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Dictionary of noncommutative geometry

(Topological Hausdorff) space X  (C*)-algebra A

Riemannian metric Dirac operator D
Group action G x X — X G — Aut(A)
Principal G-bundle P — M ACBOGst. A=BC.

Associated vector bundles P x¢ V'  Finite projective A-modules
&E=BKX,V

Connection on vector bundle V:E-SER QL
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Connections on modules

Let A be a x-algebra with a differential calculus
(QA=,QPA,d).

@ A connection on a right A-module £ is a C-linear map
V:E-EQMA,

which satisfies Leibniz rule: V(na) = (Vn)a+n ®.4 da.
@ The curvature F = V? is then an A-linear map
E — £ ®4 Q%A and satisfies the Bianchi identity [V, F] =0 .
o Finite projective module & = pAN (p = p? = p* € My(A)):
Grassmann connection Vo = pd with curvature Fy = pdpdp.

Leibniz rule = any connection on & of the form V = Vg + «
with o € End4(&,€ @4 QLA).
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@ A Hermitian structure is a map (-,-) : € x &€ — A s.t.

(na, &) = a*(&,m) ,
& =&,
(m,m >0,(n,n) =0+ n=0,

which can be extended to £ ® 4 QA by:
mesw,E@ap) = (=)0 (n,&)p

forall n,é € E®@4QA, w,pe QA

@ A connection V on & and a Hermitian structure (-,-) on & are
said to be compatible if

(Vn,§) + (n, V§) =d(n,§) , Vn €.

For V = pd + « this means that o* = —au.
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Gauge transformations

Let End 4(&) denote all A-linear (adjointable) maps from £ — £.
@ The group of gauge transformations is given by:
UE) ={uecEndg(E) | uv" = v u=ide} .
It acts on connections by: (u, V) +— VY := u*Vu and on the
corresponding curvature by: (u, F) — FY = u*Fu.
@ Infinitesimal gauge transformations are given by an element
X € End(€) s.t. X* = —X. (follows from imposing unitarity

of u=idg +tX up to first order in t).
They act on connection and curvature by

(X,V) = VX =V+[V,X];
(X,F)— FX = F4+[F,X] .
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Toric noncommutative manifolds

Let M a compact Riemannian spin manifold (dim M = m) with a
smooth isometrical action of the n-torus T".

@ action o5 of T" on C*°(M) by automorphisms:
os(F)(x) = f(s71 - x) .
@ decompose f = > f, in homogeneous elements of degree r:
os(f) = e2mIrsf, .

o C>®(M) is represented on Hilbert space H = L?>(M,S) of
spinors by pointwise multiplication: 7 : C*°(M) — B(H).
@ There is a representation U of T” on H such that
U(s)DU(s) ' =D,
U(s)m(F)U(s)™ = m(os(f)) -
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Given any real n x n anti-symmetric matrix § = (6,,,) a twisted
representation Ly of C°°(M) is defined by

= HU(rubp, .- rubun) -

and set C*°(Mp) := Ly(C>(M));

@ quantization map Ly : C°(M) — C>°(Mp) satisfying
Lo(f xp g) = Lo(f)Lg(g) with on homogeneous elements:

fxegr/—fare(gr) 27rlr6rfgr )

e the triple (C°°(My), H, D) satisfies all properties of Connes’
noncommutative spin geometry of dim m
Heuristically:

- algebra < topology of (noncommutative) space
- operator D < metric
- algebra and operator D represented on Hilbert space H.
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Noncommutative integral given by Dixmier trace:

][Lg(f) = Tr,,Lo(F)|D|~™.

Lemma (GIV05)
If f € C®(M) then f Lo(f) = [, fdv J

Also, Connes-Moscovici local index formula takes a simple form.

Theorem

For a projection p € My(C®(My)), the index of the twisted Dirac
operator D, = pDp is given by:

Index D, = R_egz_1 tr (fyp\D\_zz)

1 — z
+ Y aRestr <7(p — 5)[D, p¥|D| 2 ))
k>1

4
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Vector bundles on My

@ A o-equivariant vector bundle E on M is a vector bundle
carrying an action V of T" covering the action o

Vs(f) = os(F) Vs(¥); feC®M), el (ME).

