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o Connections on (right) A-modules: V : & — & @4 Q'(A) satisfying
Leibniz rule; curvature F=V?: £ = £ @4 Q%(A)

e Gauge transformations: unitaries in End 4(&);

Infinitesimal gauge transformations: X € End 4 (&) s.t. X* = —X

e [Toric noncommutative manifolds: isometrical action T™ on Riemannian
manifold M: this torus is deformed to a noncommutative torus T}
— nc manifold My, described by algebra C*(My)

quantization map Lg : C*(M) — C*®(My)
nc spin geometry: (C®°(Mg), H, D) isospectral deformation

nc vector bundles given by finite projective C*°(Mg)-modules
differential calculus (Q(Mg), d)



Yang-Mills theory on Mg (dim M = 4)

- Yang-Mills action: {*gF xg F
- Instantons: connection with xgF = &=F; minima of YM action

Example: YM-theory on Sg

- noncommutative SU(2)-Hopf fibration Sg, — Sg
- associated modules Sg, Xsu2) V and index of twisted Dirac operators
- basic (charge 1) instanton for V = C?, gauge potential w

Action of Uy(so(5)) leave basic instanton gauge potential invariant

Action of Ug(so(5,1)) generates 5-dimensional collection of
(infinitesimal) instantons

An index theoretical argument shows that the dimension of the ‘tangent’
to the moduli space of instantons on S§ (at the basic instanton) equals
five, showing that the above set of infinitesimal instantons is complete



Connections on modules

Let A be an x-algebra with a differential calculus (QA = &,QPA,d).
A connection on a right A-module £ is a C-linear map

V:ESERAQA,
which satisfies Leibniz rule: V(na) = (Vn)a+n ®4 da.

The curvature F = V? is then an A-linear map &€ — £ ®4 Q%A and it
satisfies the Bianchi identity [V,F] =0 .



Connections on modules

Let A be an x-algebra with a differential calculus (QA = &,QPA,d).
A connection on a right A-module £ is a C-linear map

V:ESERAQA,

which satisfies Leibniz rule: V(na) = (Vn)a+n ®4 da.
The curvature F = V? is then an A-linear map &€ — £ ®4 Q%A and it
satisfies the Bianchi identity [V,F] =0 .

Finite projective module & = pAN (p = p*? = p* € Mn(A)):
Grassmann connection Vg = pd with curvature Fy = pdpdp.

Leibniz rule = any connection on & of the form V = V;, + o« with
x € End4(E,€ @4 Q'A).



A Hermitian structure is a map (-,-) : &€ x & — A s.t.

(na, &) =a*(&n) ,
(n,&)" < )
Mmn)>0,n,n)=0 < n=0,

which can be extended to £ ® 4 QA by:

MeAw,ER@4p) = (D)"Mw*m,Ep, VNEEERAQA, w,pe QA

A connection V on £ and a Hermitian structure (-,-) on £ are said to be
compatible if

(Vn, &) + (n, VE) =dm, &), Vn,E€€.

For V = pd 4+ « this means that o* = —«.



Gauge transformations

Let End 4(&) denote all A-linear (adjointable) maps. The group of gauge
transformations is given by:

UE) :={u e End4(&) | wvu* =u™u =idg} .

It acts on connections by: (u,V) — V" :=u*Vu and on the corresponding
curvature by: (u,F) — F* = u*Fu.



Gauge transformations

Let End 4(&) denote all A-linear (adjointable) maps. The group of gauge
transformations is given by:

UE) :={u e End4(&) | wvu* =u™u =idg} .

It acts on connections by: (u,V) — V" :=u*Vu and on the corresponding
curvature by: (u,F) — F* = u*Fu.

Infinitesimal gauge transformations are given by an element X € End(€)
s.t. X* = —X. (follows from imposing unitarity of u = idg +tX up to first
order in t). They act on connection and curvature by

(X, V)= V=V +[V,X]; (X,F) - FX*=F+[FX] .



Toric noncommutative manifolds

Let M a compact Riemannian spin manifold (dim M = m) with a smooth
isometrical action of the n-torus T™.
— action o of T™ on C®(M) by automorphisms: og(f)(x) = f(s~' - x).

