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1 Introduction

KK-theory is a common generalization of both K-homology and K-theory. It is an additive bi-
variant functor from the category of separable C*-algebras to the category of Abelian groups.
This notion was first introduced by the Russian mathematician Gennadi Kasparov in 1980.

The cycles in KK-theory are given by bounded Kasparov modules. Any unbounded Kasparov
module defines a bounded Kasparov module via the so-called bounded transform. The unbounded
Kasparov module consists of a triple (A, X, D) satisfying some properties. X is a Hilbert C*
module, A is an unital x-sub-algebra of the bounded adjointable operators on X, and D is an
unbounded, self-adjoint regular operator on X. In this thesis we will look a specific geometric
setting that defines an unbounded Kasparov module.

The geometric data considered consists of a smooth complex vector bundle sitting over a smooth
fibre bundle. The base space of the vector bundle is the total space of the fibre bundle. Assuming
the vector bundle has a connection and is a Clifford module along the fibres in the base space,
one can define a vertical generalized Dirac operator on the smooth sections. This Dirac operator,
together with the smooth sections of the vector bundle, give rise to an unbounded Kasparov
module.

This thesis will aim to give an almost complete proof. At first we consider the easier case, that
of a vector bundle together with a generalized Dirac operator. The general case reduces to this,
if we take the base space of the fibre bundle to be a single point. As described in Section 2, this
data defines a spectral triple.

In the following Section 3 we briefly cover the definition of Hilbert C* modules, and define the
unbounded Kasparov module. In Section 4 we introduce the more general case of a vector bundle
sitting over a fibre bundle. This allows us to define a vertical tangent bundle, and introduce
the exact geometric setting we work in to obtain an unbounded Kasparov module. In Section
5 we show how the geometric setting defines an unbounded Kasparov module. This means we
define our Hilbert C* module, we define the vertical Dirac operator, and we show all necessary
properties except for D being self-adjoint and regular and the resolvent of D being compact. It
turns proving the self-adjointness and regularity of the Dirac operator, and the compactness of
the resolvent are both more involved. These assertions rely on localising our Hilbert C*-module.
The definition of localisations and their properties can be found in Section 6. We then use these
localisations in Section 7 to prove the Dirac operator is regular and self-adjoint, and that it’s
resolvent is compact. The compactness of the resolvent will only be proven in the case where
the vector bundle is trivial. In Section 8 there is a short discussion on difficulties for proving
compactness for a general vector bundle. Finally, Section 9 summarizes the results obtained in
this thesis.



2 Clifford modules and spectral triples

This section will outline how the geometric data consisting of a Clifford module and a generalized
Dirac operator yields a spectral triple. Let us start of with the definition of a spectral triple.

2.1 Spectral triples

Definition 2.1.1. Let H be a Hilbert space, D : Dom(D) — H be an unbounded operator on
H. Furthermore, A C B(H) is a unital x-subalgebra of the bounded operators on H. We say
(A, H, D) is an odd spectral triple if it satisfies the following properties:

e The resolvent (i + D)_1 is a compact operator on H
e Each element a € A has Dom(D) as an invariant subspace.

e The commutator [D,a] : Dom(D) — H extends to a bounded operator on H for all a € A.

We say (A, H,D) is an even spectral triple if it satisfies all the above properties, and has an
extra grading operator v : H — H. 7y is a self-adjoint unitary operator on H. It commutes with
elements of A and anti-commutes with D.

Throughout this thesis we will only consider odd spectral triples and odd unbounded Kasparov
modules. This means we will not see this grading operator.

2.2 Clifford modules

For a given vector space with a quadratic form, we have the associated Clifford algebra. For more
information on Clifford algebras, we refer to [LM89] Chapter 1, Section 1, and [BGV92] Section
3.1.

For a vector bundle with a metric, each fibre is a vector space with an inner product, which gives
rise to a Clifford algebra. These algebras can be assembled into a fibre bundle. The case of an
Riemannian manifold and its co-tangent space is of special interest.

Definition 2.2.1. Suppose we have a smooth Riemannian manifold M. Every co-tangent space
Tx M of M above m is a real vector space with an inner product, which in particular gives
a quadratic form. This means we get a Clifford algebra for each tangent space, denoted by
C(T} M). The bundle of algebras C(M) for M is the fibre bundle whose fibre above the point
m e M is C(T;, M).

Suppose we have a complex vector bundle 7w : . — M. Each fibre above each point in M is a
complex vector space. The bundle of algebras gives us a Clifford algebra above each point in M.
The bundle of algebras can have an action on the vector bundle.

Definition 2.2.2 (Clifford Module). A vector bundle 7 : E — M is said to be a Clifford module
if we have an action of the bundle of algebras C'(M) on E. This means the Clifford algebra



C(T* M) has an action on the vector space E,, for each point m € M, and this action varies
smoothly for the point m, i.e. it is a bundle map

¢:C(M)— End(E)
Because of the properties of the Clifford algebra it is enough to specify the action of T, M C
C(T} M) on E,,. We have a bundle map

c¢: T*"M — End(FE)

with the property that c(w)? = —g(w,w). Here g is the Riemannian metric on M. Because of the
relation between smooth vector bundles and C°°(M) modules, we can also view ¢ as a map

¢: T (M,T*M) — '™ (M,End(E))

which is the description we will use most often.
Definition 2.2.3. A Clifford module E — M is said to be self-adjoint if for

¢: T (M, T*M) — T> (M,End(E))

we know c(w)(m) is a skew-symmetric map on E,,.

Suppose the hermitian vector bundle 7 : E — M (with metric (, )g) has a hermitian connection
V. We know Vx is a linear map on the sections of E satisfying the Leibniz rule, i.e.

Vx(fs)=fVx(s)+X(f)s.
This connection is hermitian when we have to additional property
X({(s,t)g) =(Vxs,t)p+ (s, Vxt)p.

Recall that a Clifford module structure also gives a way of acting on sections. For a € T'>° (M, T*M),
let ¢(a) be the map on I'*° (M, E) defined by (c(a))s(m) = s(m) - a(m). These two maps can be
related in the following way.

Definition 2.2.4. Let 7 : E — M be a Clifford module with connection V. The connection is
said to be a Clifford connection if for any a € T'*° (M, T*M) and X a vectorfield on M, we have:

[Vx,c(a)] = (Vi a) (1)

where VL€ is the Levi-Civita connection on M.
Let 7 : E — M be a complex I-dimensional Clifford module, with metric ) , (g. Suppose that
this Clifford module has the following additional properties:

1. The smooth Riemannian manifold M has odd dimension n and is compact,

2. It has a hermitian connection V,

3. The connection is a Clifford connection.

This is setting from which we will build a spectral triple. During the rest of this section the
manifolds F and M are assumed to have the properties specified above.



2.3 The Dirac operator
We want to define a first order differential operator on I'*™® (M, E).

Definition 2.3.1. For a smooth complex vector bundle 7 : E — M, a first-order linear differ-
ential operator on E is a complex-linear map

L:T*(M,E)—>T>(M,E),
which has the following properties:

e If 57 and sy are smooth sections of F which agree on an open set U C M then Ls; and
Lsy agree on U

e For each coordinate patch U C M, choosing coordinates x; in U and a trivialization of the
bundle E over U, L can be represented in the local coordinates by a formula

Ls = ZAj <£j) (s) + Bs,

where A; and B are smooth, matrix-valued functions on U

The functions A; and B which appear above depend on the coordinate system. Let m € M
and { = ), §;da’. Form the expression o, (m,§) = > . A;&;. o1(m, ) can be interpreted as an
endomorphism of the vector space E,,, independent of the choice of coordinates.

Definition 2.3.2. The principal symbol of L is the vector bundle morphism
o :T*"M — End(E)

defined by the formula above.
Definition 2.3.3. A first order differential operator is said to be elliptic if its symbol oy, (m, &)
is an isomorphism of E,, for all non-zero & € T; M.

For general first order differential we have the following relation
Proposition 2.3.4. The principal symbol for a differential operator L has the following property

UL<x7dg) = [Lag} (2)

as a map from I'° (M, E) to I'*° (M, E). Here g is a smooth function on M, and dg is the exterior
derivative of g. For the commutator we mean the multiplication by g on sections.

Proof. We refer to [HR00] Remarks 10.1.2 O

We can define the following first order differential operator D : I'*° (M, E) — I'*° (M, E) on the
vector bundle, given locally by:

Dz,

D .= Zc(dmi)V o .
i=1

Here % is the local coordinate frame of TM, and dx’ it’s associated co-frame. We call the

differential operator D the generalized Dirac operator.



Proposition 2.3.5. The Dirac operator is a first order linear differential operator

Proof. Pick an open set over which the bundle and M both trivialize. ¢(dz’) and V,, are linear,
so D is as well. Let {s;}!_, be a local frame of the vector bundle. Writing s = 22:1 fjs; we see

D(s)=> > o(dx")V o (f5s5)
i ’
=33 c(da')£;V o (s;) +c(dxi)i(f-)s-
L 3V 525 Oz, %
Both c(dx?) and V h (s;) can locally be written as matrices, which gives D the form of a first
order differential opefator. O

We can directly calculate the commutator of D with a smooth function.
Lemma 2.3.6. For a smooth function g € C*°(M) we have

(D, g] = c(dg)

Proof. Take any smooth function g € C°°(M). We can write dg in terms of the 1-forms {dx'},
which gives us dg = > . %dz’. Writing out the left of the equation, on any section s supported

T 7
in a trivializing subset of the bundle in local coordinates gives us

[D,g](s) = (Dg —gD) (s)

= Z c(dxi)vagi (gs) — gc(da:i)vag_ (s)

= Z c(dz?)

Where we used that for any connection V%(gs) = %8 + gv%(s). Note that the action of

885 s + c(dz?) (QV%(S)) -9 (c(dmi)Vi(s))

i oz

smooth functions on sections is defined point-wise, and the c(dz?) Zare linear maps on the fibres
of E. This means c(dz?) (gv%(s)) =g (c(daxi)V o (s)), so we get

ox

n

1D,g](s) = 3" cfda) 22 s

i=1 Oz
= c(dg)s

using linearity of ¢, which proves the lemma. O

The identity from the above lemma allows us to conclude D is elliptic.

Corollary 2.3.7. The Dirac operator is elliptic, and for the principal symbol we have the
following identity

op(m,§) = c(§) (3)

For ¢ a cotangent vector in T, M*.

Proof. We combine Proposition 2.3.4 and Lemma 2.3.6. We know ¢(¢) is invertible away from 0,
so the principal symbol is invertible. O



2.4 Constructing the spectral triple

Our goal is to prove this Dirac operator together with ' (M, E) gives rise to a spectral triple.
We first need to define a Hilbert space in which I'*® (M, F) lies densely. Recall that, as M is
compact we can integrate smooth functions on M using the density defined by the Riemannian
metric on M. More information about integration using densities can be found in [Lee02] Chapter
14.

Recall that as we have a metric, for any s,t € I'° (M, E), we know (s, t)  is a smooth function,
which can be integrated. As the integration is linear, we obtain a pre-Hilbert space for I'*° (M, E)
together with the inner product defined as (s,t) := [, (s,t) 5 dV,. Here dV, is the density
coming from the Riemannian metric g on M. T'*° (M, E) has a completion which we will write
as L?(M, E), which is now a Hilbert space. As the sections of F are dense in L?(M, E) we see
that D is an unbounded operator on this Hilbert space.

We know the smooth sections are a left-module over the smooth (complex) functions on M. These
smooth functions C°° (M) will give rise to bounded operators on L?(M, E) by multiplication.
For f € C*°(M), we have ¢(f) : T (M, E) — I'*®* (M, E) defined by ¢(f)(s) = fs for a section
s. This gives us an unbounded operator, but these can easily be extended to bounded operators
on L?(M, E).

Proposition 2.4.1. For every f € C*°(M), ¢(f) extends to a bounded operator. These bounded
operators form a unital *-sub-algebra of the bounded operators on L?(M, E).

Proof. We see, for any s € I'™° (M, E),
@ 00)s) = [ (s f9) v,
< [ 181 s,

< [I£113 (s.5) -

so ¢(f) is bounded on I'*® (M, E), which means it extends to a bounded map on L?(M, E). Note

that ¢(f) + &(g) = ¢(f +g) and o(f)od(g) = &(fg), with the fact that ¢(1,) = Idy to conclude
C*°(M) is indeed a unital *-sub-algebra of the bounded operators on H. O

This gives us all the ingredients for a spectral triple.

Theorem 2.4.2. The triple (C*°(M), L?*(M, E), D) is an odd spectral triple

Note that we use the closure of D, which has not been proven to exist yet. A first good step
towards proving this is to show that D is a symmetric operator. This immediately shows D is
closable, and that D* extends D.

