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Chapter 1

Introduction

In present-day physics, it is believed that there are four fundamental interac-
tions (or forces) in nature: the electromagnetic force, the weak and strong nuclear
forces and gravity.

To describe gravity, we have a beautiful geometric theory: Einstein’s Gen-
eral Relativity Theory. Its predictions fit extremely well with observations. An
important problem of GRT is that it has not (yet) been quantized; until now it
has only a classical approach.

The electromagnetic and the two nuclear interactions are described by the
Standard Model of elementary particle physics, which also describes all known
particles. Just like GRT, its predictions agree extremely well with experiments.
However, there are some problems with the Standard Model. To name a few:

i. The Higgs boson that is needed in the Standard Model has not been ob-
served experimentally (yet).

ii. The Standard Model does not describe gravity, since the latter has no
quantum version yet, as we said before.

iii. Astronomical observations suggest the existence of forms of matter that
cannot be described with the Standard Model, such as dark matter.

iv. The Standard Model does not explain the asymmetry between matter
and antimatter.

v. The structure of the Standard Model seems quite ad hoc and arbitrary
(see for example appendix [B). This does not need to be a problem,
maybe this is just the way nature works, but it would be nice to have an
explanation.

vi. In figure 1 the dependence on the energy scale of the three coupling
strengths of the Standard Model is plotted. You can see that the three
lines almost, but not entirely, intersect at an energy scale of about 10'® to
1016 GeV. If they did intersect, one could assume unification of the three
forces of the Standard Model at that energy scale. For this the same
thing holds as the previous “problem’: it is not necessarily a problem if
this unification is not a property of nature, but it would be nice if it is,
because it suggests a deeper underlying structure.
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Figure 1.1: The running of the three coupling strengths of the Standard
Model

There are many theories that try to deal with one or more of these prob-
lems. Two of them are relevant for this thesis: SU(5) Grand Unification and
Noncommutative Geometry:

SU(5) Grand Unification In a Grand Unified Theory, the Standard Model in-
teractions are unified at a high energy scale (the GUT scale). At lower energy
scales this theory should be the same as the Standard Model. We will study
the simplest GUT: the SU(5) model or Georgi-Glashow model (see chapter 7).

The nice thing is that from this theory the representations of the Standard
Model can be reconstructed with little input (§[73); one could say it solves
‘problem’ ¥ above. Furthermore, the model can explain charge quantization
and predicts an acceptable (but not exactly correct) value for the weak mixing
angle.

However, this model is not problem-free either:

i. It does not agree with experiments. It predicts proton decay, but the
predicted proton lifetime is excluded experimentally.

ii. As we said in problem [vi] the Standard Model does not allow a GUT
relation for the couplings (i.e. equality of the three couplings). This can
be solved with certain extensions of the Standard Model, for example
with supersymmetry, such that the three lines of figure L1 do intersect.

*The figure is taken from: The Nobel Prize in Physics 2004, Popular Information, http://
nobelprize.org/nobel_prizes/physics/laureates/2004/public.html.


http://nobelprize.org/nobel_prizes/physics/laureates/2004/public.html
http://nobelprize.org/nobel_prizes/physics/laureates/2004/public.html

iii. GUTs need extra gauge bosons with a mass of about the GUT scale, so
they predict a big desert where nothing happens between the electroweak
and the GUT scale. This seems very unnatural.

Despite these problems, it is still interesting to study this model, because it is
considered as a prototype for all GUTs.

Noncommutative Geometry Noncommutative geometry (NCG) is a mathe-
matical theory which generalizes Riemannian geometry. (Riemannian spin
geometry, to be more precise.) An introduction is given in chapters 2 to g}

By considering equivalent ways to describe the same noncommutative
space, we see a structure appearing that is similar to gauge theories (chap-
ter[5). An actior functional can be assigned to this (the spectral action, §[5.2).