Decomposition f = > f. in homogeneous elements of degree 1, i.e.
_2mir-s
os(f;) =e fy .

C®(M) is represented on Hilbert space H = L*(M,S) of spinors by
pointwise multiplication: 7t: C*(M) — B(H). There is a double cover
c:T" — T™ and a representation U of T™ such that



Given any real n x m anti-symmetric matrix 8 = (0,,) a twisted
representation Lg of C*°(M) is defined by

Lo(f) =) fU(ruBu,...,7u0um) -

Set C®(Mg) := Lg(C>®(M));



Given any real n x m anti-symmetric matrix 8 = (0,,) a twisted
representation Lg of C*°(M) is defined by

Lo(f) =) fU(ruBu,...,7u0um) -

Set C®(Mg) := Lg(C>®(M));

Lo can be understood as a quantization map Lg : C®*(M) — C*®(My)
satisfying Lo(f xg g) = Lg(f)Lg(g) with on homogeneous elements:

. /
2mir-0-r .‘:

fr Xg gy = err-G(gr’) — € r9r’ .



The triple (C*(Myg), H, D) satisfies all properties of a noncommutative spin
geometry of dim m: isospectral deformation of spin geometry of M [CLO1].

— Noncommutative integral as a Dixmier trace: {Lo(f) = Tr,f[D|™™.

Lemma. [GIV05] /ff e C®(M) then [Lg(f) = [,, fdv



The triple (C*(My), H, D) satisfies all properties of a noncommutative spin
geometry of dim m: isospectral deformation of spin geometry of M [CLO1].

— Noncommutative integral as a Dixmier trace: {Lo(f) = Tr,f[D|™™.

Lemma. [GIV05] /ff e C®(M) then [Lg(f) = [,, fdv

Also, Connes-Moscovici local index formula takes a simple form. For a
projection p € Mn(C*®(Myg)), the index of the twisted Dirac operator
D, = pDp is given by:

1
Index Dy, = ReOSZ_1 tr (VD\DI‘ZZ) + ciRes tr (v (r—3) [D,D]ZkID\‘Z(k“))
= z—=
K>1

where ¢, = (k — 1)!/(2k)!.



Vector bundles on Mg

A o-equivariant vector bundle E on M is a vector bundle carrying an action
V of T™ covering the action o:

Vi(fp) = os(f)Vs();  fe C®(M), b eT(M,E).

The C*®(Mg)-bimodule T'(Mg, E) is defined as vector space I'(M, E) but
with bimodule structure given by

frop =) fiVio(); Yo f=) Voa()fy
k k

I'"(Mg, E) is finite projective as right C*°(Mg)-module [CD02]
— ‘noncommutative vector bundle on Mg'.
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Differential calculus on Mg

Let ((Q(M),d) be the usual differential calculus on M. Extend the map
Lg:C®(M) — C*®(Mg) to Q(M) by imposing it to commute with d. The
image Lo(Q(M)) will be denoted by QQ(My).

Similarly, there is a Hodge star operator on (Q(Myg) defined by
*9]_9((1)) — Lg(*w) e

with % : QP(M) — Q™ P(M) the classical Hodge star operator.

— inner product on Q(Mg):

(o, B2 = f valc” 50 B
since *g(o™ *g B) is an element in C*(My).
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Yang-Mills theory on Mg

Recall: a connection on a right A(Mg)-module £ is a map
V:&EE ®A(Me) Q](Me)

satisfying Leibniz rule, having curvature F=V?: £ — & ® A(Mg) Q% (M).

Definition. The Yang-Mills action for a connection V on a finite projective
A(Me)-module € with curvature F is defined by S = {tr xg(F %¢ F).

Equations of motion: noncommutative Yang-Mills equations [V, *gF] = 0.

Bianchi identiy [V,F] = 0 = connections with (anti)selfdual curvature
xoF = £F (instantons) are solutions of the YM equations; absolute minima
of YM-action.
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The sphere Sj

With © a real parameter, the algebra A(S§) of polynomial functions on the
sphere S‘e1 is generated by elements zy = z3, 25,2z, j = 1,2, subject to

*

ZuZy = MwZvZy,  ZuZy = Muzvzy,, 2,2y = Awzyz,, |, v =0,1,2,
with deformation parameters given by
AMa=A1=A=e" Ao=Ayj=1, j=1,2

and together with the spherical relation }_ z/z, =1.