Proposition 2.4.3. The Dirac operator D is a symmetric operator.
Proof. We have to show that for any two sections s,t € I'*° (M, E), we have the following

equality:
(s, Dt) = (Ds,t).



Note that this is an equality of scalars, not of smooth functions. Recall that (s, Dt) := [, (s, D(t)) dVj,.
First, let us look at the terms inside the integral. For some m € M, we can find a coordmate frame
{0;}. We know the form of D in local coordinates. Using the compatibility of the connection with

the metric, and the fact that we have a Clifford connection we get the following:

(s(x) Z(s c(dz")Va, (t)(x))

n

= =3 {elda')s(x), Vo, t(x)),

i=1

As the c(dz?) are skew symmetric. We now use the compatibility of the connection, by inserting
Lx({s,t)) = (Vxs,t)+ (s, Vxt) into the above. This yields:

(s(zx),D Z (Vo,c(dz?) Z Lo, { (z),t(z))
= Z {e(dz) Vo, s( )+ Z (V5Cdz")s(x), t(z))
=2 Lo ({eld=)s(w), 12))
(Ds, t) +Z (V5Cdatys ZLa s,t) (z))  (4)

where we used ¢(V5Cda') = Vp,c(da’) — ¢(dz')Vs, in the second line, as the connection is a
Clifford connection. We end up with three terms. The term we desire, and two term which have
to integrate to zero over M.

Let use rewrite the second term slightly (using linearity of the metric and Clifford multiplication)
to (¢ (32; V52 (da")) s(x), t(x)). We want to understand what the Clifford action of the 1-form
> V59 (da') is. To do this, we write this 1-form in the basis da’ by finding smooth maps f; such

that
> VEC(dat) Z fidat,

i

. Finding these f; can be done by solving;:
=D Vi (da")(9)
Recall that by definition of the dual connection we have: Vg? (dz)(0;) = da' (Vléic(aj)).

The Levi-Civita connection is defined using the Riemannian metric on the tangent bundle of M.
VIgc is defined by the following expression using the metric on T'M:

9(V500;,00) = 5 (D:(9(0;)(00)) + 05 (9(00)(00) — Du(9(01)(2))).

Writing (g; ;) = g(0;,0;) as a matrix of smooth function, we have

1
9(V5C0;)(0r) = 5(0ig5k + 09k — Ogij)-



To compute da’ (vgf(aj)) recall we can write da’ in the following form:

da’ = Z(g_l)i,pg(apv )

p

We get

ZZ iap (Op: Vi i)
_ ZZ (97 )iw (V5 P 0p)
,ZZ )i (019 + 05 Gk, — OnGij)
=5 Zzp:(g_l)i,pajgm

Let us write 0;(g) for the matrix of smooth functions which has entries 9;(g,,:). We get

—1 -1 -1 —1 -1
911 - Gin 95911 -+ Oigin 291505900 2y 9150902 o 22, 9150i9pm

)

Inl o G djgna -+ OjGnm >0 Inp0iGp1 >y Inpdidp2 o 2y InpDidpn

which shows us

- % Z > (97 in09p.
T p

= %TY (97'0(9))

=0 ( Trlog(g ))

In the last equality we use that Tr (gilﬁj (g)) is equal to 9; (Trlog(g)). This equality can be
proven by realising that g can be diagonalized. We write ¢ = QDQ*, where Q is a smooth map
from U to the orthogonal real matrices and D = diag(\1,...,\,) is a fixed diagonal matrix.
Note that ¢~ = QD 'Q?. We see

Tr (97'9;(9)) = Tr (QD1Q'9;(QDQ"))
= Tr (QD™'Q" (9;(Q)(DQ") + Q9;(DQ")))
= Tr (Q'9;(Q)) + Tr (QD19;(DQ"))
= Tr (Q'0;(Q) + Tr (QD™'9;(D)Q") + Tr (QD ™' D9;(Q"))
As 9;(QQ") = 0, using the Leibniz rule, we see 9;(Q") = —Q'9,(Q)Q, and get
Tr (gflaj (g)) =Tr (Qta(Q)) —Tr (QQtaj (Q)Qt) + Tr (Dilaj(D))
=Tr (D~'9;(D))

—Z)\ L9 (M)

10



For the part with the logarithm we see

0 (Tr log (QDQt)) =0, (Tr (Q log(D)Qt))
— 0, (Trlog(D))

=9, (Z log(/\i)>
=300
which proves 0; (Trlogg) = ( 1819) We now have f; = ( ~19;(g )) 0; (% Trlog(g)).

Now we have expressed the f; in terms of the Riemannian metric and the coordinate frame, we
can rewrite the last two terms in equation 4 to

> (e(VECdat)s ZL@ < ZVLCdx > ZLa 5,t) (2))

i

:Z fic(dz')s, t) (z) + Lo, (c(dz')s,t) (z))
= Z fihi + 0i(hi)
where we wrote h; := (c(dz?)s,t).

Our goal is to use the divergence theorem. It tells us that for a vectorfield X = >, X;0; we know

/ div(X)dV, =0
M

where div(X)dV, = )", 0; (x/det(g)Xi). By setting X = ", h;0;, we can show that div(X)dV, =
(3=, fihi + 0i(h;)) \/det(g), which completes the proof.

We can see, as the determinant of g is the sum of its eigenvalues that

det(g) = exp(Tr(log(g))).

And note /det(g) = exp(2 Tr(log(g))). We see, using the chain rule

01 (v/ast(a]) = o (expl5 el0sto) )

= aii <eXpo< Tr(log(g ) )

:exp<2Trlog( ))3 ( Trlog(yg ))
= \/det(g) f;

M| —

11



For every coordinate patch (U, ¢), we have the smooth function (3}, fih; + 9;(hs)) v/det(g), which
using the above is in fact the divergence of X.

(Zfzh +0i(h )s/det Z\/ﬁﬂh + /det(9)di (h
:Z@W@@@

= div(X)dV,

for X =3, h;0;. Combining all the above we can prove the theorem.

Let U = {U,} be a cover of M by coordinate patches (U;, ¢;) and let ¢; be a partition of unity
subordinate to /. We have

(s, Dt) — /M (s(2), D(t(x))) 4V,
=3 [ w o) Dty v,

=;Lymmme%

+ ZJ:/U] ¥ (Z (c(VECdz")s(x), t(z)) — Zi:Lai ({c(dz")s, t) (m))) v,
= (Ds,t) + Z]:/U W (Z fihi + 8i(hi)> av,

(Ds, t) +Z/ %(Zm + 0i(h )de A
= (Ds,t) + Z/U b; div(X)dV,

(Ds, t) / div(X

= (Ds,t)

Where we used the divergence theorem in the last line. This proves D is symmetric. O

We now know D is symmetric, and therefore closable and extended by its adjoint. The closure
of D is the smallest closed extension so we get:
DcDc D"

Applying the adjoint to the above, and using the fact (D*) = D, we get: D C D" c D*. This
proves D is symmetric as well. We only need to prove D is self-adjoint. To do this, we use a
general result about symmetric first order differential operators.

Proposition 2.4.4. The closure D is self-adjoint.

12



Proof. For the proof of this proposition we refer to [HR00] lemma 10.2.5, and the corollary
10.2.6. It tells us that any symmetric, closed operator on a compact manifold, has a self-adjoint
closure. =

We now look at the resolvent. As the operator D is self adjoint, we know the operators i + D
and i — D are bijective maps from Dom(D) to L*(M, E). This means the operator (i +5)71
exists, and we know it is bounded. Our next goal is to prove the operator (i + D)~! is compact.
We use the Rellich Lemma and Garding’s inequality ( See [HR00] 10.4.3 and 10.4.4). We would
like to stress that Garding’s inequality uses the ellipticity of D.

Proposition 2.4.5. The operator (i + D)~! is compact.

Proof. Suppose we have a sequence {,} in the unit ball of L?(M, E). Our goal is to prove the
sequence {(i + D)~1¢,} has a Cauchy subsequence. We know, using Garding’s inequality that

— 1
12 + D)~ &nllr < ~léal

So by rescaling the &,, we know (iD)E, lie in the unit ball of the Sobolev space L?(M, E). Now
using the Rellich Lemma (which says i : L}(M, E) — L*(M, E) is compact), we see the sequence
{(i + D)7, } has a Cauchy subsequence (in L?(M, E)). O

For the last part of proving we have a spectral triple, we need to show multiplication by C*°(M)
preserves Dom(D) and that the operators [D,g] : Dom(D) — L?(M, E) extend to bounded
operators.

Proposition 2.4.6. Multiplication by g maps Dom(D) into itself, and the commutator [D, g] :
Dom(D) — L?(M, E) extends to a bounded operator on L?(M, E).

Proof. Recall [D, g] = c¢(dg) as a map on I'*® (M, E). Locally the Clifford action ¢(dg) is given by
a smooth function taking values in the n by n matrices, so the map ¢(dg) is certainly bounded
as a map on L?(M, E).

Pick any = € Dom(D) and g € C>(M). We know the graph of D, G(D) is dense in G(D), so
we have a sequence (x,,, D(z,)) — (z, D(z)). As multiplication with g is a bounded map, we see
9Ty, — 9.

If we prove that D(gx,) is convergent in X, we know gz € Dom(D), as we have found a sequence
(9zn, D(gzy)) that converges, and D is closed.

We know ¢(dg) is bounded, and [D, g](x,,) = c(dg)(z,,) is convergent. Note that gD(z,,) converges
to gD(x), as D(zy,) converges. We conclude D(gx,) converges to D(gx), which means g maps

Dom(D) into itself.

¢(dg) is continuous on I'™° (M, E). I'*° (M, E) is dense in X and for x €

We see that [D, g] =
|(z) = [D, g](x). This means [D, g] is bounded. O

I (M, E), [D,

13



Let us repeat the main theorem of this first part again to conclude the spectral triple case.
Theorem 2.4.7. The triple (C*°(M), L?(M, E), D) is an odd spectral triple

Proof. Proposition 2.4.4 proves D is self-adjoint, and Proposition 2.4.5 proves the resolvent is
compact. The above argumentation shows the commutator of D and smooth functions on M

extends to a bounded map. These are all properties stated in Definition 2.1.1, the definition of
a spectral triple. O

14



3 Unbounded Kasparov Modules

3.1 Hilbert C* modules

In order to understand the generalisation of a spectral triple, we will need to introduce a so-called
Hilbert C*-module. A good source for information on these spaces and the theory concerning
them is [Lan95]. In this section we will quickly give an outline of the definitions essential to
Hilbert C*-modules.

A Hilbert space is a Banach-space where the norm comes from an inner product. The inner
product takes values in the complex numbers, which in particular form a C*-algebra. The gen-
eralisation of a Hilbert space will be a Banach-space with an inner product that takes values
in some C*-algebra. Let us first introduce this idea without the demand for the space to be
complete.

Definition 3.1.1. Let A be a C*-algebra. An inner-product A-module is a linear space X which is
a right A-module (with compatible scalar multiplication) together with amap {, ): X xX — A
with the following four properties

(z,ay + f2) = a(z,y) + B (z,2) (,y,2 € E,a,8 € C),
(z,ya) = (z,y)a (z,y € E,ac A),
(y,z) = < y) (z,y € E),
(x,z) > it (z,z) =0thenz =20 (x€eE).

In the last inequality, the > 0 indicates positivity in the C* sense.

Suppose F is an inner-product A module. Generally the norm on a Hilbert space is given the
square root of the inner product, i.e. ||v| = \/{v,v). This time, in order to define a norm we use
both the A-valued inner product, together with the norm on A. We set for z € E:

2]l = VIl (2, ) ]| a-
Proposition [Lan95] shows this is a norm. Using the norm we can define
Definition 3.1.2. An inner-product A-module which is complete with respect to its norm is
called a Hilbert C*-module over A.

3.2 Definition of the unbounded Kasparov module

In this section we define the Hilbert C*-module equivalent of an unbounded spectral triple. This
generalisation replaces the Hilbert space with a Hilbert C*-algebra.

Definition 3.2.1. Let B be a C*-algebra. An odd unbounded Kasparov module is a triple
(A, X, D) where

1. X is a Hilbert C*-module for C*-algebra B5.

2. A is an unital *-sub algebra of the bounded adjointable operators on X.
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3. D is a self-adjoint regular operator on X,
with the following additional properties for D
1. (i+ D)~ ! is an element of K(X).
2. a(Dom(D)) C Dom(D) VYa € A.
3. [D, ¢(a)] has a bounded extension for all a € A.

Note that other than replacing the Hilbert space by a Hilbert C*-module very little changed. The
most important different is that D is self adjoint and regular. The regularity is needed, because
for a self-adjoint map on a Hilbert C* module, the resolvent may not exist.

In the previous section we looked at spectral triples, and a geometric example that gives such a
spectral triple. Now that we have a generalisation of the spectral triple, we are going to look at
a more general case of our geometric setting.