For a particular choice for a noncommutative space, this action is the action
of the Standard Model, with a coupling to gravity (§l6.2). One can say that
with this model, Einstein’s geometrical description of gravity is extended with
the Standard Model.

This is not the only thing: the right hypercharges and the Higgs mech-
anism are obtained without putting them in. Furthermore, certain relations
between the parameters of the Standard Model are obtained, such as the GUT
relation for the couplings. These relations give an expression for the top quark
and the Higgs mass at the GUT scale in terms of other parameters. If one as-
sumes the big desert, these GUT scale mass parameters can be evolved down
to the electroweak energy scale. This gives a prediction for the Higgs mass.

So far the good news. This model also has problems:

i. The action is classical; the full model has not been quantized, because of
the gravitational terms.

ii. The spacetime manifold is taken to be Riemannian, i.e. locally Euclidean.
In reality it is locally Minkowskian. Furthermore, it is taken to be com-
pact.

iii. As we said before: the GUT relation for the couplings is not allowed by
the Standard Model.

iv. Most of the calculated range of Higgs masses is excluded experimentally.
As said before: the calculation is done with the assumption of a big
desert. This means that if one would introduce new particles between
the electroweak and the GUT energy scale, this prediction of possible
Higgs masses can come out differently.

The aim of this project is to describe the SU(5) model in terms of noncom-
mutative geometry. This is discussed in the last chapter. We will see that it is
possible to construct a spectral triple that gives the right gauge theory, but we
have to introduce new fermions.

This brings us to some speculations about the implications of this model:
Maybe the new fermions change the running of the couplings in such a way

3The word ‘action” is meant in the physics sense: a functional of the particle fields, that is
gauge invariant and leads to the equations of motion.



that Grand Unification is allowed. And maybe, if the GUT-scale parameters
are evolved down, an acceptable Higgs mass is obtained.

However, it turns out that this model does not have the right symmetry
breaking mechanism: the SU(5) theory is not broken to the Standard Model.
From this, draw the conclusion that noncommutative geomerty does not allow
the SU(5) model. This is in concordance with a similar conclusion which is

drawn in [12] (see §[8.4).
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Chapter 2

C*-algebras, Gelfand Duality,
Noncommutative Topology

In this chapter we introduce the idea of noncommutative topology. In chapter g
it will be refined to noncommutative geometry. The notion of noncommuta-
tive topology is based on the theory of C*-algebras, which will be introduced
here. This is not meant as a rigorous treatment, the results are given without
proof. For the proofs an other background information, see [zo], §§1.A and
1.1-3 and [14], § 1.

2.1 C*-algebras

Definition 2.1 (Banach algebra). A Banach algebra </ is an associative C-algebra
that is also a complete normed space that satisfies

Vabeo s |lab]l < lallfb]l- (2.1

If & is unital, i.e. &/ 3 1, without loss of generality one can assume ||1|| =1,
by rescaling the norm.

Definition 2.2 (*-algebra). A *-algebra or involutive algebra <7 is an associative
algebra equipped with an involution: an antilinear map (-)* : & — < satisfy-
ing

Va,beo/: a™=a and (ab)* =b"a". (2.2)

Definition 2.3 (C*-algebra). A C*-algebra </ is a Banach *-algebra that satisfies
Vaed : |atal = . (23)

This is called the C*-identity.
An algebra that satisfies all conditions to be a C*-algebra, except for com-
pleteness, is called a pre-C*-algebra.

Due to the C*-identity, the norm of a C*-algebra is unique.



Example 2.4. My(C), the algebra of N x N matrices, equipped with Hermi-
tian conjugation and the operator norm,

allop = max |lav||, (2.4)
allop ey [[av]| 4
[[of|=1
is a C*-algebra. (||-|| denotes the standard norm on CN.)

Example 2.5. Let X be a compact Hausdorff topological space. Then C(X), the
algebra of continuous C-valued functions on X, with pointwise multiplication

(fe)(x) = f(x)g(x) (2:5)
as algebra multiplication, equipped with pointwise complex conjugation
fx) = f(x) (2.6)
as the involution and the supremum norm
1flleo = sup |f(x)], (27)
xeX

is a C*-algebra.