— Isospectral deformation: nc spin geometry (A(S3),H, D) of dim 4;
— Differential calculus (Q(Sg),d) as before, with xg : QP(Sg) — Q*P(S3).
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The sphere Sg,

With A/, = e¥™w and (0/,) a real antisymmetric matrix, the algebra
A(S],) is generated by elements g, %, a =1,...,4, subject to

Yoy = }\Zlbll)bll)ou Ll)aq); — }\l,)all)‘:;ll)a)

and the spherical relation:
Z ‘-I)Zq)a = 1.

- Differential calculus (Q(Sg,),d) as before.
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Noncommutative Hopf fibration

A minimal requirement for A(Sj) and A(Sg,) to constitute a
noncommutative SU(2)—prinicipal bundle is that

there is an action « of SU(2) on \A(S],) such that A(Sg) can be
identified with the subalgebra of invariant elements under this action
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Noncommutative Hopf fibration

A minimal requirement for A(Sj) and A(Sg,) to constitute a
noncommutative SU(2)—prinicipal bundle is that

there is an action « of SU(2) on A(S],) such that A(Sg) can be
identified with the subalgebra of invariant elements under this action

These conditions express 8’ in terms of 8 and we identify:

zo = Y11 + P3Pz — Y3z — Py 5 /0 0
z1 = 2(mp31 +Pr4) =5 ( P %0 o1>
27 = 2(—pbady + bo3)

where 1 = VA = e™°.
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Associated modules

We associate A(Sg)—modules to the noncommutative principal bundle
A(Sg) — A(S§/) by all (f.d) representations of SU(2). Let p be a
representation of SU(2) on VM = Cn*1:

A(ST) ", VM) = {fe AST) @ VI (o, ®id)(f) = (1d®p(w)—‘)(f)}
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Associated modules

We associate A(Sg)—modules to the noncommutative principal bundle
A(Sg) — A(S§/) by all (f.d) representations of SU(2). Let p be a
representation of SU(2) on VM = Cn*1:

A(ST) ", VM) = {fe AST) @ VI (o, ®id)(f) = (1d®p(w)—‘)(f)}

There are projections p(n) € Myn(A(Sg)) s.t. A(Sg,)&pv(“) ~ p(n)A(Sg)4n.

— twisted Dirac operator D) = pm)Dpm) with coefficients in the module
A(S§)) K, V™ lts index (dim ker — dim coker ) equals: %n(TH— 1(n+2)
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Basic (charge 1) instanton on S

A generic element in the module & = A(S],) X, C* can be written as W*f,
f e A(Sg)* with

b —3
II)Z 1|)T G *

Y= « satisfying W™V = 1.
1|)3 _1|)4 yine ’
(/B U

Thus, p = W¥* is a projection in M4(.A(S3)) and in fact £ ~ pA(Sg)*.
Explicitly:

1+z5 O Z1 —rtzik
0 T4+zp zp uz]
2l oz l—zg O
—uzy Hz; 0 1=z

g
|
No|—
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Grassmann connection VO — pd — curvature satisfies *QF = Fo:
0 0
basic instanton on Sg

In terms of f € A(S],) K, C* we have
(Vof)i — dfi + wijfj.

where w = WY*dV¥ is the basic instanton gauge potential, a 2 X 2-matrix
with entries in Q1(Sg,) satisfying:

Wiy = —Wji; > wy =0.
i

17



Symmetry of the basic instanton

Consider a deformation Uy(so(5)) of the universal enveloping algebra of
the Lie algebra so(5), defined as the Hopf algebra:

1. Up(so(5)) is U(so(5) as an algebra:

- Generators Hy, Hy, E; for the eight roots r = (£1,£1), (0, £1), (£1,0);
- Relations given by Lie brackets of so(5).