4 Vector bundle above a fibre bundle, the geometric set-
ting

In section 2.4 we proved that a smooth complex vector bundle over a compact base space gives
an unbounded spectral triple. The goal of this thesis is to give a slightly more general setting,
and proving that this gives an unbounded Kasparov module.

Essentially we will add a fibre-bundle structure to the base space of the smooth vector bundle.
We get w : E — M a smooth complex vector bundle, and p : M — B a smooth fibre bundle with
fibre Z. The base space of the vector bundle is the total space of the fibre bundle. This extra
fibre bundle structure on M adds extra structure in two important ways.

First, it allows us to define a smooth vector bundle for each b € B, by restricting the bundle
E — M to a slice that lies above b € B. We write M, := p~*{b} for b € B and E}, := 7~ }(M,)
for b € B. Because both p and 7 are smooth submersions, we know M, and Ej are smooth
manifolds (of dimension dim(M) — dim(B) and dim(FE) — dim(B) respectively). Note that each
My, is isomorphic to the fibre Z. Restricting 7 to these subspaces gives us a complex vector
sub-bundle 75z, : By — M. As we use these sub-manifolds extensively, let us underline the idea
with a conceptual drawing.
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i B

Secondly, as M is the total space of a fibre bundle, it allows us to look at tangent-vectors which
run along the fibres defined by M — B. The sub-bundle of T (M) consisting of all tangent-vectors
which run along the fibre will be called the vertical bundle. In the next sections we will quickly
explore it’s definition and properties.

4.1 The vertical bundle

We are going to define a sub-bundle of the tangent bundle of M, which consists of tangent-vectors
which lie along the fibres in M. Let us first look at the pull-back bundle defined by p, which is
the bundle p*T'B over M.

where p*T'B = {(m, (b, X)) € M x TB | p(m) = b} is the pull-back bundle of p with the obvious
projections to M and T B. It essentially is given by pasting the tangent space T, B above all
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points m € M, for which p(m) = b.

We can also look at the differential of p, which is a bundle map dp : TM — T B, given by pushing
forward all the tangent vectors.

d,
TM™ d TB
M D B

For a X € T,, M, dp(X) is defined by dp(X)(f) = X(f op) for all f € C°(M,R).

We use the two maps above (p* and dp) together with the universal property of the pull-back to
obtain a map from TM to p*TB.

TM dp
d*p
p*TB — TB
p
M - B

Because p is a smooth submersion, we get the following exact sequence
d*p
TM — p*TB — 0

The kernel of d*p will be a smooth vector sub-bundle of T'M called the vectical bundle above M,
denoted by T'(M/B). For clarity let us write out the specific vector space above a point m € M:

T,.(M/B) = {X € T, M | X(fop) =0 Vf € C*(B)}

The bundle T'(M/B) contains all tangent-vectors of M which run along the fibres defined by the
bundle M — B.

4.2 Splitting and the vertical connection

The vertical bundle, in combination with the Riemannian metric allows the definition of the
horizontal bundle
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Definition 4.2.1. The horizontal bundle is a sub-bundle of T'M defined by

Ty M = [ [ (ker(d*p)m)™.

It is isomorphic to p*T'B.

We can write TM = Ty M @& T(M/B) and get an orthogonal projection P : TM — T(M/B)
onto T(M/B). We can use this projection to define a connection V*/B on T(M/B). Recall that,
as M is Riemannian we have the Levi-Civita connection on 7'M, which will be denoted by V€.
Using this define

v/ .1 (M, TM/B) — T (M,TM/B)
5 PVEC(s),
for X e '™ (M, TM).

Proposition 4.2.2. Vf/B is a Riemannian connection on T'(M/B).

Proof. Let f € C>*(M).
ViE(s) = P(VS())
=P (fV5(s))
= vy (s)
and
VB (fs) = P (VEE(f9))
=P (fV59(s) + LX(f)s)
= VP (s) + X(f)s,

because (X (f)s)(m) = X(f)-s(m) € T,,,(M/B) if s € T (M,TM/B)) which means X (f)s =
P(X(f)s). O

Because of orthogonality, this connection is still Riemannian, i.e. compatible with g (restricted
to T(M/B).

Proof.
(VN/Py,2) + (v, V¥/"2) = (PVEY, 2) + (v, PV% 2)
(VEY,PZ) + (PY,V52)

(VRY,Z) +(Y,V5Z)
XY, 2)).

O

This connection behaves like a 'vertical’ Levi-Cevita connection. When we restrict to slices M, in
the upcoming sections, we will see VM/B restricts to such a slice, and is equal to the Levi-Cevita
connection on that sub-bundle.
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4.3 Clifford module along fibres

Let 7 : E — M be a smooth hermitian vector bundle. Let p : M — B will be a smooth fibre
bundle, with the associated bundle of vertical vectors denoted by M/B. Let VE be a hermitian
connection on the vector bundle F.

Definition 4.3.1. We say F is a self-adjoint Clifford module along the fibres of M /B if we have
a skew-adjoint action

c: C(T*(M/B)) —» End(FE)
of the bundle of algebra’s of the co-tangent bundle of the vertical vectors
As before, this action and the connection on F can be compatible.

Definition 4.3.2. Let E be a Clifford module along the fibres of M/B. The connection V¥ is
a Clifford connection if

[V‘)E(, cla)] =c (VAX/[/Ba) .

for X € T° (M, TM) and o € T (M, T*(M/B)).

Note that on the right, we actually use the dual connection of VM/B_ There is a 1 to 1 corre-
spondence between connections and dual connections.

4.4 The geometric setting of the unbounded Kasparov module

We consider the following situation
1. M is a compact Riemannian smooth manifold, B is a compact manifold,
2. m: F — M is a smooth hermitian vector bundle,
3. p: M — B is a smooth fibre bundle with fibre Z,
4. V¥ is a hermitian connection on E,

5. E is a self-adjoint Clifford module along the fibres of M/B.
In all the sections to follow we will assume the above data.
5 Proving geometric data gives an unbounded Kasparov
module

We would like to prove that the geometric data gives us an unbounded Kasparov module. We
start with defining the Hilbert C*-module. After this is established, we introduce the vertical
generalized Dirac operator.
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5.1 Hilbert C'(B)-module

Analogously to the spectral triple case, we want to build a Hilbert C*-module from I'*°* (M, E).
We do this by integrating fibre-wise. This means that for every b € B, we integrate over M. On
['*° (M, E) this defines a map taking values in C°*°(B). This map has a lot of the properties of an
C(B) valued inner product. By looking at the completion of I'>° (M, F) in the norm induced by
this inner-product, we end up with a Hilbert C*-module over C(B). We start with the fibre-wise
integration

In the Section 2 we introduced an inner product by integration. Using the idea of applying this
fibre-wise over the slices E, — M, we define

(s, (b) = /M (313t ) s Vi,

as a map from B to C which is defined point-wise. Here dVy, is the density defined by the
Riemannian metric g restricted to M. Note that we write ( , ) for the result of applying the
metric on F to two sections in I'*° (M, E) to avoid confusion with the map just defined above.
This map (, ) defines a continuous function on B.

Proposition 5.1.1. (, ) is a map from I'** (M, E) x I'™°* (M, E) to C*(B).
Proof. Take any b € B, and take a chart (U, «) of B which contains b, i.e.
a:U = a(U)

with a(U) an open subset of R™.

As M is a fibre bundle over B, we can choose U small enough such that we also have a local
trivialisation

Y 2p71(U) — U x Z.

Z is a smooth manifold of dimension k. Suppose we have a chart of Z, so (V, 8) with
B:V = B(V)CRk

Note that vy, is an isomorphism, so ¢1;11(U x V) C p~1(U) is an open set in M. 1y together
with « and 3 give us the following chart for M:

b= aro(a, B) vt (U x V) Y U x vV a(U) x (V) c R™ x RE.

For every b € U, we also have charts for M} by restricting 1, namely

b o U x VIN My % [0} x V) fab)) x B(V) = B(V) C RF.

For convenience in using the Riemann volume form, we can write all the charts in their coor-
dinate functions. Writing o = (2!,...,2") for the coordinate functions, and 8 = (y!,...,y"),
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we automatically get the coordinate functions ¢ = (z*,...% ..g%) where 7' = 2% 0 ¢y and

J =y otm o = (7., 7).

Using all these charts we can rephrase the problem to a local one, which can be solved using
some elementary fact about integration. Suppose for now that (s,t), is compactly supported in
¥y (U x V). Note

(s,t) pop L :R"xR* = C

is smooth and compactly supported by definition, and
(Simotinn,) p oty ' = (st o™ (ab),r) : R = C

. We compute
[ Cntinn)s @ = [ @ (santian) i)
h(Mp)

M,
—/w (<S‘Mb’t‘Mb>Eo¢;1) \/det(gb)dgl...dﬂk

This proves the map

(U)—=C
a(b) — /Mb (810 t0y ) 5 AV,

is smooth, because we are integrating a smooth map over n+ k variables over the last k variables,
which still yields a smooth map in the first n variables. The above map is coordinate represen-
tative of (s,t) in the coordinate patch (U, «), which means (s,t) is a smooth map from U to
C.

To complete the proof, note that the sets w&l(Ui x Vj) cover M if the U; cover B and the V;
cover Z. Let p; ; be a smooth partition of unity subordinate to this cover. In every patch we will
integrate p; j (s, t) ,, which is a smooth function compactly supported in 1, (U x V).

(s,tyoa; ' 0;(U;) = C
ai(b) = Z/M Pij <S\Mb7t|Mb>Equb
j b

is continuous for all the patches (U;,a;), which means by definition that (s,t) is a smooth
map. O

We know C*°(B) is a pre-C*-algebra under the sup-norm (everything is defined point-wise), and
C(B) is a C*-algebra with the sup-norm. The closure of C°°(B) is C(B), because C*°(B) is
dense in C(B).

Lemma 5.1.2. C°°(B) is dense in C(B) (for the sup-norm)

Proof. Proving this is an application of the complex version of the Stone-Weierstrass theorem.

It states that the smooth functions are dense C*-algebra of the continuous functions on B if this
set separates points.
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Take charts (U;, ;) for B and a partition of unity p; subordinate to this cover. Now take different
points b1,by € B. Either they lie in different charts and some p; separates them. Or they lie in
the same chart, say (U;, oj). We can modify p; such that p;(b2) # 0 (by adding some constant),
write p; for this map. Define f : R” — C by (z1,...,2,) = (T1,...,2,) — Oéj_l(bg). The smooth
map p; - (f o a;) separates by and bs. O

We show that I'™° (M, E) is an inner-product module for the pre-C*-algebra C'(B) under ( , ) in
the sense that is has all the properties of Definition 3.1.1. The only difference is that C*°(B)
is not a C* algebra. As outlined in the first chapter of [Lan95], we then know that the closure
of I'*° (M, E) under the norm induces by ( , ) is a Hilbert C* module for C(B) by completion.
(, ) extends to a C'(B) valued inner product on this closure. We will denote the closure by X.

Lemma 5.1.3. T'>° (M, E) is an inner-product module for C*°(B) and (, ) .

Proof. We know I'*® (M, E) is a complex-linear space, and a module over C*° (M) by point-wise
multiplication. By setting (s - f)(m) = s(m)f(p(m)) for f € C*(B), we make I'™® (M, E) into
a C*°(B) module. This means we only need to check the four properties outlined in Definition
3.1.1.

Pick s,t,r e '™ (M, E), o, € C and f,g € C*°(B). First, note that

(s,at + pr) (b) = / (s,at + Br) 5 dVy,

My,

:/ a<s7t>Edng+/ B(s,r)pdVy,
My

My

= a(s,t) (b) + B (s,r) (b)
which proves the first property.

(s, £ () = intas, (spass (6 Fing, )V

We know (- f) 5, = f(b)t|ar,- This means we can just move f(b) out of the inner-product and
out of the integral (both are complex-linear) to get

(s,t- f)(b) = (s,t) (b) f(D)
which proves (s,t - f) = (s,t) f, the second property.
The third property is straightforward, as both the integral and the inner product on the vector

bundle have this property. Similarly, the last property holds because both the inner product and
the integral are positive definite. O

This means we have found our Hilbert C'(B) module, denoted by X. As a vector-space it is the

1
closure of I'*° (M, E) under the norm given by || - || = || (-, ) ||&. The module action by C(B) is
just point-wise multiplication.
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5.2 The action of C*(M).

This action can be defined by using the action of C*°(M) on I'*® (M, E) by multiplication and
extending to X. Write

o(f) : T (M,E) - T (M, E)
s fs

for the multiplication by a smooth function f. We need to prove the ¢(f) for f € C*°(M) form
a unital x-sub-algebra of the bounded adjointable operators on X.
Proposition 5.2.1. For every f € C®(M), ¢(f) extends to a bounded adjointable operator on
X. The set {¢(f) | f € C>°(M)} is a unital x-sub-algebra of L(X).