Example 2.6. Let M be a compact smooth manifold. Then the subalgebra
C®(M) of C(M), consisting of smooth C-valued functions on M, is a pre-C*-
algebra. It is dense in in C(M).

Example 2.7. Let 7 be a C-Hilbert space. Then every closed subalgebra of
B(¢), the algebra of bounded operators on .7, equipped with the operator
adjoint as the involution and the operator norm,

lallop = sup [[av]], (2.8)
veH
[[ofl=1
is a C*-algebra. (||| denotes the norm induced by the inner product on J#.)

Note that this is a generalisation of Examples [z.7] (take J# = CN) and Z5
(take 7 = L%(X)). In fact, all C*-algebras are of the form of Example 77

Theorem 2.8 (Gelfand-Naimark (2"9)). Any C*-algebra has a representation as a
closed subalgebra of B(.5¢), for some Hilbert-space .

2.2 Gelfand Duality, Noncommutative Topology

Definition 2.9 (Character). A character of a C*-algebra </ is a nonzero homo-
morphism &/ — C. We denote the set of all characters as ().

For a commutative C*-algebra </, (&) is called the Gelfand spectrum,
which can be regarded as a topological space.

Definition 2.10 (Gelfand transform). Let </ be a commutative unital C*-alge-
bra (or Banach algebra). The Gelfand transformation is the map

T = C(E(«)), a(p) = p(a). (2.9)

10



Theorem 2.11 (Gelfand-Naimark (1%, unital case)). For every commutative uni-
tal C*-algebra o7 :
o ~C(%()) (2.10)

as C*-algebras.

This isomorphism is given by the Gelfand transformation. There is also a
way to go back: every compact Hausdorff topological space X is homeomor-
phic to X(C(X)):

X ~ %(C(X)). (2.11)

This homeomorphism given by x +— evy, where
evy : C(X) = C, evy(f) = f(x) (2.12)

is the evaluation map. We have now a duality between unital commutative
C*-algebras and compact Hausdorff spaces: Gelfand duality.

The same thing can be done for noncompact Haussdorf topological spaces.
Let X be one. Then Cy(X), the algebra of continuous functions vanishing
at infinity, is a nonunital C*-algebra. And for a nonunital commutative C*-
algebra <7, ¥.(<7) is a noncompact Hausdorff topological space. So Gelfand
duality, as introduced in the previous paragraph, also holds for noncompact
spaces and nonunital algebras.

Now get to the main point of this chapter, defining noncommutative topol-
ogy. Just like a (commutative) topological space is described by a commu-
tative unital C*-algebra, we declare that a noncommutative topological space is
described by a noncommutative C*-algebra. To express it schematically:

commutative C*-algebras Gelfand duality topological spaces
(e.g. C(X)) (e.g. X)
generalize
. noncommutative
noncommutative C*-algebras e >

topological spaces

Heuristically speaking, we can say that a Cartesian product of topological
spaces corresponds to the tensor product of the corresponding commutative
C*-algebras and vice versa. This idea can be extended to noncommutative
spaces / algebras.

The idea of noncommutative geometry is to extend this from topology to
geometry. It turns out that this is not possible for any Riemannian geometry,
but according to Alain Connes, it is possible for Riemannian spin geometry,
which is a refinement of Riemannian geometryl] Spin geometry will be dis-
cussed in the next chapter.

*We will get back on this in footnote [ on page

11



Chapter 3

Spin Geometry

This chapter is an introduction to spin geometry. It is based on [10], §§5.1—2
and 9.1-5, [7], §§2.1—2 and [14], chapter 2-4. Most results are given without
proof, like the previous chapter. For proofs and more background informa-
tion, see the given references.

