfying:

wij = —wji ; 2iwi =0

noncommutative Ysu(2) gauge field ‘




Moduli space of (charge 1) instantons

[AHS78] Starting with the basic instanton V on &, any other (su(2))
connection on & is given by Vo + ta, with

o € QY(ad(S})) = QY(Sy) ® oo (st) (ad(S4))

where T'(ad(S})) is the associated module to the adjoint representation of
SU(2) on su(2).
o Linearized selfdual equation: P_[Vo,a] =0; P_ = 3(1 — xp).
@ If o were obtained from an infinitesimal gauge transformation, then
o = [Vo, X] with X € ['(ad(5})).
@ Since P_[Vo,[Vo, X]] = [P-Fo, X] = 0, we have the selfdual complex

[Vo,] P—[Voy]

Q' (ad(55)) Q2 (ad(5§)) —

and look for an element in the first cohomology group H*

0 — Q(ad(84)) —



We compute the alternating sum h® — h* + h? of the dimensions of the
cohomology groups as the index of a twisted Dirac operator, with coefficients
in the noncommutative vector bundle S~ ® ad(S;,) on Sy

(N.B. & is isomorphic to the charge —1 instanton bundle)

o Local index formula:
Index (D) = <[5g], ch(S™ ® ad(ng))>
=2. <[55‘],ch2(ad(5g,))> -3 <[55‘], chz(S_)>
=2.4-3.1=5

o Using a vanishing argument for h° and h%, we find that h* = 5.

The tangent space of the moduli space at Vy has dimension 5

Problem: How can we generate a 5-parameter family of instantons?




Twisted infinitesimal symmetries
Consider the Lie algebra so(5) with generators Hy, H,, E, for the eight roots
r=(£1,+1),(0,+1),(£1,0);
@ Action on generators zg, z1, z}, 22, z3 of A(Sg):
H1 = 2181 — Zfaf, H2 = 2282 — 2585

Ei141=20] — 2105, et cetera
o Extended to the whole of A(Sy) as twisted derivations [Sit01]:

E.(ab) = E,(a)A~""2(b) + A~ (2)E,(b),
H;(ab) = Hj(a)b + aH;(b),
@ The action of so(5) by twisted derivations can be lifted to an action on
A(S])) of the same twisted type and extended to Q!(Sp,).
Proposition

The instanton gauge potential w is invariant under the twisted action of
so(5); in other words, Hj(w) = E;(w) = 0.




(Twisted) Conformal Lie algebra

Consider the Lie algebra so(5,1): it consists of the generators of so(5) and
generators Hp, G, with r = (£1,0), (0, £1).
@ Action of s0(5,1) on the generators of A(Sg):
Ho = 0o — 20(2000 + 2101 + 2{ 07 + 200> + 25 05),
Gl,O = 23; — 21(2060 + 2101 + zf@f + X2262 + )\258;),
et cetera
extended to A(Sg) as twisted derivations; lift to A(SZ) and Q(S4).
Proposition

@ The instanton gauge potential w = V*dWV transforms to w + tdw;,
i=0,...,4 under tHy, tG, (t € R)

@ The curvature Fy of basic instanton transforms to Fo + t&F; + O(t?)
with 6Fg = —2zyFy,

(5F1 = —221/\H2F0; 5F2 = —QZQAHIF();

and 6F3 = §F{,8F4 = 0F;, which are still selfdual.




Drinfel'd twists

This twisting of so(5) and so(5,1) can be understood as a Drinfel’d twist:

@ Universal enveloping algebra U/(g) is a Hopf algebra with coproduct
AX)=X®14+1® X, counit ¢(X) =0 and S(X) = —X for X € g.

@ This structure is twisted by an invertible element F € H ® H:
Ax(h) = FA(R)F L

@ The twist of U(so(5)) and U(so(5,1)) is given by the element

F = )\%(—H1®H2+H2®H1)

A\ = 627“'6

yielding the Hopf algebras Uy(so(5)) and Uy(so(5,1)).



@ We have a 5-parameter family of infinitesimal instantons.

@ Since the tangent space at Vg of the moduli space of charge 1
instantons on Sg is 5-dimensional, this is a complete family.

How to integrate this infinitesimal family? Two possibilities:

@ Imitate [AHST78] to integrate tangent spaces to obtain local charts on
moduli space M, then patch these together.