Proof. Take any f € C™(M).
lo(F)sll = 11 (5.7 ) [
- (S“p' <f-87f-s>dvgb>2
beB J M,

2

= (sup| [ [F(m)]* (s,5) dVy,|
( )

beB My,

< |1 flloo (s, 8) 1|7,

This means ¢(f) can be uniquely extended to a bounded operator on X. The adjoint is obviously

given by ¢(7), 2 we just multiply point-wise. We have 6(f) + #(g) = 6(/ +9), (f9) = 6(£)(9),
o(f) = o(f)* and ¢(1pr) = Idx. This proves {¢(f) | f € C°(M)} is a unital * sub-algebra in
L(X). 0O

5.3 The vertical Dirac operator

We define a Dirac operator on X. It behaves like the generalised Dirac operator defined for the
spectral triple case. The key difference is that we only have a Clifford action along the fibres.
We therefore define an operator that only derives in the fibre-direction. To be completely clear,
recall we have the following charts for M, for some U covering B and V covering Z.

MU x V) M v 2P ) % BV) C R x R
P /
U

We write {% Z?Jrk for the associated coordinate tangent frame. Here n is the dimension of B,

and k is the dimension of Z. For M;, we have the charts, which we will call v
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M axf3

Y (U x V)N M, by xV

a({b}) x B(V) = B(V) C R

p

pri
U

We will write {%}iz’f for the associated coordinate tangent frame.

Recall T,,,(M/B) are all tangent vectors in T, M such that X (fop) =0 for all f € C*(B). For
the chart 1 note that

0

aanri

0

8$n+i

0
azn—&-i

(fop):=

(fopoy™)
w(m)

(fopoy™o(a,f)7"),
$(m)

m

for all i € {1,...,k}. From the above diagram we see po v~ = pr;. So

0 0
(fop) = foprio(a,8)"
8xn+i m 63771—&-1’ ’l/«'(m)( )
=0
So we conclude %me lie in T},,(M/B)) and in fact form a basis (as they are k independent

tangent vectors). In other words, in the charts for M defined above, the last k coordinate functions

define a local basis for the vertical bundle T(M/B). The %me also define an associated co-

tangent basis on 17, (M/B)). Let us write dz'™ for the associated cotangent frame of 77, (M /B)).

Later on, we will will be restricting to slices of the form E, — M. It is important to note that
the tangent space of M; only consists of tangent-vectors which lie in the fibre direction. We can
in fact identify T,,(M/B) and T,,(M,;) using the following lemma

Lemma 5.3.1. Take any b € B. For all m € M, the tangent spaces T,, M} and T,,(M/B) are
isomorphic under the tangent map induced by the inclusion ¢ : My < M. The local frame aiy-

of T'M,, is mapped to the local frame 6x?+n of T(M/B) under this isomorphism.

dip d*p
TM, ™ »*TB
My . M M
Proof. t

The kernel of d*p is T(M/B). We know for every m € M, that T,, M}, and T,,(M/B) are of
dimension k. dip is injective. We prove that the image of di; lies inside the kernel of d*p. Take
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any f € C*°(B,R) and X € T,, M.

d*p(dip(X))(f) = X(fopoi)
=0,

as (fopoi)(t)) = f(b) WU € B. Furthermore, Biyi is mapped to 5-2—. O

8wi+n

The vertical Dirac operator can now be defined using only the vertical co-tangent frame {dx*t"}i=k.

Definition 5.3.2. The vertical generalized Dirac operator D is locally defined by

k
g c(d Z+" s.

i=1 61L+7L

D is a densely defined operator. It is also again a first order differential operator. An important
difference is that D is no longer elliptic (it only acts on the vertical part).

5.4 The commutator

In order to show X together with D yields an unbounded Kasparov module, we need to check
that the commutator of D and the action of a smooth functions exists, and extends to a bounded
operator. The proof of this fact is straightforward and will be covered before the more difficult
parts about the self-adjointness and compactness of the resolvent.

Lemma 5.4.1. Let f be a smooth map on M supported in. The commutator [D, f] on I'™® (M, E)
is given by

- af d z+n
8$1+n

where {de " is a local frame for the co-tangent bundle of M, and the last k are a local frame

of the vertlcal tangent bundle of M. Here df is locally written as df = Z;LJrf 6’? L dz7. In other
words, the commutator of D and f is given by the Clifford action of the vertical derivative of f.

Proof. We write it out. We know that locally we can write df = Z;H_lk 88 wf dx’. Now

[D, fl(s) = Df(s) — fD(s)
c(dz™™V _o (fs)+ f (c(dx”")v P (s))

O0Tiin OTjqn

I

=1

c(d:z:”")fv o (8)+ c(dx'™™) ——

OTjqn 6.’Ei+n

I

(fs+f <C(d1’”")vam?ﬂ (5))

=1
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We know the action by f is point-wise so fc(dai™™) = c(dz**t™) f, which means

0

C(dl’i+n) a.’II‘+

Il
VM”

(D, f1(s) (f)s

i=1

0
axi—i—n

(f)da™"")s

[
]~

o

=1

O

We can again use this to prove that multiplication by C°°(M) maps Dom(D) into itself, and

that the commutator [D, f] extends to a bounded operator for all f € C°°(M). The proof is the
same as proposition 2.4.6 in section 2.4.
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6 States and Hilbert C*-modules

Proving that the vertical generalized Dirac operator is regular and self-adjoint requires extra
machinery. One could probably still prove self-adjointness directly, but the regularity is hard to
assert directly. Therefore we look at so-called localisations of our Hilbert C(B)-module.

In general a localisation of a Hilbert C* module gives, for every state on the C*-algebra an
associated Hilbert space. All these localisations together can provide information about the
Hilbert C*-module.

We first outline the localisation process, and give additional properties in case of a Hilbert C'(B)-
module. In the last subsection, a pivotal theorem will be introduced which allows us to extract
global regularity and self-adjointness from local self-adjointness.

6.1 Localisations of unbounded operators

Let us recall the definition of a state.
Definition 6.1.1. Let A be a C* algebra. A state is a positive linear functional p : A — C with
norm one.

Let p be a state on C*-algebra A. Let X be a Hilbert C*-module for A with inner product ( , ) .
Using p we can define the following subspace of X:

N, = {o € X | pl(,)) = 0}.

We construct the localisation from the quotient of X by the sub-space N,. This quotient sits
densely inside a Hilbert space by defining the following inner product.

B < B,
([z], [v]) = ({2, 9))

The quotient is not necessarily closed under the norm induced by the above map, so we take the
localisation of X for the state p to be the closure of the quotient under the inner-product.

Proposition 6.1.2. For every state p, X /Np together with (, ), is a pre-Hilbert space

Proof. The linearity and conjugate-symmetry follow immediately from the fact that X is a
Hilbert C*-module for A with inner product ( , ) . For positive definiteness we see

([z], []) = p((z, 2))

>0,

as p is a positive functional, and (z,z) > 0 (as an element of A4) because ( , ) is positive definite.
Suppose ([z], [z]) = p({z,z)) = 0, then we find x € N, so [z] = 0. O

We define X, to be the Hilbert space obtained by completing X / N, for the inner product

(', )p- We have the following sequence

q, %
X—>X/Np—>Xp.
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Given an operator on a Hilbert C* module, we can also localise the operator for every state. Sup-
pose we have an unbounded densely defined operator D : Dom(D) — X . Note ¢ is continuous and

surjective, so ¢(Dom(D)) is dense in X /Np~ As X /Np is dense in X, we conclude i(¢(Dom(D)))
is dense in X,. The following map is an unbounded operator on Dom((D,),) = i(¢(Dom(D)))
under certain circumstances.
(Dp)y Dom((Dp)o) — X,
[z] = [D()]

The only property we need for (D,), to be a densely defined unbounded operator is that D maps
N, into N,. There are different ways to go about this. In Section 7 we directly prove it. In most
literature we cite, we assume D is symmetric. This is enough to prove (D,), is well-defined. Pick
any € N,, which means [z] = 0. We see for all n € Dom(D*) (which is also dense)

(D@ ), | = lp ((D(x), )|
= lp({z, D*(n)))|
= [{[=], [D*()]), |
< =D (]l
=0

As i(g(Dom D*)) is dense we conclude [D(z)] = 0. This means (D,,), is a densely defined operator.

0

Suppose D is symmetric. We then see (D)), is symmetric for every p by writing

(Dplz], [v]), = p((Dz,y))
= p({z, Dy))
= ([z], De[x])

In the next section we discuss the case where A = C'(B) and will see that the converse also holds.

If D is closed and symmetric, (D,), is not necessarily closed. We do know though that (D,)o

has a densely defined adjoint and is closable. We set D, = (D,),. This operator will be called
the localisation of D for the state p.

The pivotal theorem below, due to [KL12] and [Pie06], gives a strong connection between self-
adjointness and regularity of an operator, and the self-adjointness of it’s localisations.
Theorem 6.1.3. Let D be a closed and symmetric operator. D is a self-adjoint and regular
operator if and only if D, is self-adjoint for all pure states p.

The proof of this theorem is an article by itself. Both the articles [KL12] (Theorem 4.2 together
with Theorem 5.8) and [Pie06] prove the above.

6.2 Hilbert C(B)-modules

An important example (and the reason we are considering this construction) is the case where A
is C'(B), the continuous functions for our base space B (which is compact and Hausdorff). From
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now on X will be a Hilbert C'(B) module as outlined in section 5.1. Every b € B gives us a state
(evaluation in b).

evy : C(B) - C
[ f(b)

To see this is a state, recall positive elements of C'(B) are positive functions, so evy, is a positive
linear map. The unit in C'(B) is 15, and evy(1g) = 1 so | evy || = evp(1p) = 1. For an abelian
C*-algebra, a state is pure if it is a character, which is the case for ev;,. See [Mur90], Theorem
5.1.6. For C(B), all pure states are an evaluation for some b € B.

Let us write out the localisation explicitly for a state b, and Hilbert C'(B)-module X. We get
X—=>X/N, =X,

Note Ny = {z € X | (z,z) (b) = 0} and ([z], [z]), = (x,2) (b). In the case of sections we get
([s],[s]), = (s,8) (b) = be (S|my» S|, ) AV, . Because the integral and inner product are positive
definite, we see a sections s lies in Ny, if and only if s, = 0. So essentially the space X; only
retains the information on a single slice £, — M. This can be made more precise by showing
that X; and L?(M,, E,) are equivalent as Hilbert-spaces.

Recall 7g, : Ey — M, is a complex vector bundle, where M} is a compact Riemannian manifold.
We conclude that, as in the section 2.4, T'*° (M,, Ep) is a pre-Hilbert space under the inner-
product (s, t) = be (s,t) dVy,. The closure of this space is L?(My, Ey).

Proposition 6.2.1. X is isomorphic to L?(My, Ep) as Hilbert-spaces. The pre-Hilbert space
q(I'*° (M, E)) is isomorphic to I'*® (My, Ep).

Proof. Take the space I'™ (M, E), which is dense in X. Write I'™ (M, E) /Nb = q(T'>* (M, E),
which is still a dense subspace of X / N, - Consider the following map:

[ (M, E) /N, — T (My, Ey)

[S] — S\Mb
Lets proof this map is well defined. Suppose [s] = [t], which means
[s —t] € Ny &
(s—t,s—1t)(b)=0 &

/Mb <(Sit)\Mb’(5*t)|Mb>Edng:0 &
(5= Djag, (m), (s = 1hpag, (m)) =0 ¥m € M, &
S|, = g,

This map is also linear (operations are defined point-wise). It is also injective as the image of [0]
is the restriction of the zero section, which is 0 again. For sujectivity, it is enough to show that
a section of Ej can be extended to a section of E. As M, is a closed subset of M, this can be
done. See lemma 5.6 in [Lee02].
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Recall ([s], [t]), = (5,1} () = [uy, (s11,: tias,) Vo, = (511, tjas, ) This means T (M ) [y,
and I'*™® (M, E}) are isomorphic as pre-Hilbert spaces. Their closures are therefore equal, result-
ing in the proof of the proposition. O

Let us write down the isomorphism between '™ (M, E) / N, and I'*® (M, E},) down explicitly,
as we will use it a lot in the next section.

[ (M, E) /N, — T (M, Ey)
[S] = S|,

and

e (Mb7Eb) — re (Mv E) /Nb
s+ (8]

where § is any extension of s such that 85, = s.

This means we can extract information about D by looking at the localisations Dy, which are
now unbounded maps on L?(M,, Ey).