3.1 Clifford Algebras
3.1.1 Real Clifford Algebras

Definition 3.1 (Real Clifford algebra). Let ¥ be a finite-dimensional IR-vector
space and ¢ a quadratic form on ¥. The real Clifford algebra C1(¥,g) is the
algebra generated by elements of ¥ under multiplication - (Clifford multipli-
cation), with the condition

v-w+w-v=2g8(v,w), (3.1)
forallov,w € 7.

Note that C1(¥,g) ~ A\ ¥ as vector spaces, which implies dimCl(7, g) =
2dim” “and that CI(#,0) ~ A ¥ as algebras (see Def.[A3f). We will always
assume that ¢ is non-degenerate.

The structure of a real Clifford algebra is completely determined by the
dimension of ¥ and the signature of g. Therefore we define

Cly,q = CI(RP™, ),
(3-2)
where  ¢(v,w) = V1w + -+ VpWp — Vp 1Wpy1 — *+ — VpqWpig-

We will work with these real Clifford algebras.

In physics, Clifford algebras are known as the algebra generated by the
Dirac-y-matrices. For example: for Minkowski space, one has Clz; (or Cl; 3,
depending on the convention for the signature of the metric).

Theorem 3.2. For every real Clifford algebra:

Clp,q = MN(Bm)/ (3'3)

12



as algebras, where

m=(p—q) mods8, (3.4
the algebra By, is given by
By =R, B, = ]I—I,
Bi=R&R, Bs=H®H,
. B (3-5)
B, =R, By =H,
B3 =C, B; =C.

(this is the so-called spinorial clock) and N is such that
N?dimg By, = dimg My (By) = dim Cl,, ; = 2P, (3.6)
Every Clifford algebra Cl,; can be split in two linear subspaces:
Clyg ~ Cl,, ®CL, . (37)

Here Cl;“,q and Cl, , denote the vector spaces spanned by the resp. even and
odd products of elements of RP1. Cl;rlq is a subalgebra of Cl; 4.

3.1.2 Complex Clifford Algebras
We can also consider complex Clifford algebras:

Definition 3.3 (Complex Clifford algebra). Let ¥ be a C-vector space and g
a non-degenerate quadratic form on ¥'. We define the complex Clifford algebra
Cl(7, g) analogous to Definition 31}

Complex Clifford algebras are completely determined by ¥”’s dimension.
Unlike the real case, g’s signature is irrelevant. Therefore we define

Cl, =C1(C",g), where g(v,w)=r0vwi+ """+ VWy. (3.8)
Complex Clifford algebras can be obtained by complexifying a real ones:
Cly+q ~ Cl,, ®RC. (3-9)
The complex Clifford algebras can be represented as matrices:

Lemma 3.4. For every n:

ClL, ~ {Mzﬂ/z (C) if n is even (3.10)

My -1)/2(C) & Myu-1)2(C) if m is odd

as algebras.

'H denotes Hamilton’s algebra of quaternions. We use the following definition:

oc,,BEC}A

13



One can check that this is correct by complexifying the results of Thm.[3:3
Note that the structure of complex Clifford (a 2-fold periodicity) is much sim-
pler than the structure of the complex ones (an 8-fold periodicity).

We define the vector spaces S, as

g _Can/ﬂ
n = .

(3.11)
Cl, has a irreducible representation on S,. For even n, this representation is
faithful; for odd n, it is not.

Given an isomorphism c : Cly, — My (C) or Cly1 — My (C) & My (C)
(called a Clifford representation), we will use the notation

C(ej) = ’Yj/ (3.12)

where ey, ..., e, is the standard basis for R?™1. Obviously, the matrices 71,
..., P79 satisfy

Yo+ =28(e, ) = 287 (3-13)
and generate the algebra. We demand that c is such that these matrices are
Hermitian.