@ Dualize Drinfel'd twist of so(5, 1) and so(5) and quantize [Rie93] the
corresponding Lie groups SL(2, H) and Sp(2, H); then generate
instantons via a coaction of these quantum groups on the
noncommutative Hopf fibration.

Problem with the first option is that we need a global version of
(noncommutative) SU(2) gauge transformations, corresponding to the
infinitesimal gauge transformations given by ad(Sg/). This is an known
problem in noncommutative geometry: determinant not central.

We take the second approach and quantize these Lie groups



Quantum groups SLy(2, H) and Sp,(2, H)
o We have T2 c Sp(2, H) C SL(2, H) by setting:

27
(t1,t2) — <e Olt1 e2git2> .

o Adjoint action of T2 on Sp(2, H) C SL(2, H) give deformed products x4
on the algebras of (polynomial) functions A(Sp(2, H)) and A(SL(2, H)).

@ Since Sp(2,H) and SL(2,H) are Lie groups, the algebras A(Sp(2, H))

and A(SL(2,H)) are Hopf algebras, with coproduct A, counit € and
antipode S.

o It turns out that (A(Spy(2,H)),A,e,S) and (A(SLp(2,H)), A €, S)
are still Hopf algebras.
undeformed coproduct, counit and antipode



Noncommutative family of instantons
o We can ‘embed’ S}, in H3 to obtain a coaction:
Ap: A(S)) — A(SLe(2,H)) ® A(S),

and similarly for A(Spy(2, H)) which is a quotient of A(SLg(2, H)).
e This induces a coaction of A(SLg(2,H))?2 =: A(SOg(5,1)) on A(Sg)
@ The basic instanton projection p € My(A(S7)) is mapped to
P := A/(p) which is an element in My(A(SLg(2, H)) ® A(Sp)).
@ The projection P is understood as a noncommutative family of
projections parametrized by the noncommutative space SLgy(2, H).

Proposition

Q@ The family of connection Vo = P o (id ®d) is self-dual:
(id @+¢) P((id ©d) P)* = P((id ©d)P)>.

@ The projection P is (Murray-von Neumann) equivalent to the projection
1® p in the algebra My (A(SLg(2,H)) ® A(SF)).




Index pairing

Since P ~ 1 ® p, it follows that ch,(P) € HCo,(A(SLy(2, H)) ® A(Sg))
coincides with the pushforward ¢.ch,(p) of ch,(p) € HC2,(A(Sg)) under
the algebra map

61 A(SH) — A(SLe(2,H)) @ A(SH), ar—1®a.

As a consequence, both chg(P) and ch;(P) are zero since chp(p) and chi(p)
vanish [CLO1].

Then, one uses the map ¢ to pull back the fundamental class

[S4] € HC*(A(S))) to a class ¢*[S4] in HC*(A(SLg(2, H)) @ A(Sf)). When
paired with chy(P) it gives

(s1st1ena(P)) = {1581 ) ) =[5 cap)) =1,

In other words, the instanton charge of the family P is 1.



The family of connections

We can express 60 in terms of a family of connection one-forms:
@i = Ap(wj) € A(SLg(2,H) @ A(S4)

Proposition

The instanton connection 1-form w is invariant under the coaction of the
quantum group Spy(2,H), that is for this quantum group one has

AL(wab) =1 X Wap-

In other words, the family of connections is parametrized by the quantum
quotient My := SLy(2, H)/Spy(2, H), defined in terms of its function
algebra:

A(My) :={a € A(SLy(2,H)) | Ar(a) =1® a}.

where Agp = (7 ®id) o A is the (right) coaction of A(Spy(2,H)) on
A(SLy(2,H)) via the quotient map .



Structure of the noncommutative parameter space My

The algebra A(My) is generated by m, n, g1, g» with relations:
818 = Mg, 818 = A& 81,
mn — (grg1 + & 82) = 1,
Thus, My is a deformation of a hyperboloid in 6 dimensions.

In fact, if we write w = 1(m+n), Y = 3w~ (m — n) and

Gr=wlg,G =wlg:
Y24+ GG+ GG=1-—w2

and in the ‘limit w — oo’ (the ‘boundary’ of Mjy), we find noncommutative
4-spheres Sy .
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