@ The C*°(Mp)-bimodule I'(Mpy, E) is defined as vector space
(M, E) but with bimodule structure given by

Froh = fiVia(¥); g f =Y Voro(¥)fe
k k
Lemma (CDO02)
(Mg, E) is finite projective as right C*°(Mjy)-module J

— ‘noncommutative vector bundle on My'.
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Differential calculus on M,

Let (2(M),d) be the usual differential calculus on M.

e Extend the map Ly : C®(M) — C*(Mp) to Q(M) by
imposing it to commute with d. The image Ly(Q2(M)) will be
denoted by Q(Mp).

e Similarly, there is a Hodge star operator on Q(Mp) defined by
xgLo(w) = Lo(*w) .

with x : QP(M) — Qm~P(M) the classical Hodge star
operator.
@ inner product on Q(Mp):

(v, B)2 2][*0(04* % 3)
since *g(a* *g () is an element in C*°(My).
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Yang-Mills theory on My

Recall: a connection on a right C°°(Mp)-module £ is a map
V:iE-E @ oo (Mp) Ql(/\/]g)

obeying Leibniz rule, curvature F = V2 : £ — E @ coo(My) Q2(Mp).

@ Yang-Mills action for a connection V on a finite projective
C>(Mp)-module £ with curvature F is defined by

S(V) —][tr xg(F *g F)

e Gauge invariance: S(u*Vu) = S(V)
e Equations of motion: nc Yang-Mills equations [V, xgF] = 0.

e Bianchi identiy [V, F] = 0 = connections with (anti)selfdual
curvature xgF = +F (instantons) are solutions of the YM
equations; absolute minima of YM-action.
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The sphere S

With 6 a real parameter, the algebra A(S;) of polynomial
functions on the sphere Sg is generated by elements zy = zj, zj,zf,
j =1,2, subject to

2,2y = NwZyZy, Zuz, = )\l,uz,,z;:, z;:z:f = )\Wz;z;, w,v=20,1,2
with deformation parameters given by
SV 2mif .
A2 =X = A=e"", XNo=X;j=1, j=12

and together with the spherical relation Z# z,z, = 1.

- Isospectral deformation: nc spin geometry (A(Sg), H, D) of
dim 4;

- Differential calculus (Q(S4), d) as before, with
g 0 QP(Sg) — QY P(S).
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The sphere S/,

With ., = €2™%s and (¢’,) a real antisymmetric matrix, the

algebra A(S/,) is generated by elements v,, 9%, a=1,...,4,
subject to

¢a¢b = )\Iabwbwaa wawz = /t;awz¢a7

and the spherical relation:

> Wia=1.

- Differential calculus (Q(S}),d) as before.
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Noncommutative Hopf fibration

A minimal requirement for A(Sg) and A(S/,) to constitute a
noncommutative SU(2)—principal bundle is that

there is an action a of SU(2) on A(S/,) such that A(S4) can
be identified with the subalgebra of invariant elements under
this action

These conditions express 6 in terms of 6 and we identify:

20 = P11 + 3hr — Y33 — PYaa g /0 0 -11
2 = 20050 +3104) w=3 (258 %)
2> = 2(— b} + o) e

where p = V= e™?,
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Associated modules

We associate .A(S4)-modules to the noncommutative principal
bundle A(S}) — A(S{,) by all (f.d) representations of SU(2).
o Let p be a representation of SU(2) on V(" = Cn+1.

ASH) R, VI = If € A(S))o v

(aw @id)(F) = (id @p(w))(f)}
@ There are projections p(,) € Man(A(Sg)) s.t.
A(S7) B, VI~ poy A(SHY

e Twisted Dirac operator D) = p(n)Dp(n) with coefficients in
the module A(S}) X, V(7).

Proposition

The index of the Dirac operator D,y on Sg is given by

Index D,y = én(n +1)(n+2)
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Basic (charge 1) instanton on S

A generic element in the module £ = A(S},) X, C? can be written
as W*f, f € A(S})* with

Y1 =5
¢2 ij H . *

U = i satisfying V"WV = [,.
¢3 7,(#4 ying 2
Ve 3

Thus, p = WW* is a projection in Ma(A(S)) and in fact
& ~ pA(Sg)*. Explicitly:

14z O 21 —pzy

_1 0 1+z0 z pzf
P=3 zf zy 1-z O

—pz2 pzi 0 1-z
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@ Grassmann connection Vo = pd — curvature satisfies
*gFo = Fo

— basic instanton on Sj.
o In terms of f € A(S},) X, C? we have

(Vof),' =df; + w,_,6

where w = W*dW is the basic instanton gauge potential, a
2 x 2-matrix with entries in Q1(S},) satisfying:

Wij = —Wji; E wii = 0.
i
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Symmetry of the basic instanton

Consider a deformation Uy(so(5)) of the universal enveloping
algebra of the Lie algebra so(5), defined as the Hopf algebra:

Q Upy(so(5)) is U(so(5)) as an algebra:

- Generators Hy, Ho, E, for the eight roots
r=(+1,+1),(0,£1), (£1,0);
- Relations given by Lie brackets of so(5).

