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Hopf fibration S7 → S4

Basic definitions:

S7 := {(z1, z2, z3, z4) : |z1|2 + |z2|2 + |z3|2 + |z4|2 = 1}
S4 := {(α, β, x) : αα + ββ + x2 = 1}

SU(2) := {w ∈ GL(2, C) : w∗w = ww∗ = 1,detw = 1}

S7 carries right SU(2)–action:

S7 × SU(2) → S7

(z, w) 7→ (z1, z2, z3, z4)
(

w 0
0 w

)
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Hopf map π : (z1, z2, z3, z4) 7→ (α, β, x):

α = 2(z1z3 + z2z4),

β = 2(−z1z4 + z2z3),

x = z1z1 + z2z2 − z3z3 − z4z4.

such that αα + ββ + x2 = (
∑

i |zi|2)2 = 1

π : S7 → S4 is a principal SU(2)–bundle

Dually: C∞(S4) consists of the element in C∞(S7) that are invariant under
the action of SU(2).
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Vector bundles and connections

In general, any vector bundle E → X can be described by the C∞(X)–
module Γ(X, E) of its smooth sections.
Theorem. [Serre-Swan] There exists a projection p ∈ MN(C∞(X)) such

that Γ(X, E) ' p
(
C∞(X)

)N
.

A connection on E is defined as a map

∇ : Γ(X, E) → Γ(X, E)⊗C∞(X) Ω1(X)

satisfying Leibniz rule:

∇(sf) = (∇s)f + s⊗ df ;
(
s ∈ Γ∞(X, E), f ∈ C∞(S4)

)
Its curvature F is defined by ∇2.
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Instantons on S4

An instanton on S4 is a connection on a rankC 2 vector bundle, carrying
an action of SU(2), with self-dual curvature ∗F = F .

Basic instanton (k = 1) on S4 is described by projection p as follows.
Define isometry (gauge) in terms of polynomials on S7:

u :=
(
uia

)
=


z1 z2

−z2 z1

z3 z4

−z4 z3

 ;
(
i = 1, . . . , 4, a = 1, 2

)

which satisfies u∗u = I2, or in components
∑

i uiauib = δab.
Then p = uu∗ (in components pij = uiauja) is a projection.

5



Entries of p are polynomials on S4, as follows from explicit calculation:

p =
1
2


1 + x 0 α β

0 1 + x −β∗ α∗

α∗ −β 1− x 0
β∗ α 0 1− x


s.t. p ∈ M4(C∞(S4)). By Serre-Swan, it defines a vector bundle E on S4

Γ(S4, E) := p
(
C∞(S4)

)4

of rank 2 (= Tr p), and a connection (covariant derivative) by ∇ = p ◦ d.
Its curvature F = ∇2 satisfies ∗F = F .

∇ describes the basic (charge 1) instanton on S4
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More intuitive:
Gauge potential corresponding to ∇ is ω = u∗du, which is an anti-hermitian
matrix with entries in Ω1(S7), i.e. ω∗ = −ω.

Curvature can be expressed as F = dω + ω · ω.

Conformal group

Other (charge 1) instantons are generated from the basic instanton by the
group SL(2, H) of conformal transformations on S4.
For each g ∈ SL(2, H), the isometry u transform as

u 7→ ug := ρ g · u

where ρ−2 = (g · u)∗(g · u) is a normalization such that (ug)∗ug = I.

We obtain a projection pg = ug(ug)∗ and connection ∇g = pg ◦ d, with
selfdual curvature: ∗Fg = Fg.
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The gauge potential becomes

ωg = ugdug = ρ2
[
(g · u)∗(g · du)− (g · du)∗(g · u)

]
For g ∈ Sp(2, H) = {g ∈ SL(2, H) : g∗g = 1}, we have ωg = ω. These
are the gauge transformations, so we obtain the moduli space of gauge
equivalence classes of (charge 1) instantons as the five-dimensional quotient
space

M :=
SL(2, H)
Sp(2, H)
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θ−deformed spheres

• A(S4
θ) is complex unital ∗-algebra generated by α, β, x with x = x∗ a

central element and relations:

αβ = λβα; α∗β = λβα∗; αα∗ + ββ∗ + x2 = 1; (λ ∈ S1 ⊂ C)

• A(S7
θ) is complex unital ∗-algebra generated by z1, . . . , z4 with relations

zizj = λijzjzi; zizj = λjizjzi;
∑

zizi = 1

where λij =


1 1 µ µ
1 1 µ µ
µ µ 1 1
µ µ 1 1

 with µ =
√

λ
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Differential forms on S4
θ

Ω(S4
θ) is the complex unital graded ∗-algebra generated by the elements

α, β, x of degree 0 and dα, dβ, dx of degree 1 with relations:

αdβ − λdβα = 0, dαβ − λβdα = 0,

αdβ∗ − λdβ∗α = 0, dα∗β − λβdα∗ = 0,

dαdβ + λdβα = 0, dαdβ∗ + λdβ∗α = 0,

adx− dxa = 0, dadx + dxda = 0, (a = α, β)

There is a unique differential d such that d : a → da on a generator a of
A(S4

θ), and the involution is such that (dω)∗ = dω∗.