Like in the real case, we define for a complex Clifford algebra Cl, its odd
subspace Cl,, and even subalgebra CI,|. For these algebras

n/2— n/2— if i
Cl ~Cly_y ~ M,1/2-1(C) & Myn2-1(C) if 7 is even (3.12)
M, (1-1)/2(C) if n is odd.
2”/271 27!/27] _

From this follows: For even 1, Cl;} has a representation on C ®C
c2'? = Sy, which is reducible and faithful. For odd n, Cl,; has an irreducible

and faithful representation on " v,
On a Clifford algebra, an involution can be defined by

* _—

(Ul.....vp) = Pﬂ/ (315)
where the bar denotes complex conjugation. Because we chose the 7' to be
Hermitian, a Clifford representation respects the *-structure.

3.1.3 Chirality

Definition 3.5 (Grading). On a Clifford algebra Cl, a Z;-grading x can be
defined as the automorphism given by

YoeC": x(v)=—v, (3.16)

or equivalently:
VaeClE:  x(a) = +a. (3.17)

Definition 3.6 (Chirality element). We define the chirality element of a Clifford
algebra Cl,, as

= (=i)"2le ..o ie, (3.18)

14



It is independent of the choice of the basis ey, . . ., e,, as long as it is oriented
and orthogonal: Let i € SO(n), so hey, ..., he, is also an oriented orthogonal
basis. Then

(=) 2 hey - - e, = (—i)l/2 Y i hiaer e,
i1 oo
= (—i)l"/2 Y hiyichige g ens o cen (319)
i1 e
=dethI' =T,

where we used in the second step that

eil ’ ’ ein
e1- - -ep if (i1...in) is an even permutation of (i...n)

= q—ep- ey if (i1...1) is an odd permutation of (i...n) (3.20)
0 otherwise

— gil...inel Y-

I’ is self-adjoint:

s =iln2e, . ..o = (=) D=2t 2]
= (_)n(nfl)/ZiLn/ZJel. N (_)[n/zjiLn/zjel_ o en—T (3.21)
and unitary:
I T=e,----ej-e - -e,=1. (3.22)
So
rr=1 (3.23)
Another property of I’ is:
a) if niseven
Fra = {il(( ! if n is odd, (3-24)
because
Teoej=(—)l2ep. o ep e
= (=) Y (=i)/ 2 ey ey = (=) e T (3-25)

Because I', and hence ¢(I'), is unitary and self-adjoint, ¢(I")’s eigenvalues
are 1 and —1. The corresponding eigenspaces we call ;7 and S, . In physics,
this is interpreted as the two (left- an right-handed) chiralities.

3.1.4 Charge Conjugation

As said in §[3T.3 if one complexifies a real Clifford algebra (eq. (3:9)), one
looses certain structure: the signature of the bilinear form. This structure can
be recovered by introducing an antiunitary@ operator C on S, with

C2=¢eec{1,-1}. (3.26)

*i.e. anti-linear and unitary

15



In physics, this operator is interpreted as charge conjugation@

The sign ¢ is 1 if the underlying real Clifford consists of matrices over R
(m € {0,1,2}, where m is given by eq. (34)) and —1 if it consists of matrices
over H (m € {4,5,6}). In the complex case (m € {3,7}) both things could
occur.

The following relation exists between x and C:

Cl, ifniseven 3
Va € - C C* = ‘ ‘
! {CH if n is odd } c(a) c(x(@)) (3-27)
This implies o N
Cy'y/C" =o'y (3.28)
for all n, and for even n: . '
Cret =" (329)

In the field of noncommutative geometry, it is customary to choose C such
that is reconstructs Cly, from Cl,4 This gives the following values for ¢ as
funcion of n:

n o1 2 3 4 5
=-nmod8|0 7 6 5 4 3
€ 1 1* -1 -1 -1 -—-1*

(3-30)

= N[ O\
SN

Because of the periodicity of the spinorial clock, we only consider the first 8
dimensions.