Rewriting theorem 6.1.3 for a Hilbert C(B)-module we get
Theorem 6.2.2. A symmetric closed operator D on a Hilbert C'(B)-module is regular and self
adjoint if all localisation Dy, are self-adjoint.
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All the data in our geometric setting is essentially defined fibre-wise. We will see that all this data
can be restricted to the slices E, — M. Every slice is a complex vector bundle, which together
with a generalized Dirac operator gives a spectral triple. It will turn out that the localisation of
our Hilbert C'(B) module is exactly the Hilbert space associated to the slice E, — Mp,, and that
the localisation of the vertical Dirac operator is exactly the generalized Dirac operator in every
slice. The idea is then to extract local data, from the spectral triple, to prove properties of the
global operator and Hilbert C'(B)-module.

7 Self-adjointness and the compact resolvent

The ultimate goal is to construct an unbounded Kasparov module from the Hilbert C*-module
X with the vertical Dirac operator. We will prove that D has a self-adjoint and regular closure.
The last difficult part will then prove the closure of D has a compact resolvent. Due to time-
constraints we can only cover the case where F is a trivial vector bundle.

7.1 Self-adjointess and regularity

The main idea behind proving that D is self-adjoint and regular is by looking at the localisations
and using Theorem 6.2.2. Once we show the localisations of D are well-defined and self-adjoint,
we are essentially done.

In the first step, we show the maps (D), are well-defined unbounded operators. This can be done

directly by using some facts about connections. These operators are defined on I'™ (M, E) / N, =
1'% (M, Ey).

In the second part, we prove that the data on our vector-bundle and fibre-bundle (the metric,
connection and Clifford connection) can be restricted to every vector-bundle slice Ey, — M. This
allows us to define a generalized Dirac operator on I'™® (M, Ej) for every b. Thanks to Section
2.4, we know these Dirac operators are essentially self-adjoint. A short calculation shows that
the maps (Dy), is in fact equal to this generalized Dirac operator for the restricted data. We
now know the operators (Dy), are essentially self-adjoint.

In the final part, we show that D is symmetric. Once we know D is symmetric, we know it’s closure
D exists. This is a closed and symmetric unbounded operator. We also know the localisations D,
exist, and are self-adjoint. Finally we prove that Dj, = D, and show D is regular and self-adjoint
using Theorem 6.2.2.

7.1.1 Localisations exist

For existence of the non-closed localisations (Dy),, we use the following fact about connections:
Lemma 7.1.1. Let V¥ be a connection on a vector bundle E and look at V£ (s)(zo) with
X eT® (M, TM), s € T (M, E),xg € M. This expression vanishes in each of the following
cases:
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e s arbitrary but X (zg) =0

e X arbitrary but there exists
v:(—€6€) > M
a path with v(0) = z¢ and ¥(0) = X,,, such that s(v(¢)) = 0 for all t near 0.
Let us use the second part of this lemma to prove that the connection of a vertical vectorfield

on a section that is zero on M, actually is itself a section that is zero on Mj,.
Proposition 7.1.2. Suppose s|5;, = 0. We have, for 1 <i <k,

VE, (8)(m)=0 Vme M,

8mi+n

Proof. Fix the i for ﬁ. Picking a path that goes along the fibre is enough. Pick a coordinate

chart zg € ¢~1(U x V). We can now work over a small open box in R” x R¥. There exists some
€ > 0 such that B(zo) = (21,...,2 £ 0,2;) € B(V) C R*. Let v : (—e,€) — R” x R* defined
by t — a(xg) X (21,...,2; +t,...,2n). The (i + n) — th partial derivative is 1, all others are 0.
Setting 7 = ¢~ o (a x B)71 0, gives a path from (—¢,¢€) to M with (0) = zo and 7(t) € M,.
As [s] =0, we see |57, = 0. We conclude VE ,  (s)(zg) =0forall 1 <i <k andzg€ M, O

811+71

We can use the above to state the following useful corollary.
Corollary 7.1.3. For s such that sy, = 0 and X € '™ (M,T(M/B)) a vertical vectorfield, we
see

VE(s)(m) =0 VYme M,

Proof. We know {%} for 1 < ¢ < k form a local frame for T'(M/B). The connection is linear
for vector fields, so using the above proposition 7.1.2 the corollary is proven. O

A priori the maps (Dy), do not have to be well-defined. They are well-defined when D maps
Ny N Dom(D) into itself, which is easily proven using Proposition 7.1.2.

Proposition 7.1.4. The localisations (Dy)o are well defined. If all (D)o are symmetric, then
D is symmetric.

Proof. Recall that locally D = Y, ¢(dz'™™)V¥ , . Suppose s € N, N T'°° (M, E). Using propo-
Titn

sition 7.1.2, we see D(s)(m) =0 Vm € M. So D(s) € Ny. This means the localisations (Dj)o
are well defined for all b € B.

Using (Ds,t) (b) = ([Ds], [t]), = ((Ds)ols], [t]), we see that D is symmetric if and only if all
localisations are symmetric O
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7.1.2 Restricting data to slices

In this Section, we use extensions and restrictions of functions, sections and vectorfields to trans-
late the data on our vector bundle to data on the slices E, — M. We have five things to work
with

e A Riemann metric g on M.

e A metric on the vector bundle £ — M.

e The connection V¥ on E — M.

e The connection VM/B on T(M/B) — M.

e The Clifford module structure of E along the fibres of B

An important tool to restrict these maps is lemma 5.6 in [Lee02]. It tells us that

e Any section s € I'™® (M,, Ep) can be extended to a section § € I'*° (M, E) such that
5(m) =s(m) Vm € M,.
e Any vectorfield X € I (M, T M) can be extended to a vertical vectorfield X € I'>° (M, T(M/B)),

such that X(m) = X(m) Vm € M,. Given X we first post-compose with di, * in order
to obtain di, ' o X € '™ (M,, T(M/B)s), a section of the sub-bundle of the vertical tan-

gent bundle. We then use the same extension principal to obtain X. We will suppress the
isomorphism dzp.

e Any smooth (real) function f € C*°(M;) can be extended to a smooth (real) function
f € C®(M) such that f(m) = f(m) Vm € M.

More on the identification of T}, M} and T,,, (M /B) can be found in lemma 5.3.1. We can use these
extensions (and restrictions) to, when given either a map on I'™° (M, E) or on I'*® (M, T(M/B)),
walk around the following diagrams

I~ (M, E) > (M, E)
s+ 8§ S = S|Mm,
e (M, Ep) ' (M,, Ep)

> (M, T(M/B))

I (M, T(M/B))

XX X = X,
[ (M, T(M/B)y) [ (M, T(M/B)y)
dip diy!

0 (M, T M,) T (M, T M,)
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When the top map only acts locally along fibres (i.e. it maps N, into itself), we can prove the
bottom maps are well defined. We use this to define a restricted metric, connection, Levi-Cevita,
connection and Clifford action.

Proposition 7.1.5. The Riemann metric ¢ = {gm}men on M restricts to a metric g, =
{gb,m tmens, on My. Here gy = gm o (diy " x diy ")

Proof. gm as defined above is a real inner product on 7,, M, for every m € My. The {gm b }mem,
vary smoothly because the {g,,} do, and dib_l is a smooth bundle map. O

We now look at the hermitian metric.
Proposition 7.1.6. The metric on the vector-bundle E — M restricts to a metric on the vector
sub-bundle E, — M.

Proof. We know (, ) on E — M is a family of complex inner products on every fibre that varies
smoothly. We just restrict this family to a family of complex inner products on the fibres of
FE,, — My to obtain an inner product. O

Let us look at the connection.
Proposition 7.1.7. V¥ defined by

VE T (My, TMy) x T (My, Ey) — I (M, Ep)
(X,8) = (VE(3))

| My,

is a connection on the vector bundle I'*° (My, Ep).

Proof. We walk around the diagram as given above. The first goal is to prove the particular
extension of s and X do not matter, making V®* into a well defined map.

Suppose §; and §, are two extensions of s. Then §; — §3 € N,. Using corollary 7.1.3, we see

that (Vg(él - 52)) = 0. Using linearity of the connection V¥, we see (Vb:(él)) =
b

[ M X | My

(Vg (§g))| . So the choice of extension does not matter, essentially because the connection for
My,

vertical vector fields maps IV, into itself.

Suppose Xl and Xz are two vertical vector fields that extend X. Note that (X'l — Xg) (m) =

0 Vm € M,. Using the first part of lemma 7.1.1, we conclude (v?(ﬁf(g (5))M = 0. Using
b

linearity of the connection the independence on the choice of X follows.

Because V¥ is a linear map, V¥ is as well. The only thing left to prove is the linearity for
smooth real functions in the vectorfield slot, and the Leibniz rule in the section slot.
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Let f € C°°(M,R) be a smooth real function. Note that fX is an extension of fX.
V() = (VE(3)
= (7v4)

= VR (5)

| My,

| My

Let f € C°°(M,C) be a smooth complex function. Note that f3 is an extension of fs.
vE(fs) = (VE(79)
= (Iv50) ,, + (X&)

= [V (s) + X (f)(s),

because X (f)(5)(m) := X (f) - 5(m). We have 3(m) = s(m) and

| My,

| My

So V& is a connection. O

Proposition 7.1.8. The connection V¥ is compatible with the metric on the vector sub-bundle
Ey — M.

Proof. Pick a vectorfield X € T'*™° (M, T My,) and two sections s,t € '™ (My, Ey). Let us denote
extensions to the whole space by over-setting it with a tilde. We see, for all m € M

<V;{(§),2§> (m) + <§, VX(£)> (m) = (Vxs,t), (m)+ (s, Vxt), (m)
and note that as the isomorphism between T,, M} and T,, M/B is given by the differential of the

inclusion that X (m)(f) = X (m)(f). We see m = (5,1) so X(<§,t>) = X ((s,t)). O

We use the same procedure for the vertical Levi-Civita connection.
Proposition 7.1.9. VM/B . T (M, TM) x I'® (M, T(M/B)) — I'* (M, T(M/B)) restricts to

a connection

VMb ;e (Mb,TMb) x '™ (Mb,TMb) — I (Mb,TMb)

(X,Y) = (V;/[/B(f/))le

This connection is torsion-free and compatible with the metric on My, i.e. it is the Levi-Civita
connection.

Proof. The proof that this is a connection is the same as proposition 7.1.7.
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To see the connection is torsion-free, take X, Y € '™ (My, TMy). For all m € M, we have

VYY) (m) = Vi (X)(m) = VP (V) (m) — V2P (X)(m)

—p (v-; (X) - V(X )) (m)
~r([£]) e

The Lie bracket of two vertical vector fields is again vertical. To see this, recall that T'(M/B) is
the kernel of dp for the projections p : M — B. We have for f € C*°(B,R),

ap ([X.7]) (0 = [X.7] (7op)
):((57(1“ op)) = Y(X(fop))

= X(dp(Y (/) = Y(dp(X(f))) =0

as X and Y are vertical, and lie in the kernel of dp. So [f( , }N’} lies in the kernel of dp and is there-

fore vertical. This means P ([X,Y]) = [X,f/} But for points m € M, we see [X,f/} (m) =

[X,Y] (where T,,(M/B) and TM, are identified using the isomorphism di, coming from the
inclusion i, : My <— M).

For every

g(VX'(Y), Z) + (Y, VX" (2))

9(PVY%, Z) + g(Y, PVY)
9(V%,2) +g(Y,V%2)
X(9(Y,2))

—_—~ o~

O

The Levi-Civita connection is the unique metric compatible torsion-free connection. Therefore
the above defined connection is just the Levi-Civita on M,.

Proposition 7.1.10. As F is a Clifford module along the fibres of B, we have a bundle morphism
c:C(T*(M/B)) — End(E)

over M. This morphism restricts to a bundle morphism
¢y : C(T* M) — End(Ey),

making FEj into a Clifford module. This Clifford module is self-adjoint if the Clifford module
along the fibres is self-adjoint.

Proof. Recall that the fibre of the bundle of algebra’s above a point m is the Clifford algebra of
the co-tangent space. So C(T*(M/B));, = C(T,(M/B)). The isomorphism dij, between T, M,
and T,,(M/B) induces an isomorphism on the co-tangent spaces by pre-composition with dip.
We have
diy - T (M/B) = T M,
dX — dX odiy
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Note that this isomorphism sends the local co-tangent basis {dx'} of T*(M/B) to the local co-
tangent basis {dy’} of T Mj,. Such an isomorphism of the vector spaces induces an isomorphism
of the associated Clifford algebras (because of the universal property). Let us call this map

¢ : C(T* (M/B)) = C(T M,). We now define

Cp - C(T*Mb) — E?’Ld(Eb)
(m,a € C(T} M) = (c(¢7 () : By — Ep)

O

Proposition 7.1.11. For every b € B, the connections VF is a Clifford connection for the
Clifford action cp.

