Noncommutative spheres

in dimension ’3’, 4 and 7

Walter van Suijlekom



60 —deformed spheres

e A(S;) is complex unital *x-algebra generated by «, 3,z with z = z* a
central element and relations:

af = \Ba; o =Nba*; aa’+ BB+ 2% =1; (Ae St cO)
e A(S]) is complex unital *-algebra generated by 2!, ..., 2% with relations
22 = NI Fd = NI EY Zzi?" =1
where for ;1 = vV \:

A7 =

SRS
Bl E ==
= =T R
e S S

Q1



Action of SU(2)

A(S]) carries an action of SU(2),

where wiw! + w?w? = 1.

homomorphism:
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More precisely: the map w +— «ay, is a group

SU(2) — Aut(A(S])
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Algebra of polynomials on 'base space’ consists of invariants: x € A(S})
s.t. au(x) = x. Since SU(2) acts classically, we find that the algebra of

invariants is generated by

satisfying a8 = A\Ga etc.,

A(S5):

2(2'2° + 2%z,
2(—zt2* + 222%),

Al 4 232 353 Azt

l.e. the algebra of invariants is isomorphic to

A(S2) — A(SF) is a principal Hopf-Galois extension (=principal bundle)
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Associated modules

Classical SU(2) = irreducible representations given by integer [.

Associated modules consist of equivariant maps

Hom®Y@ (VI A(ST)) :={¢: VD — A(SF) : p(v - w) = awd(v)}

In the case [ = 1, the equivariant maps are given on the basis {e1,es} of
C? by ¢(e;) = (Y| f) for |f) € A(S3)*, where

‘¢1> _ (El, _22723’ —24)*; |¢2> _ (32,21,54,23)*

which satisfy (¢;|¢;) = 0;;
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The matrix p = [11) (11| + |12) (12| is a projector with entries in A(Sy):

14z 0 o) 15}

_ L0 14z —ppr ma”
P=51 o —uB 1—x 0
B* Ji%e" 0 1 —=x

If the image of p in A(Sj)* is denoted by T'(Sg, E') we have

Hom®"?/(C? A(Sp)) ~ T(Sj,E)
¢ e (Yilf) = o=plf).
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For general [, the equivariant maps are are of the form ¢()(e;) = (¢:|f)

on the basis {e1,...,e;41} of V) where now |f) € A(Sgl)‘ll and |¢;) is the
completely symmetrized form of the tensor product |1 )@=+ @ |4hy)®i—1
fore =1,...,0+1.

We normalize |¢;) such that (¢;|¢;) = 0,5, hence
pay = |o1)(@1] + [d2) (da] + - -+ + |dr41) (Drs1] € Myu(A(S?))
defines a projector. If we set I'(Sj, EW) := p(l)(A(S§)4l), we have

Hom®Y® (VD A(S7)) ~ T(S;,EY)
by :ei = (dilf) = ouy=pwlf)
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Instanton on S}

A connection on the A(S3)-module T'(Sy, F) is defined to be a map
V:I(Sg, E) = T(Sy, E) @ 4(s) ' (Sp)
satisfying Leibniz rule:
V(sw) = (Vs)w + sdw; (s € (S5, E),w € QY(Sy))

The basic instanton on Sj is described by the connection V = pd on
['(Sz, E). Again, with F' = p(dp)? € Q%(Sj):

*QF = —F
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Dirac operator on A(SU,(2))
with L. Dabrowski, G. Landi, A. Sitarz and J. Varilly

o A(SU,(2)) is the x-algebra generated by a and b, with relations

ba = gqab, b*a = qab*, bb* =b*b, a*a+q¢*b*b=1, aa*+bb* = 1.

e The (Hopf) x-algebra U/, (su(2)) is generated as an algebra by elements
e, f, k, with k invertible, satisfying the relations

ek =qke,  kf=qfk, kK —-k7=(q-q )fe—ef), (1)

e There is a left and right action of U, (su(2)) on A(SU,(2)).
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) on V in an equivariant manner w.r.t.

e Representation m of A(SU,(2)
(2)) (which are also represented on V).

left and right action of U, (su

—1

e Opposite representation 7°(a) = Jm(a)J ", with J charge conjugation;

7° commutes with 7.

e Lift to spinor representation 7’ on V®C?. On this, constructed U, (su(2))
invariant Dirac operator. There is the opposite spinor representation 7’°
commuting with 7’.

Goal: Complete construction of a noncommutative spin geometry on
A(SU4(2)), in the sense of Connes’ seven axioms for such a structure.

Problem: Several 7’° do not satisfy the first order condition, requiring that
7'°(a) commutes with derivatives [D, 7'(D)].
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