The two es marked with a * need some explanation. Consider Cls. Recall
from (3:17) that ClI ~ Cly, so we can define C on ClI to be given by the
charge conjugation on Cly and extend this to the whole Cl5. This operator
commutes with the elements of Cla“, 5 (see eq. (3:27)). It turns out that it also
commutes with the elements of Cl, SE The same thing can be done for Cl;.

We introduce the sign ¢ as

VaeCly,: Cc(a)=—¢c(a)C, (3.31)

or equivalently: 4 '
Cy' = —€9'C. (3-32)
We already saw that for even n ¢’ =1 (eq. (3-27)) and forn =1 and 5 ¢ = —1.

It turns out that ¢ = 1 also for n = 3 and 7.
For even n, the third sign ¢ is defined to be such that

Ce(I') = ¢"¢c(I')C. (3-33)
It can be calculated as
¢ = (-)""?, (334)
because
Ce(I) = C(=i)" 2yt ooy =i/ 291 o giC = (=)"2c(I)C. (3.35)

3In [10], the operator C(-)C* is called the charge conjugation operator instead of C.

+According to [14], §3.6.

5In [14], §3.6 it is stated that it anticommutes. This is related to the extra —-sign we have in
eq. (3:37), in comparison with [1]. This sign convention is chosen to obtain eq. (3:75).

16



These ideas are expressed in Connes’ sign table:

nmod8[0 1 2 3 4 5 6 7
e T 1 -1 -1 -1 -1 1 1
¢/ 1 -1 1 1 1 -1 1 1 (3.36)
¢ 1 -1 1 1

3.2 Spin Groups

Definition 3.7 (Spin groups). We define the groups Spin(n) and Spin® () as
follows:

Spin(n) = {vy- -+ -vp | peven, { €y, Vi:v; €R", v;-v; = 1},@ (3.37)
where Clifford multiplication - is taken from the algebra Cl,, o, or equivalently

Clo,,, and

Spin€(n) = {¢vy - - - - -vp | peven, { € U(1),

.38
VZ'ZUiE]Rn,UZ"Ui:l}, (5:38)

where - is taken from the algebra Cl,,.
They are a groups under Clifford multiplication and the inverse is given

by

(gvl. .vp)fl:va. cee 0. (339)
Spin(n) is contained is le{, o, which is contained in Cl,/ ~ Cl,_; and
Spin® (n) is also contained in Cl,} ~ Cl,, 1.

The map
A:Spin(n) — SO(n), A(x)v=x-v-x"1 (3-40)

(one can show that it indeed maps to SO(#n)) is a surjective group homomor-
phism with ker A ~ ;. This means that Spin(n) is a double cover of SO(n),
because it can be shown that Spin(n) is connected (for n > 3). A similar thing
is going on in Spin®(n): A extends to the surjective homomorphism

AC : Spin€ (1) — SO(n) (3-41)

with ker AC ~ U(1).

3.3 Spin Manifolds

Before we can introduce the notion of spin geometry, we need a different view-
point of Riemannian geometry. Mostly, a Riemannian manifold is regarded as
a manifold M with a inner product (which is positive definite) on the tangent
spaces. An alternative definition is:

by = {1, -1}, see footnote @M on page[73}

17



Definition 3.8 (Oriented Riemannian manifold). An oriented Riemannian man-
ifold is an oriented manifold M (dim M = n) together with a principal SO(#)-
bundle over M, SO(M) (called the orthonormal frame bundle), and an explicit
isomorphism

SO(M) xgo(m) R" =~ TM. (3-42)

SO(M) xgo(n) R" is a vector bundle over M with typical fibre R”. What
this definition means exactly is explained in [14], § 3.3, but what this expresses
is the SO(n) freedom for choosing local bases. Orthogonality is needed to pre-
serve the Riemannian structure, positive determinants are needed to preserve
the orientation.