Proof. For a € T'™° (M, T*M,), X € I'™° (My, E}) and m € M, we have

[Vf{b,cb(a)] s = V2 (cy(a)(s)) — es(a) (V;s(b(s))
= VE (ea(@)(9) i, — cnla) (VEE)ja,) -

Note that ¢~1 o a lies in T'°° (M,, T*(M/B);) which is a closed sub bundle of T*(M/B) — M.

This means an extension ¢~! o a exists. We see that ¢(¢~! 0a)3 is an extension of ¢;(a)s. We
get that

[V ev(a)] s = (VE(e(6 T o0)(3) — (6~ oa) (VE))

(evy! 3(4?1\?@))5)

| My

| My,

where we used that ¢ is a Clifford action along the fibres. Writing out the definition of the dual
connection we get

VY6 Tea) = o o av /P ()

For points m € Mj this expression is equal to ¢~ (a(Vy"(+))), which is ¢~ (VY *a). We conclude
(671 (VX" ) = e(Vi"a)

So V¢ indeed is a Clifford connection for each b € B. O

We now know all the geometric data restricts to slices E, — M. This data is exactly what is
assumed for a vector-bundle in Section 2.4. This means we have a generalized Dirac operator Dy,
which has a self-adjoint closure on L?(M,, Ey). Quickly recall the following facts about the local
tangent frames

o { axi }k_| is a local basis for the vertical tangent bundle, with associated co-tangent basis
dxt.

. {(% k | is a local basis for the tangent bundle of TM;,, with it’s associated co-tangent
basis dy*.
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e The isomorphism diy : Ty, My — T, (M/B) maps E% to %, the induced map di;, on the
co-tangent spaces maps dz* to dy’.

A localisation (Dp)o : [ (M, E) /Nb — X}, induces a linear map on I'™° (M,, Ep) which has the
following form for any m € M.

(Dp)os(m) = (D3)(m)

c(dz))VE 5 5(m)

Oy y

|
.MF

i=1

co(dy' )V (s)(m)

dy;

I
.Mk

=1

This means the localisations (Dj)o are the generalised Dirac operators Dj as described in the

spectral triple case. This means their closure D, = (Dy)o are densely defined, closed and self
adjoint.

7.1.3 D is self adjoint and regular

In the previous two sections, we first proved that the (Dy)o exist. We then showed these are
all essentially self-adjoint. This means D is symmetric. This implies two things. It means the
localisations Dy, exist and are self-adjoint. Secondly, it implies the closure D exists. In Theorem
6.2.2, we need a closed symmetric operator, and it’s localisations. This means we have to look
at the localisations of D.

Lemma 7.1.12. We have D, = D,

Proof. Lemma 2.1 in [KL12] tells us that D* = D". This gives us

%

DcDcD*=D".

This means D : Dom(D) — X is densely defined, symmetric and closed. So the localisations
(Dy)o exist, are symmetric (because D is) and in fact extend (Dp)o by definition. First note
Dom((Dy)o) € Dom((Dy)g) and for any s € Dom((Dy)o) we have

(Dy)ols] = [Ds]
= [Ds]
= (Dp)ols]

As Dy is the closure of (Dy)o we see that Dy C Dy. Using lemma 2.1 of [KL12] again, we see
that Dy, is also symmetric. If we apply the adjoint to the relation D, C Dj and use the above
and the fact that D, is self adjoint we get

Eb (- (bb)* (- Db,
so we conclude Dy = Dy, O

This now finally allows us to show D is regular and self-adjoint.
Proposition 7.1.13. D is a self-adjoint regular operator.

Proof. We know D is symmetric (proposition 7.1.4) and closed. Above we have proved the lo-

calisations Dy are closed and self-adjoint. Using theorem 6.2.2 we conclude D is self adjoint and
regular. O
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7.2 Compact resolvent

Now that we know the vertical Dirac operator is regular and self-adjoint, we also know the
resolvent exists, and is a bounded adjointable map from X to X. Similarly to proving D is
regular and self-adjoint, proving the resolvent of D is compact actually is pretty involved.

At first one might expect that there exists a theorem similar to the regular and self-adjointness.
It is true that if the global resolvent of D is compact, every localisation will be compact. Sadly
enough, the converse does not hold. We need an extra property, essentially that the localisations
of the resolvent vary continuously in operator norm over the base space B.

Due to the time-constraints for writing this thesis, we were only able to prove the result about
the compact resolvent for case where E = M x C! is a trivial bundle. We strongly suspect the
general case to be true as well. Some ideas and complications for proving the general result can
be found in section 8. This means from now on, we will take E = M x C' to be a trivial bundle
with the trivial inner product: point-wise multiplication.

Proving the resolvent is compact, entails the following steps. First we prove the Hilbert C(B)
module X can be rewritten as a continuous bundle of Hilbert spaces over B, denoted by H. For
every point b € B, the fibre will be L2(M;,C!). We then show the compact operators on H are
isomorphic (as a C*-algebra) to the continuous sections of a continuous bundle of C*-algebra’s
over B. The C* algebra above a point b will be K(L?(M,, Ey)), and the bundle will be denoted
by K (H).

These equivalences will reduce the problem of proving the resolvent is compact to proving a
certain section of K (H) is continuous. This we can do, using the fact D is a first order elliptic
differential operator in combination with the resolvent identity.

7.2.1 Equivalence to a bundle of Hilbert spaces

We set E = M x C! as a trivial hermitian vector bundle. The Hilbert C'(B) module obtained
by fibre-wise integration can be viewed as a bundle of Hilbert spaces. Recall that for some cover
{U;} of B and {V;} of Z we have the following charts

big = Yn o (a, B) s Py (Ui x V5) 24 U; x V; (@0 a(U;) x B(V;) C R™ x R¥

giving rise to local coordinates (z1,...,Zpn, ..., Tnt1 - .- Tntk), wWith the associated vector fields

(3%, ceey ai), where the last k are a local frame for the vertical tangent bundle. These coor-
1 Tn+k

dinates also define a chart for M, via

U Uit (B) < Vi) Y {8} x v, 9D {a(b)} x B(V) = B(V) € R,

We have chosen the cover U; such that the fibre bundle M over B trivializes. Pick a fixed b; € U;.
Using the charts and trivialisations of the fibre bundle, we can identify M; with M, for all b € Us.
Proposition 7.2.1. For any U; over which the bundle M — B trivializes, and a fixed b; € B
there exists a unitary map between the Hilbert spaces L?(My, C!) and L?(M,,,C).
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Proof. First, there is a canonical way of moving a point in a fibre M} to My using the triviali-

sation. Let us write ppp : M) 3 M by sending m to ¢~ (b, pry(é(m)). So we first move m to
b x Z, which is isomorphic to ' x Z, after which we use 1/);/[1 to move to My . By definition of a
fibre bundle this is a homeomorphism.

Recall the det(g,) is a smooth map from ¢}, ({b} x V;) to R for every patch ¥, ({b} x V;) over
My, defined by det(gp)(m) = det << o L> (m))

O0Tpyn’ OTqin

Pick a fixed b; € U;. For any patch ¢~ ({b;} x V}), we can look at the real valued function

det(gs) * -
detlgp) Ui ({bi} x Vj) = R

det(gs) (py, p(m)) T
T det(gn,) (m)

1
det(gp) 7 .
det(gr, ) into

We show this map agrees on intersections ¥y ({b;} x V;) N3/ ({b:} x Vjr), making
a smooth map on My,.

Write 5

coordinates on z/J;/[l(Ui x Vj). Recall that the last k coordinates form a local basis for the vertical
tangent bundle, and in particular a local basis for each fibre M, with b € B. A coordinate
transform has the form

aM for the last k local coordinates on z/;IT/Il(Ui x Vj) and 5 8+ for the last k local

-
63311 '+n arp '+n axp-‘rn

All the metrics on the fibres M), can be written as: (gp)p,q = <L L> (and primed indices

OTpin’ OTgin
for the metric on ¢~ ({b} x Vj/). We see

Z 8£Up+n ail'q+n

9v)P> 4
Oy yn OTg n (@)

We can write Ay, ,y = g%“’ for a smooth matrix valued function on ¢3! (U; x V) Napy (Us x Vjr.

Tl

Also, we can write, for any b: (g,) = AT (gy)’ A, which means det(g) = det((gs)’) det(AAT). It
is important to note that A(pp iy (m)) = A(m) for all b,b" € U;. A only ’sees’ the Z part of the
patch ¢~1(U; x Z). This means

det(gs(pp;5(m))) _ det((gs)' (py,5(m))) det(AAT (py, 5(m)))
det(gp, ) det((gs,)") det(AAT (m))
_ det((g))
det((gs,))
(gb)

which means d o) is a well-defined real-valued map on the whole of My,. Using this, we can
define a unitary map form L?(M;,C!) to L%(M,,,C).
Xip : L (M, C') — L*(M,,, C)
f = xin(f)
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with , for m € M,,, define (x;u(f))(m) = f(pb,i,b(m))(;i::(g’:_))Z(m). This map is injective and

surjective. The following shows it is an isometry

<Z Xib(P55), Z Xb,z'(ﬂj/t)> dVy,,

J

aals) xs(0) = [

{bi}XZ

= |2 sm»w% m,wi e 3 du .
_;/{mxvj"”' <( Vaet(gn)m) """ det(g,))(m) >(dtg’”> Arvpn Ao Aok

=30 [ oyl (sm), ) det(n) o A A
j ek

= <57t>

O

We know that any two separable Hilbert spaces, there exists an isometry. In the story above we
have constructed a finite number of model fibres, one for each open subset U; which cover B. We
now just pick by as the single model fibre, and identify H;, with H;, via such an isometry. We
from now on write Y, ; for the unitary map from L?(M,, C') to L2(M,,,C!) for b € U;. Essentially
we just multiply with a smooth function. This means Y ; also maps the Sobolev space L2 (Mp, ch
into L2(Ms,,C).

This result about identifying the spaces L?(M,, C') locally gives us an alternative way to view
the space X, namely as a continuous bundle of Hilbert spaces denoted by H.

Proposition 7.2.2. H defined by H = Il g L?(M,, C!) is a locally trivial continuous bundle of
Hilbert spaces over B. The fibre is L?(M,,,C!) and the structure group the unitary operators
on L?(My,,Cl), with operator norm.

Proof. We just set H = Iye g L?(M,, C!) with the obvious projection to B. For convenience let
us write Hy, = L?(M,, C') for each fibre. This projection, written as 7 in this proof, is continuous.
Let {U;} be the cover that trivialises the fibre bundle p : M — B. For such a cover, we know

—
using Proposition 7.2.1 that we have unitary maps x; : L*(Mj, C') 22 L2(M,,, C!) for a single
by in B. We define the following trivialisations

Y3 - Mper, Hy — U X Hp,
(b, f € Hp) = (b, xp,i(f))-

These maps commute with the projections. For continuity, we have canonical injections ¢ :
L{M,,C") — H, and by the universal property of the disjoint union ¥y,; is continuous if and
only if 1 ; o ¢» are continuous for all b € U;. But ¥y ; o ¢ = Xsp,;, which we know to be
continuous.

Let us look at the transition function. The intersection U; N U; has two trivialisations given by
Y3, and 1y ;. The map 1y ; O’(/J;[’lj gives for every b € U; NU; the morphism x; ;0 x;,» which lies
in the topological group of unitary maps on H;, (with the operator norm). We conclude H is a
fibre bundle with fibre H;, and as structure group the unitary operators on H;, under operator
norm. O
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The space of smooth sections of H has more structure. It will turn out to be a Hilbert C(B)
module, isomorphic to X.

Proposition 7.2.3. The space of smooth sections of H, denote by I" (B, H) is a Hilbert C(B)
module.

Proof. We first need to specify what the operations are on this space. We just define everything
point-wise, that is for s,¢ € I' (B, H) set (s,t) (b) = (s(b),t(b))4,,, which is a map from B to C.
To see (s,t) is a continuous function For the module action by C(B) define for s € I' (B, H) and
feC(B): (s-f)b):=s(b)- f(b) where the right side is scalar multiplication in Hj. To see this
again results in a continuous section consider, pick a fixed point ¥’ € B, then V' € U; for some
open U; over which the bundle trivializes, and checking for continuity of s - f in b’ is the same
as checking for continuity of (s- f)" = pry ot (3),s © (s - f) as a map from U; to K(Hy,). We see,
for any point b close to b’ (so still in U;) that

(s - £)'®) = (s £) B = Ixa(sB)FONX; = xa(s0)F0)x; |
= £ (s®)xi " = FOxa(s(0)x; |
<) = FO)xa(s® )G+ 1) (s = xa(s®)xi ) Il

As f is a continuous map over B, and X,;(s(b’))xi_1 is a compact map we see the first part is
arbitrarily small. For the second part, we know f(b) is bounded, and s is a continuous section.

All other properties regarding the inner product are easily verified to be true, as everything is
defined point-wise, and the integral is also positive definite.