Hodge star operator can be defined as a map: ∗θ : Ωk(S4
θ) → Ω4−k(S4

θ).
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Similarly, we define Ω(S7
θ), being the ∗-algebra generated by the elements

z1, . . . , z4 of degree 0 and dz1, . . . , dz4 of degree 1 with relations:

dzµdzν + λµνdzνdzµ = 0; dzµdzν + λνµdzνdzµ = 0

zµdzν = λµνdzνzµ; zµdzν = λνµdzνzµ

with λµν of the above form.
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Action of SU(2)

A(S7
θ) carries an action of SU(2),

αw : (z1, z2, z3, z4) 7→ (z1, z2, z3, z4)


w1 w2 0 0
−w2 w1 0 0

0 0 w1 w2

0 0 −w2 w1


where w1w1 + w2w2 = 1.
More precisely: the map w 7→ αw is a group homomorphism:

SU(2) ↪→ Aut(A(S7
θ)
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Algebra of polynomials on ’base space’ consists of invariants: x ∈ A(S7
θ)

s.t. αw(x) = x. Since SU(2) acts classically, we find that the algebra of
invariants is generated by

α = 2(z1z3 + z2z4),

β = 2(−z1z4 + z2z3),

x = z1z1 + z2z2 − z3z3 − z4z4.

satisfying αβ = λβα etc., i.e. the algebra of invariants is isomorphic to
A(S4

θ):

A(S4
θ) → A(S7

θ) is a principal extension (=principal bundle)
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Vector bundles and connections on S4
θ

In the spirit of the Serre-Swan theorem, a vector bundle on S4
θ , is a

(finitely generated projective) right A(S4
θ)-module, given by a projection

p ∈ MN(A(S4
θ)) as Γ(S4

θ , E) = p
(
A(S4

θ)
)N

A connection on Γ(S4
θ , E) is defined to be a map

∇ : Γ(S4
θ , E) → Γ(S4

θ , E)⊗A(S4
θ
) Ω1(S4

θ)

satisfying Leibniz rule:

∇(sa) = (∇s)a + s⊗ da;
(
s ∈ Γ(S4

θ , E), a ∈ A(S4
θ)

)
The curvature F := ∇2 is a map Γ(S4

θ , E) → Γ(S4
θ , E)⊗A(S4

θ
) Ω2(S4

θ)).
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Instantons on S4
θ

An instanton on S4
θ is a connection on a module Γ(S4

θ , E) = p
(
A(S4

θ)
)N

,
with Tr (p) = 2 and selfdual curvature ∗F = F .

Again, define isometry (gauge) in terms of polynomials in A(S7
θ):

u :=


z1 z2

−z2 z1

z3 z4

−z4 z3


which satisfies u∗u = I2 so that p = uu∗ is a projection.
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Its entries are elements in A(S4
θ):

p =
1

2

0BBBBB@
1 + x 0 α β

0 1 + x −λ
1
2β∗ λ

1
2α∗

α∗ −λ
1
2β 1− x 0

β∗ λ
1
2α 0 1− x

1CCCCCA
which is (K-)equivalent to projection found in [CL].

A connection can be defined by ∇ = p ◦ d, which turns out to have selfdual
curvature:

∗θF = F

∇ describes the basic instanton on S4
θ

Again, we can associate a gauge potential to ∇: ω = u∗du, which is again
anti-hermitian, ω∗ = −ω.
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In progress...

- Definition of a quantum group A(SLθ(2, H)) which coacts on the Hopf
fibration A(S4

θ) ↪→ A(S7
θ).

- Induced coaction uia 7→ Aij ⊗ uja defines transformed projection pA.

- Transformed gauge potential ωA
ab = AikAil ⊗ ukadulb where AikAil are

the generators of the quantum quotient Mθ of SLθ(2, H) with Spθ(2).

- Mθ is the noncommutative moduli space of instantons.
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