@ Counit €(H;) = €(E;) = 0, but twisted coproduct and
antipode:
Do(E)) = E,@ A\t g
Ay(Hj) = Hj@l+1 H;.
S(E) = - \?MMEA S(H) = —H;
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® Uy(so(5)) acts on the generators of the algebra A(Sy) by the
following operators:

H1 = 2181 - Zikaf, H2 = 2262 - Z;@;
E+17+1 = 22(91< — 218;, E+1’,1 = 2581‘ — 21(92 s
E+1’0 = %(2208?{ — 21(90)7 E07+1 = %(2208; — 2260)7

o Extended to the whole of A(Sy) as twisted derivations [Sit01]:
E,(ab) = mAy(E,)(a® b) = E(a)A""H2(b) + \=2M1(a)E,(b),
Hi(ab) = mAg(H;)(a @ b) = Hj(a)b + aHy(b),
@ The action of Up(so(5)) can be lifted to an action on A(S},)
and extended to Q1(S})).
Proposition

The instanton gauge potential w is invariant under the twisted
action of Up(so(5)); in other words, Hj(w) = E,(w) = 0.

Walter van Suijlekom Noncommutative instantons from twisted conformal symmetries



Action of Uy(so(5,1)) on basic instanton

@ s0(5,1) consists of the generators of so(5) and generators
Ho, G, with r = (+1,0), (0, £1).

@ Uy(so(5,1)) is U(so(5,1)) as an algebra; but coproduct and
antipode become twisted:

Do(G) =G @ X e parhg G S(G) = - A\2G At
Ag(Ho) = Ho® 1+ 1@ Ho, S(Ho) = —Ho,

and the counit: ¢(G,) = ¢(Hp) = 0.
— ’ Hopf algebra Up(so(5,1)) ‘
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o Action of Up(so(5,1)) on the generators of A(Sy):

Ho = 0o — 20(2000 + 2101 + 2 0F + 2202 + 23053),
Gio = 207 — z1(2000 + 2101 + 21 0F + 220 + Az503),
GO,l = 28%< — 22(2080 + 7101 + Zfaf + 202 + 25‘85),

and extended to the whole of A(S]) as twisted derivations
@ Action lifted to A(S}) and Q(S});

- Instanton gauge potential w = W*dWV transforms to w + tdw;,
i=0,...,4 under tHy, tG, (t € R).
@ Curvature Fy of basic instanton transforms to
Fo + tdF; 4+ O(t?) with 6Fg = —2zFo,
5F = —2z1\"Fy;  6F3 = —2zi 2Ry,
6F = 220" Fy; SR = 2z M.

— | Connections V¢ ; = Vg + téw; are infinitesimal instantons
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Completeness

[AHST78] Starting with the basic instanton Vg on &, any other
(su(2)) connection on & is given by Vg + ta, with

a € QY(ad(S])) == QY(Sy) ® oo (st) (ad(S4))

where ['(ad(S},)) is the associated module to the adjoint
representation of SU(2) on su(2).

o Linearized selfdual equation: P_[Vg,a] = 0; P_ = 1(1 — ).

@ If a were obtained from an infinitesimal gauge transformation,
then o = [V, X] with X € I'(ad(54)).

@ Since P_[Vo, [Vo, X]] = [P-Fo, X] =0, we have the selfdual
complex

0 — 29@ad(s})) V2 @l (ad(s7)) "Y1 2 (ad(S])) — 0

and look for an element in the first conomology group H?!
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e We compute the alternating sum h® — h! 4 h? of the
dimensions of the cohomology groups as the index of a
twisted Dirac operator. Using a vanishing argument for h°
and h?, we find that hl = 5.

The collection V; ; of infinitesimal instantons is complete
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