We still need to prove I' (B, H) is complete in the metric induces by ||s]|? = || (s, s) [|co- Suppose
we have a Cauchy sequence s,. In particular this means s, (b) is a Cauchy sequence for every
b € B. Every fibre H,; is a Hilbert space, and therefore complete, so a limit exists for every
sequence 8, (b). This means s(b) := lim,, s,,(b) is a section. We need to prove it’s continuous and
the limit of s,,.

For any € > 0, we have an N € N such that for all n,m > N we know ||s, — $»|| < €, which
means in particular that ||s,(b) — s, (b)|| < e Vb€ B. We see

[5(b) = sm ()] < [[s(b) = sn(B)]| + [5n(b) — sm (b)]]
< [Is(b) — sn(b)[| + ¢,
for all m,n > N and b € B. Taking the limit over n on both sides results in
() = sm(D)]| < e,

for all m > N and b € B. So we know supcp ||s(b) — 5, (b)|| < € for all m > N.

We only need to prove s is a continuous section. Pick a fixed by € B and € > 0. First, from the
above, there exists an N € N such that sup,cp ||s(b) — sn(b)]] < e. We know sy is continuous,
so there exists an open set W around by such that for all b € W we know |[sn(bo) — sy ()| < e.
We conclude

[[s(bo) — s(b)|| < [[s(bo) — sn (bo)ll + [[sn (bo) — sn (b) ]| + [lsnv (b) — s(D)
< 3¢,
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for all b € W. This proves s is continuous and the limit of the sequence s,. O

Proposition 7.2.4. The Hilbert C(B) modules X and T' (B, H) are isomorphic.

Proof. Note that T ((, M), M x C!) = C*°(M,C!) is a dense subspace of X. We have a map

¢:C®(M,C") - T'(B,H)
)

where ¢(s) is defined by ¢(s)(b)(m) = s(m) for m € M, and b € B. In other words, ¢(s)(b) is
the map in L?(M,, C') given by restricting s to M.

¢ is injective, because if ¢(s) = 0, it just means s restricted to every M, is zero, which in turn
means s = 0.

Note that ||s|| = ||¢(s)|| for s € C>(M,C'), so ¢ is bounded and extends to an injective isometry

¢: X 5T (B,H).

We only need to prove the range of ¢ is dense, which we do by proving ¢(C> (M, C!) is dense in
I'(B,H). Pick any s € I'(B,H) and € > 0. Note {f(b) | f € ¢(C>®(M,C")} is dense in H;. So
for every b € B, there exists f, € ¢(C°°(M,C') such that || f,(b) — s(b)|| < 5. Because f, — s is a
smooth section of H, we see that for every b there exists an Y}, such that || f,(0') — s(b')|| < € for
all b’ € V3. These Y, cover B, so we take finite subcover Y, and a smooth partition of unity p,
subordinate to this cover. Define f = > pnfp,. Note that rho, fy, € ¢(C>(M,C") because p,
is smooth. We conclude || >, pnfo,, — s|| < e O

The above isomorphism means that instead of looking at compact operators on X, we can look
at compact operators on I' (B, H) as K(X) = K(I'(B,H)). At first this might not look like a
big improvement, but it is possible to describe the compact maps on I' (B, H) as the continuous
sections of a bundle of C*-algebra’s. Let us introduce the bundle I (H).

Proposition 7.2.5. K (#) = I, K (L?(M,,C')) is a bundle of C*-algebra’s over B. The model
fibre is K(Hs,) and the structure group is again the unitary operators on Hp,, this time acting
by conjugation.

Proof. We again use the same cover U;. Recall that we already have trivialisations
Wi Hyev, Ho — Uy x Hy,
For U; we now define
Yieen),i - Moer, K(Hp) — Ui x K(Ha,)

defined by Y3 ,i(b, T € K(Hs)) = V3,5 0T 01pyy 4. Unpacking this definition just means we map
T e K(Hp) to xipoT o XZZ}. As xi,p and it’s inverse are bounded maps, we know x; 071 o X;bl S
K(Hp,. We need to prove ¢ (y),; is a continuous map.
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On every fibre, we map K(Hy) to K(Hp,) via the map xip 0 - o x;,. Because x; is a unitary
map, this map between C*-algebras is a *-isomorphism.

On the intersection U; N Uj, the trivialisations vx(3),; © Yx(s),; for a single b is a morphism on
K(Hp,) given by X;lei,b o- oXj7in_’bl. Note that X;;Xi,b is a unitary map on K(Hs,) with inverse
Xj,bXZbla which means the transition functions take values in the *-isomorphisms of I(Hyp,). O

The bundle K (H) again has additional structure. We want to think about (X)), which is a C*
algebra. Let us prove the continuous sections of K () is also a C*-algebra.

Lemma 7.2.6. The space of smooth sections of the bundle K () denoted by I' (B, K (H)), is a
C*-algebra.

Proof. All operations are defined point-wise, using the C*-algebra structure of each fibre }C(Hy).
The norm is given by taking the supremum norm over B, which exists as B is compact. We
only have to show these point-wise operations result in smooth sections of the bundle. To verify
this, note that checking for a section s to be continuous, is equivalent to checking the map
Yr),i 08 U — K(Ho) is continuous for all subsets U; over which the bundle trivialises. Here
Yic(n),i is a C algebra isomorphism on every fibre.

For example, the involution for s € T' (B, K (H)) given by s*(b) = s(b)*, is again a continuous
section because taking a fixed b’ € U; we know

(a0 87)O) = (icry,i 0 87O = [(Wrcry.i © )" (V) = Wiy, © 8)* (D]
= [|(Yrr).i 0 8) (V) — Wi 0 8) (D)

where in the second line we use that 1k (), is a fibre-wise C*-algebra isomorphism, and in the
third line we use the C*-identity on IC(Hg). This proves s* is again a continuous section. The
scalar multiplication and algebra operations give continuous sections in the same way.

For the C* identity
[[ss™ || = sup [|s(b)s(b)" |
beB

= sup [|s(b)||?
beB

= [IslI?

The only thing left is completeness under the supremum norm. Suppose we have a Cauchy
sequence s, € I' (B, K (H)). As we use the supremum norm, we know that in every point b € B,
sn(b) is a Cauchy sequence. Every fibre is a C*-algebra, so the limits exist. Setting s(b) =
lim,, o 8, (b) gives us a continuous section which is the limit of s,,. The proof is is the same as
found in 7.2.1. O

The compact operators on H can now be directly calculated, namely
Proposition 7.2.7. T'(B,K (H)) and K(T' (B,H)) are isomorphic as C* algebras.
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Proof. We define a map between the two
k:K((B,H)) =T (B,K(H))
T — w(T),

where k(T)(b) is the map in (H;) defined in the following way. Note that T € K(T' (B, H)), so
there exist Tj = > 0y, 4., with fj,g; € T' (B, H). We first set x(07 4)(b) = 0f@),(5), Which lies in
span{f, , | ,y € Hp} for every b € B. We then extend x linearly over finite sums. Let us first
show k(0¢,4) liesin I' (B, K (H)). Recall that checking continuity of k(6 4) in b’ € U; is equivalent
to checking the continuity for ¢ (3); 0 k(0y,4) : Uy — K(Ho). Unpacking the definitions, we see
Vi) © K(0r,6)(0) = V0. (Orv).90)

= Xi0s(1).aXi = Ox: F(b)xia(®)

= 0100 ®), (¥r.109) (0)-
For convenience write v(b) = (¢ ;0 f) (), w(b) = (3,:09)(b), which by definition are continuous.
We see for € Hy, that

O (b)) (1) = Ou(y,wivy (1) =

which means for the norm

180) () (1) = ooy oy (M < NJ0(B) = B (w(®),7) [+ 0@ {w(®) = w(b),n) |
< @) = 0@ lw@)[{Inll + [[o®) 1w ®’) = w®)[n],

which means the operator norm of 6y py,w(b) = Ou(b),wep) is bounded by [[v(b") — v(b)||[|w(®")| +
[lo(®)[|[Jw(b") — w(b)||, which can be made arbitrarily small as both v and w are continuous and
bounded. This proves that x(64) is a continuous section.

Recall that T; can we written as T = > 0y, 4., with f;,g; € I'(B,H). Linearly extending x
gives k(7)) Whlch is a continuous section for every j as the continuous sections are closed under
addition.

Let us show the x(7T;) form a Cauchy sequence, so we can take the limit. We see for an h €
I' (B, H) that
b) = Z ofgng (h)(b)
J

= 3" £5(0) (g5(6), )

Unpacking what it means for T to be Cauchy gives

1T = Tl = e {I(Tn = TRl TR < 1}
= sup {sup{Y_ fu(b) (gal +me gm (b), (D))} | Supllh( ) <1}

hel(B,H) beB =,
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Take any € > 0, then there exists an N such that for all n,m > N we know ||T,, — Tp,,|| < e. We
see

1K(Tn) = &(Twm)|| = 522{” D o) T Y05t on I}
n

m

= sup{ sup | D £a®) (gn(®),n) + Y Fm(®) (g (), ) || | lIn]] < 13}

<e€

— 9

because of equation 5 above. This means the limit of x(7}) exists (as the sections are complete),
and we can define x(T) = lim,;_,o #(T;) which is a continuous section of the bundle X (#) — B.

We prove  is an isometry. This is straightforward. s is an isometry on span{fs, | f,g €
I'(B,H)}. We then see

w7 = lim [}s(7)]
j—o0
— lim |17
= I

because in both the Hilbert C(B) module and the C* algebra, the norm is a continuous map.

We can now prove & is injective. Suppose x(T") = 0. By definition this means we have T; — T with
T; € span{bys 4 | f,g € T (B,H)}. We know £(T};) = &(T') = 0. This means ||T;|| = ||<(7})| — 0
which proves the T' = 0.

An isometry has closed range. This means that showing that the image of x is dense is enough
to prove £ is a isometric isomorphism. We know the set A = span{x(fs,4) | f,g € T'(B,H)}
lies in the image of k. But for every s € A, we know s(b) lies in a dense subset of KH; because

K5(07,9)(b) = (1), g() € Ho-

Pick a fixed t € T'(B,K(H)), and an ¢ > 0. It is now enough to find an s € A such that
lls —tll < e

For every b € B, we can find s, € A such that ||s;(b) —t(b)|| < 5. Note that s, —t is a continuous
section, so for every b € B, there exists some open subset Y}, such that ||, (b)) — t(b')]| < e for all
b € Y. These Y}, cover B, so we can find a finite sub-cover as B is compact. We write Y} for
this sub-cover, with points b,,. Let us take a partition of unity subordinate to this cover, denoted
by pn : B — R.

We know sy, has the form } . k(0y, ;). We want to multiply s, by the partition of unity p,
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but still obtain something inside A. But see

pn(b)sp, (b) = Z Pr(0)R(0;,4,)(b)

= an(b)afj(b),gj(b)

J

= O 0. (Ve b)-
7

As \/pnf; is still a continuous section we conclude that p,sp, still lies in A. We claim that
> PnSe, lies close to t.

1> pa(®)sb, (6) = L) <> pu(b)llss,, (b) = tB)]I,

For such a b, either b lies in Y,, and ||sp, (b) — t(b)|| < €, or b does not lie in Y;, and p,(b) = 0. So
the second part in the right-hand of the following equation is zero

1D pu(®)sp, (0) =t B < D pal®)llse, (0) =t + Y pu(d)llsv, (b) — (D)

n\bEYn n\bQYn
< > palb)e

n|bey,
<e

— ?

for every b € B, so the supremum is also bounded by e. We conclude that x has a dense range,
and is an *-isomorphism. O

The inverse of k has a particularly easy form.
Lemma 7.2.8. The inverse of x is given by

k™1 T(B,K(H)) — KT (B,H))
s w71(s) KTH(s)()() = s(b)f(b)

Proof. We know A = span{k(0;4) | f,g € T (B,H)} is a dense subset of T' (B, K (H)). On A we
first define x'~1 by x'~1(s)(f)(b) = s(b)f(b) where s € A and f € T'(B,H). It is immediate that
k' "k(0f4) = 0.4. This means ’'—1 is a x-morphism from A to K(I' (B,H), and x~! and x'~!
agree on A. /7! is also an isometry, which means £~ ! is equal to '~ O

Now that we have written X as a bundle of Hilbert spaces, and proven that compact operators

on the continuous sections of this bundle are isomorphic to continuous sections of some bundle
C*-algebras we are finally in a position to prove the resolvent is compact.

7.2.2 Resolvent as a continuous section

We can define the following map from B to K (H).
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Proposition 7.2.9. The map

R:B—K(H)
b (i + Dy)~?

is a continuous section of the bundle K (H).