2. Counit €(H;) = €(E;) =0, but twisted coproduct and antipode:

AG(ET) — F—r Y AT H + )\—TZH1 X Era
Ao(Hj) =H; @ I+ 1® H;.
S(E,) = —AZMEAT™2 S(H;) = —H;
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Ug(so(5)) acts on the generators of the algebra A(S3) by the following
operators:

H] =Z1a1—Zi|< T, HzZZzaz—Z;aik
Ey1 41 = 2207 — 2105, Ei1 1 =2507 — 210,
Ei1o = %(Zzoa?k — 210p), Eo 41 = %(Zzoai — 2700) ,

and extended to the whole of A(S§) as twisted derivations [Sit01]:

ma
iy
)
S
I

mAg(E;)(a ® b) = E,(a)AM2(b) + A2 (a)E,(b),
mAe(Hj)(a 029 b) — H)(Cl)b + ClHj(b),

\_k.I

)
oy
I

The action of Up(so(5)) can be lifted to an action on A(S},);

When extended to Q1(Sg,), one finds that | Hj(w) =E;(w) =0
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Action of Uy(so(5,1)) on basic instanton

e so(5,1) consists of the generators of so(5) and generators Hy, F. with
r=(%1,0), (0,£1).

e Uy(so(5,1)) is U(so(5,1)) as an algebra; but coproduct and antipode
become twisted:

No(Fr) =F, @A 24 AN @ F S(F,) = A2 AT,
Aog(Ho) =Ho® T+ 1® Hy, S(Ho) = —Ho,

and the counit: ¢(F.) = ¢(Hp) = 0.

— | Hopf algebra Ug(so(5,1))
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Action of Ug(so(5,1)) on the generators of A(S):

Ho = 90 — z0(2000 + 21071 + 2707 + 220, + 250,
F])o = ZaT — Z7 (Zoao + 2101 + ZTaT -+ XZzaz —F 7\Z>2ka>2k),
F0’1 = 263 — Zz(Zoao + 27101 + ZTaT + 2,07 + z}ka}‘),

which are extended to the whole of A(Sg) as twisted derivations:

Fr(ab) = F(@)A1™2(b) + A2 (a)F,(b),
Ho(ab) — Ho((l)b + ClHo(b).

Equivalently [Sit01], T € Up(so(5,1)) with classical counterpart t €
U(so(5,1)) is defined to act on A(Sg) = Lg(A(S*)) by

T- Le((l) = Le(t . (1)
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—> | Connections V; = V + tdw; are infinitesimal instantons

Action extended to Q(Sg) by defining it to commute with d

Up(so(5,1)) leaves Hodge *g-structure of Q(Sg) invariant: T(xgw) =
*Q(T(J))

Action lifted to A(S],) and Q(S{,);

- Instanton gauge potential w = W*dW¥ transforms (infinitesimally) to
w + tdwi, 1=0,...,4 under tHy, tF; (t S R)

Curvature Fy of basic instanton transforms to Foy + tOF; + O(t?) with
5F0 = —ZZOFo,

5F1 = —2z1A™Fy;  8F3 = —2z{A Ry
OF, = —22,AMFy;  8F4 = =220 MTF,.
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Completeness

[AHS78] Starting with the basic instanton Vy on &£, any other (su(2))
connection on £ is given by Vy + ta, with

X € Q] (ad(Sg/)) = Q](Sg) ®Coo(gg) r(ad(sg/))

where T'(ad(S],)) is the associated module to the adjoint representation of
SUu(2) on su(2).

e Linearized selfdual equation: P_[Vy, &l = 0 with P_ = %(1 — *g).

o If o« were obtained from an infinitesimal gauge transformation, then
« = [V, X] with X € T'(ad(S}/)).
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e Since P_[Vy, [Vo, X]l] = [P_Fy, X] = 0, we have the selfdual complex

0 — Q%ad(S)) Y% Q'(ad(S7)) "8 Q2 (ad(SZ,)) — 0
and look for an element in the first cohomology group H'

e We compute the alternating sum h® — h! 4+ h? of the dimensions of the
cohomology groups as the index of a twisted Dirac operator. Using a
vanishing argument for h® and h?, we find that h! = 5.

— | The collection V¢; of infinitesimal instantons is complete
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