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Hopf fibration S* — S*

Basic definitions:

ST o= {2 P PP PP+ [ =1
51 = {(ofx) am+ G 407 = 1)
SU2) = {weGL(2,C):w'w=ww"=1,detw =1}

ST carries right SU(2)—action:
S"xSU(2) — 87

) = G (3 D)



Hopf map 7 : (2%, 22,23, 2%) — (o, 3, 2):

a = 2(2'2° + 277,

= 2(—zl2* 4 2%27),

xr = z1§1 + ZQEQ — ZSE?’ — Z4E4.

such that aa + B8 + 22 = (3. |2']?)? =1

m: S — S%is a principal SU(2)-bundle

Dually: C°°(S%) consists of the element in C°°(S7) that are invariant under
the action of SU(2).



Vector bundles and connections

In general, any vector bundle £/ — X can be described by the C'°°(X)-

module I'( X, ) of its smooth sections.
Theorem. [Serre-Swan| There exists a projection p € My (C(X)) such

that T'(X, E) ~ p(C*(X))".
A connection on E is defined as a map

V:T(X,E) = (X, E) @c(x) 2 (X)
satisfying Leibniz rule:
V(sf)=(Vs)f+s®df; (seT™(X,E), feC™(SY)

lts curvature F' is defined by V2.



Instantons on S*

An instanton on S% is a connection on a rankc 2 vector bundle, carrying
an action of SU(2), with self-dual curvature xF' = F.

Basic instanton (k = 1) on S* is described by projection p as follows.
Define isometry (gauge) in terms of polynomials on S7:

Zl 22
—7z2 Zl

U = (uza) »3 A (7’: L, 4,0 = 172>
—z+ 3z

which satisfies u*u =I5, or in components ) | u;,uip = Oqp.
Then p = uu™ (in components p;; = w;,U;,) iS a projection.



Entries of p are polynomials on S*, as follows from explicit calculation:

14z 0 o) I}
1 0 l1+2 —p3* a*
P=51 o -6 1—-=x 0
B* Q 0 1 —x

s.t. p € My(C°(S*)). By Serre-Swan, it defines a vector bundle £ on S*
[(S" E) = p(C>(sh)"

of rank 2 (= Tr p), and a connection (covariant derivative) by V = p o d.
Ilts curvature [’ = V? satisfies «F' = I

V describes the basic (charge 1) instanton on S*




More intuitive:
Gauge potential corresponding to V is w = u*du, which is an anti-hermitian
matrix with entries in Q(S7), i.e. w* = —w.

Curvature can be expressed as F' = dw + w - w.
Conformal group

Other (charge 1) instantons are generated from the basic instanton by the
group SL(2,H) of conformal transformations on S*.
For each g € SLL(2, H), the isometry u transform as

ur—ul i =pg-u

where p=% = (g - u)*(g - u) is a normalization such that (u9)*u9 = 1.

We obtain a projection p, = u?(u?)* and connection V, = p, o d, with
selfdual curvature: *I, = I,.



The gauge potential becomes
w? = uwIdu? = p*[(g-u)*(g - du) — (g - du)*(g - u)]

For g € Sp(2,H) = {g € SL(2,H) : g*g = 1}, we have w9 = w. These
are the gauge transformations, so we obtain the moduli space of gauge
equivalence classes of (charge 1) instantons as the five-dimensional quotient

space
SL(2, H)

M= Sp(2, H)




6 —deformed spheres

e A(S;) is complex unital *-algebra generated by «, 3,2 with z = z* a
central element and relations:

af = \Ba; off = N\ba*; aa’+ BB+ 2% =1; (Ae St cO)
° A(Sg) is complex unital x-algebra generated by z!, ..., 2* with relations

ZZ,ZJ — Azjz.]zz; EILZJ — A]Zz.]z/l’; E ,ZZEZ — 1

where \¥ =

il o <

L
72 BT
| with 1 = VA
1

RS
=R =



Differential forms on S

Q(Sy) is the complex unital graded *-algebra generated by the elements
a, 3, x of degree 0 and da, df3, dr of degree 1 with relations:

adf — AdBa = 0, daf — A\pda = 0,
adf* — MdB*a =0, da* 3 — \Bda™ = 0,
dadpB + NdBa = 0, dadB* + AdB* a = 0,

adr — dra =0, dadx + dxda =0, (a =a, )

There is a unique differential d such that d : @ — da on a generator a of
A(S2), and the involution is such that (dw)* = dw*.

Hodge star operator can be defined as a map: x4 : Q%(S5) — Q*7F(57).
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Similarly, we define Q(S)), being the *-algebra generated by the elements

2t ..., 2% of degree 0 and dz',...,dz* of degree 1 with relations:

dzFdz" + \PPdzVdzt = 0;  dzHdz¥ + \"HFdzVdzH =0

hdzY = ANV dzY 2 ZRdzY = NPPdzYzH

with A\ of the above form.
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Action of SU(2)

A(S]) carries an action of SU(2),

wl  w? 0

1 2 3 4 L 9 3 | —w* w! 0

i (27,2527, 2%) = (27,29, 27, 27) 0 0 -
0 0O —w

where w'w! + w?w? = 1.
More precisely: the map w +— «ay, iIs a group homomorphism:

SU(2) — Aut(A(S])

o O

SIS
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Algebra of polynomials on 'base space’ consists of invariants: = € A(S])
s.t. ay(xr) = x. Since SU(2) acts classically, we find that the algebra of

invariants is generated by

satisfying a8 = \[a etc.,

A(S5):

2(2'2° + 2724,
2(—zt2t 4 222°),

At 4 272 353 A

l.e. the algebra of invariants is isomorphic to

A(Sg) — A(S]) is a principal extension (=principal bundle)
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Vector bundles and connections on S;

In the spirit of the Serre-Swan theorem, a vector bundle on Sg, IS a
(finitely generated projective) right A(S))-module, given by a projection
N
p € Mn(A(Sy)) as I'(Sy, E) = p(A(Sy))

A connection on T'(S;, E) is defined to be a map
V :I(Sp, E) — T'(Sg, E) @ 4(s1) ¥ (S)
satisfying Leibniz rule:
V(sa) = (Vs)a+s®da; (s€T(S5 E),ac A(Sy))

The curvature F := V?is a map ['(S;, E) — I'(S;, E) ® A(s4) 02(Sy)).
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Instantons on S

An instanton on S} is a connection on a module I'(S;, E) = p(A(Sg))N,
with Tr (p) = 2 and selfdual curvature «F' = F'.

Again, define isometry (gauge) in terms of polynomials in A(S]):

Zl 22
—z2 7!
= 23 2’4
—z+ Z3

which satisfies u*u = Iy so that p = uu™ is a projection.
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Its entries are elements in A(S}):

/1 + x 0 o 0 \
_1
1| 0o 14z a2 N
p=_ 1
21 o =223 1-—=x 0
\ B* Ao 0 1 — a:)

which is (K-)equivalent to projection found in [CL].

A connection can be defined by V = pod, which turns out to have selfdual
curvature:

*QF:F

V describes the basic instanton on S

Again, we can associate a gauge potential to V: w = u*du, which is again
anti-hermitian, w* = —w.
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In progress...

Definition of a quantum group A(SLg(2,H)) which coacts on the Hopf
fibration A(Sj)) < A(S)).

Induced coaction u;, — A;; ® uj, defines transformed projection p.

Transformed gauge potential w’} = A;p Ay ® Upaduy, where A Ay are
the generators of the quantum quotient My of SLy(2, H) with Sp,(2).

My is the noncommutative moduli space of instantons.
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