R will turn out the be the resolvent of D if we move it back to a operator on X via the above
isomorphisms between X and T (B,H), and between (T (B,H)) and T (B, K (H)). The proof
makes use of some important properties of the operators of the form XbDbXb_l (because we work
over trivialisations of the bundle K (#)). These properties will be outlined and proven in the
next Section 7.3.

Proof. We will use some properties and results about the maps XbDbxb_l as outlined in Section
7.3. The assignment of (i+ D) ! to b is a section of the bundle K (H), as (i+Dj) ! is a compact
operator on L?(M,,C!), which is the fibre above b in K (H). We need to prove this sections is
continuous (in operator norm). We do this by composing R with a trivialisation (3, and
proving this gives a continuous map from U; to K(Hy). Fix a by € U; C B. Then for b close to
b1 (also in U;) we have the following inequalities

[ R(b) © ¥ic(ray,i — R(b1) © Yicaoy,ill = I1Xb.i (+ Do)~ Xp. = Xbr,i (i + Do) ™ oy il
= (Xb,i(i + Db)71Xz,_,3> (Xbl,iDbiXb_ll,i - Xb,iDbXZ,_7i1> (Xbr,i (i + D) xb,0) |l

using the resolvent identity. We then get

IR() o Yy — RO 0 cgryall < il + Do)~ b
| (300D = 0D 4 ) (i + Do) ™) |
=a-f8

For a, note that using functional calculus it is easy to see that ||(i + Dp)~!|| < 1. Using the fact
Xb,i 18 an isometry, we see

a = |Ixe,i(i + D)~ |
<1

For 8, we look at it’s two parts. For the left part, we show its a bounded map from W to H with
an arbitrarily small norm using Corollary 7.3.3. We see, for b close to by that for a & € L3(M,,, C!)
that

X616 Do Xy, = Xbi Doxy g €Il < €ll€ll L2 a0

Now we use Lemma 7.3.2 to give an estimation of the most right part of 5. We shows it’s a
bounded map from H to W. Namely, (i + Dy, ) is automatically a bounded map in graph norm.
Using Lemma 7.3.2, we know the graph norm is equivalent with the Sobolev norm on L?(M,,, C!).
This means for any n € H;,, we see

||Xbl,i(i + Dbl)ilxb_ll,inHL%(Mbo,(Cl) < 0”77”7
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for some constant C. Combining the above, we see for any n € Hy,, that
| (0D = X6 D3 ) (006 + Do) 7, ) ll < eClml

This means 3 is a bounded map from H;, = L?(M,,, C!) to itself.

We conclude, for by close to b (as determined by the continuity of b +— XbDbXb_l) that

[R(b) 0 Yxc(p),i — R(b1) o hxcery il < 1-€C

This works over all charts 1y (3),; which means R indeed is a continuous section of KC (H) O

The only thing left to verify is that R indeed is (i + D)~! on X.
Proposition 7.2.10. Using the isomorphisms between I' (B, K (H)) and K(T' (B, H)) = K£(X),
the continuous section R of K (H) corresponds to the map (i + D)~! on X.

Proof. Recall that R € T' (B, K (H)) and we have the following string of isomorphisms

T(B,K(H) "> KT (B,H)* 3% K(X)

Knowing R is a continuous section of K (H) we know x~!(R) is a compact operator on I' (B, H)
defined by k1 (R)(s)(b) = (i + Dp) 1s(b) for any s € I' (B,H). We can transport x (R) to a
compact operator on X by conjugating with ¢. Our goal is to prove this transported compact
operator, and the bounded operator (i + D)~! on X are the same. We do this by proving they
agree on the dense subset C>°(M,C!) of X. Take f € C°°(M,Cl). Then s~ 1(R)(p(f))(b) is
given by (i + Dy) "' (finr,)- Applying ¢~! to this section gives us the section defined by m
(i + Dp(my) " (fiag, ) (m), which is equal to (i + D)~'(f). O

As R is a smooth section, the following corollary completes this trivial vector bundle case.
Corollary 7.2.11. (i + D)~! is a compact map on X.

Proof. This is immediate when we combine propositions 7.2.9 and 7.2.10. O

7.3 Properties of XbDbxgl

We prove some properties of the following family: {XbDbX;I}beUi> XbDbX;I : L2(M,,,Cl —
L?(My,,Cl) for one of the open sets U; over which the fibre bundle trivializes. We will write
U without the subindex ¢ from now on. The idea to check these properties is taken from the
article [KL13], section 8. Using these properties we can continue similarly to proposition 8.7 in
[KL13] to complete the proof for the trivial vector bundle. Let us write W = L?(M,,,C') and
H = L*(M,,,C"). We then define

D:U — L(W, H)
b— xpDpxp

These (Al) and (A2) below essentially show that D is a continuous map from U; to L(W, H),
and that the graph norm for D(b) and Sobolev norm are equivalent.
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Lemma 7.3.1 ((Al)). The map D : U — L(W, H) is weakly differentiable. This means b
(D(b)¢,n) is differentiable for all £ € W and n € H.

The weak derivative d(D)(b) : W — H ® Ty (U) is bounded for each b € B and the supremum
supyey [|[d(D(b))]| is finite

Proof. Take any £ € W and n € H. For any b, using the fact that x;, are unitary equivalences
we get:

(DOB)En) = {x; " (xDuxy €) . xp 'n)
= (Dy(x; €)X ')
= (Dv&p, 1p)

where &, = Xb_l(f) and 7, = Xb_l(n) are ¢ and 7 transported to the fibre M;, using Xb_1~ We need
to prove the assignment b — (Dy(&p), 1) is differentiable at every point b. We know (D, (&), mp) =

<E£ , 77> (b), where §~ and 7 are extensions of &, and 7. For the right side of this equation, we

know it is a smooth map in b if both Eé and 7 are smooth in the horizontal direction. We can
create such extensions by moving £ and 7 around using x; We can then find a small open
subset b € V. C V C U. Now pick a smooth function p : B — [0,1] which is 1 on V and has
a support contained in U. By setting &(m) = p(p(m m))&p(m)(m), we obtain an extension £ of &
for all b € V. This extension is smooth in the horizontal direction by definition of bel. Let 77 be

defined in the same way. We then know that <5§~ ,ﬁ> is a smooth map on B and agrees with
(Dp(&),mp) for all b € V, which means it is at least differentiable.

We need to calculate the derivative of D. We know D is a first order differential operator given
by

i 0
D:ZAiaiJrB

S
i=1 “n

for an open subset of the form @/}Xj(U x V). U is the open subset of B, V' is an open subset of
the fibre Z. A; and B are matrices of smooth maps on ¢, (U x V). We also know that D are
first order differential operators which can be written as

ZAzb

where A;; is just A; restricted to w&l({b} x V). This means A;; and B vary smoothly for
changing b. The map x; just multiplies with a smooth function, so XbDlejl is also a first order
differential operator on I'*° (Mbo,(Cl). This means locally we can write

+ By
H—n

xsDox; ! ZAzba B + B,
7/ n
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Where A , and By are matrices of smooth functions on ¥y ({bo} x V). Because we only multiply
with a smooth map, Aj, and By still vary smoothly in b. We know

" OA; :
d(4;) = E 9z ® da?
j=1 "

and the same holds for B. This means x;,DpX, - on a smooth section s € C®left(1y, ({bo} x
V), C!) is given by

0
axi+n

k
d(D)(b)(s) = Z d(Aip) (s) +d(By)(s)

This means the weak derivative is bounded. The supremum of the norms is also bounded because
A}, ; and By, vary smoothly over b. O

In a second lemma, we prove that the Sobolev norm and graph norm of bebxgl are equivalent.
Lemma 7.3.2 ((A2)). For every b € B, there exist constants C? and C3 such that

CHlElw < €l pyrit < CaliEllw
forall £ € W.

Proof. Tn general we know that x;, Dy, * is a bounded operator from L} (M, C') to L?(My,, Ch),
as it’s an elliptic linear first order differential operator. This gives us

s Do €1l < C3lEllw

and Rellich’s lemma assures that the inclusion is compact so

lell < CRlElw

This results in

€]y prt < CElElw

and Gardings inequality gives us:

So for every b € B we get

CHlElw < 1€l e < CliElw

O

Note that the above proposition is not uniform in B (as opposed to (A2) in [KL13]). The map
D defined in (A1) is now a continuous map from B to L(W, H)

the lemma 7.3.1 has an important consequence. Namely, it is enough to prove D : U — L(W, H)
is a continuous map (in the operator norm from W to H).
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Corollary 7.3.3.

D:U — L(W,H)
b xoDpx; "

is a continuous map from U to L(W, H).

Proof. We refer to [KL13] Remark 8.4 part 2. It shows the above by estimating using geodesics.
It makes use of Lemma 7.3.1. O
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8 Discussion on the general case

In this thesis we would of course have liked to give a complete proof. Sadly enough, proving the
resolvent of the vertical Dirac operator is compact poses some difficulties. The previous section
gives a prove in the case E = M x C!.

For a general vector bundle E over M, one might expect the same arguments to hold. We expect
is to be enough to know the local resolvents are compact, together with the norm of these
resolvents varying smoothly over the base space B.

One might be able to extend the trivial vector bundle case to the general case by using the
Serre-Swann theorem. It tells us there exists some smooth complex hermitian vector bundle F
over M, such E® F = M x C? for some large Q.

Suppose X is the completion of I'*° (M, E) and X,y is the completion of I'*™ (M, M x CQ). The
decomposition E @ F =2 M x C® then gives us partial isometries

w:X — Xtriv
U}* : Xtriv — X

~

where w*w is the identity on X, and ww* is a projection to w(X) on Xiiy. We knowﬁw(X) = X.
Note that both w and w* are bounded adjointable maps. This means proving (i + D)~') on X
is compact is equivalent to proving w(i + D) 1w* is compact on Xyyiy.

Pulling the map w(i + D)~ 1w* through the equivalences between K (Xiyiy) and I'°° (B, K (H))
means we should look at the following section

R:B—K(H)
b— wb(i + Db)_lw;

The proof in the trivial case relied on noting belejl behaves like a nice family of operators.
Using the fact D is a first order differential operator, we could prove the assignment b — XbDbxb_l
is a continuous map (in operator norm) from B to £(L2?(M,,,Cl), L?(M,,,C'). We then proved
the operator norm and Sobolev norm on L?(M,, C!) are equivalent using the fact D is elliptic.
These two facts combined, gave us the possibility to estimate the operator norm of the resolvent
as a smooth section, using the resolvent identity.

In the case of looking at wDw*, we can still prove it’s a first order differential operator. It is
no longer elliptic though, only on w(X). One might hope this is still enough, but as a family
of operators, every wabwagxgl is only defined on xywy(L2(My, Ey)) which is strictly smaller
than L?(Mj,,C?). So the domain of the family {xyw,Dyw;x; '} constantly changes for varying
b, and we cannot use expressions of the form wabwaleb_l - Xb/wb/Db/wZ,Xl;l meaning our
previous tactic of using the resolvent identity will no longer work. There was no more time to
solve these problems.

We still suspect the result to still be true, and make the following claim.
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Claim 8.0.1. For a vertical Dirac operator D on a smooth hermitian vector bundle, the resolvent
(i + D)~! is compact.

where it is enough to prove the following claim
Claim 8.0.2.

R:B—K(H)
b wy(i + Dy) ™ty

is a (in operator norm) continuous section of K (H).

9 Conclusion

Let us repeat the primary goal, and quickly summarise all the proofs.
Theorem 9.0.1. The geometric data as described in section 4.4 , with £ = M X C! defines an
odd (C*(M), X, D) unbounded Kasparov module.

Proof. In Section 5.1 we showed X is a Hilbert C'(B)-module. In Section 5.2 we showed C*°(M)
defines an unital *-sub-algebra of the bounded adjointable operators on X. In section 7.1.3 we
showed D is closable and that its closure D is self-adjoint and regular. We got up until this point
for a general vector bundle E. The compactness is proven in section 7.2, but only for a trivial
vector bundle. O

We started with the well-studied geometric data consisting of a vector-bundle with a connection,
metric, and Clifford module structure. This allowed us to define a generalized Dirac operator. This
operator is a generalisation of common examples like the Spin Dirac operator on Spin manifolds,
and the Hodge-de Rahm operator on the tangent bundle. The Dirac operator together with the
smooth sections of the vector bundle produce an odd spectral triple.

The second part of this thesis studied the more general case of a vector bundle on top of a smooth
fibre bundle. We assume this vector bundle to have a Clifford action just for vertical 1-forms. This
allowed us to define an analogy to the generalised Dirac operator: the vertical Dirac operator. It
only derives in the direction of the fibres on M. Using fibre-wise integration we are able to define
a Hilbert C(B) module X, which together with D defines an unbounded Kasparov module.

The proof relies on the idea that every slice E, — M, together with a localisation of D behaves
like a spectral triple. This family of spectral triples, indexed over the base space B, can be
captured in one object: an unbounded Kasparov module.
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