Analogously, we define Riemannian spin and spin® manifolds as:

Definition 3.9 (Riemannian spin and spinC manifold). i. A Riemannian spin
manifold is an oriented manifold M (dim M = n) together with a princi-
pal Spin(n)-bundle Spin(M) and an explicit isomorphism

Spin(M) Xgpin(n) R" = TM. (3-43)
Spin(M) acts on R” via the representation (3.20).

ii. A spin© manifold is an oriented manifold M (dim M = n) together with
a principal Spin® (1)-bundle Spin© (M) and an explicit isomorphism

Spin® (M) Xgpinc () R" = TM. (3-44)

Spin® (M) acts on IR" via the representation (341).

Every Riemannian spin or spin® manifold is an oriented Riemannian man-
ifold, but the other way around is not necessarily so.

In above definitions, Spin(n) and Spin®(n) act on R", but recall there is
also the spinor representation. We use this to define the spinor bundles:

Definition 3.10 (Spinor bundle). Let M be a n-dimensional Riemannian spin
manifold. We define the spinor bundle as the complex vector bundle over M

5= Spil‘l(M) X Spin(n) Sn. (3-45)

Its fibres are Sy ~ S,,. Sections of the spinor bundle (this set is denoted by
I'(S)) we call spinors.
We can define an inner product on I'(S):

(B, 92)rs) = [, "¥VE (913, 92(2))s, B (5.46)

where (-,-)s, is the standard inner product on Sy ~ S,,. We define L2(M, S)
as the Hilbert space obtained by completion of I'(S) in the norm induced by

(:49)-
Definition 3.11 (Clifford bundle). Let M be an n-dimensional spin manifold.
We define its Clifford bundle C1(M) as the algebra bundle over M

Cl(M) = Spin(M) Xgpin(n) Cln - (3-47)

7,/8 is the usual short-hand notation for |/detg.

18



Its fibres are Cly(M) ~ Cl,. Because Cl, has a representation c on S,
Cl(M) has a representation on S, which we also call c.
Locally, I'( C1(M)), the algebra of sections of CI(M), has generators

¥ =%k, (3.48)

where the 7" are given by (3:12) and the ¢/, are vielbeine:

6%eliel = g (3-49)

where p, v denote local indices on M and a,b indices on the tangent space.
The * satisfy
T+t =281, (3:50)

analogous to (3.13).

3.4 Chirality & Charge Conjugation on Spin Mani-
folds

The chirality element of a Clifford algebra I' : S, — 5,4 induces a chirality
element on a spin manifold, which we also call I':

[:T(S) = I(S), (I'p)(x) =T (y(x)), (3-51)

for i € I'(S). This new I is self-adjoint and unitary (with respect to the inner
product (3:46)) and I'> = 1. The analogue of eq. (3-25) is

[yt = (=)""9"T. (3-52)
The same thing can be done with the charge conjugation operator C:
C:T(S) = I(S), (Cy)(x) =C(p(x)). (353)

The new C is also unitary, it is C*°(M)-antilinear and C? € {1, —1}.
If we assume that the charge conjugation operator on 5, satisfies Connes’
sign table (3.36), our new C does too, where the signs are given by

C? =g, (3.54a)
Cytt = —e'41C, (3.54b)
Cr=¢rc, (3-54¢)

analogous to equations (3.26), (3:37) and (3:33)-

Recall that a Cl, 4 can be reconstructed from Cl,,; with a charge conjuga-
tion operator. With this new notion of charge conjugation, the same thing can
be done for spin manifolds from spin® manifolds.

8Einstein’s summation convention is used.
9Actually, we should write ¢(I") instead of I', but we drop the symbol c.
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3.5 The Spin Connection

Recall that every Riemannian manifold (M, ¢) admits a unique Levi-Civita con-
nection V8. If M is also spin, the Levi-Civita connection induces a connection
on the spinor bundle:

Definition 3.12 (Spin connection). On a compact Riemannian spin manifold
M, the spin connection V° is the unique connection acting on spinors that com-
mutes with C and satisfies the following Leibniz rule:

VS (c(a)p) = c(VBa)y + c(a)Vy, (3-55)

where a € T(CI(M)) and ¢ € I'(S). This can be written in a more compact
way as
V%, c(a)] = c(V3a). (3-56)

We write the spin connection locally as follows:
Vi =+ (3:57)

where wy,(x) € End(Sy) is analogous to the Christoffel symbol.
The curvature of the spin connection turns out to be

Q;Sw = [V;SuVE] = aywv — dywy + [w}lwv} = %Ryvgn'Yé'Yn/ (3-58)

where Rz, is the Riemann-Christoffel curvature tensor. (See [10]: Prop. 9.9
and the proof of Thm. 9.16.)

3.6 The Dirac Operator

Recall that in the flat case the Dirac operator is defined as

D =ivy'o;. (3-59)

We include a factor 7, to make it Hermitian. The square of the Dirac operator
gives the Laplacian:
(iv'0;)* = —670;0;. (3.60)
This inspires us to define:

Definition 3.13 (Dirac operator). On a compact Riemannian spin manifold,
the Dirac operator IP acting on I'(S) is (locally) defined as follows:

D= i’y”Vﬁ. (3.61)

For a global definition, see [10], Def.9.11.

Like in (3:59), we included a factor i, to make I) Hermitian. For a proof,
see [10], Prop. 9.13. Actually, it can be shown that I is self-adjoint for the right
choice for its domain ([10], Thm. 9.15).

Let us see what happens if we square I:
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Theorem 3.14 (Lichnerowitz formula). On a compact spin manifold, the square of
the Dirac operator is

* = A5+ IR, (3.62)
where A° is the spinor Laplacian:
N = —gl"Vov3 + THVS, (3.63)
I't is a short-hand notation for
= grt,, (3.64)

where I'" vz denotes the Christoffel symbols of the second kind of the manifold. R is the
scalar curvature.

Proof. First, we calculate the commutator of Vf, and 7", using (3.48), and
Vﬁe}{ = —F”Véeg (see [10], just below eq. (7.13)):
V5, 7"] = V5, %] = 1°Viel = "I ze5 = —I",e7* (3.65)
Using this, we get for I*:
D* = —'Viy'Vy = =M VS T,V (3.66)
The first term can be rewritten as

— WYV, = =g VD — I VLV = —gMVIVE + IR, (3.67)

uw¥v

where we use that
Y [V;Suvg] = %R;IVCH'Y}['YU')/&'YH = _%R, (3.68)

which follows from (3.58) and the symmetries of the Riemann—Christoffel ten-
sor (see [10], proof of Thm. 9.16). The second term can be rewritten, using the
Clifford identity (3-50) and the symmetry of Christoffel symbols, as

YA V5 = T'V5. (3.69)
Adding these two terms gives
P* = —g"VVy + T'V5 + 1R = A° + IR. O (3.70)
As we expect, the Lichnerowitz formula reduces in the flat case to (3.60).
Lemma 3.15.  i. Forall a € C®(M), the operator [ID, a] equals:
[,a] = iv"9,a. (3.71)
ii. This operator is bounded.
Proof.  i. Using Def.[5.13]and (3.56), we get:
[D,a] = iy" [Vﬁ,a] = iyM'Via = iy"0,a. (3.72)
(This can also be proved by using the local form of the spin connection

(eq- 357)-
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ii. It turns out that (see [10], proof of Prop.9.12)

112, alll3p = 17"9uall5, = lIg"" (3ua) (3va) s, (3.73)
which is finite, since a is smooth and M is compact. O

To conclude, note that
TD = ily'V, = (=)" iVl = (=)' BT, (3.74)
where we used that I' and V5 commutd™d and eq. 352), and
CD = —iCy!'V;, = i 1'V5C = € DC, (3.75)

where we used eq. (3.54b) and [C,V°] = 0 (see Def. 312).

°See [10], the remark with equations (9.33a and b)..
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Chapter 4

Spectral Triples,
Noncommutative Geometry

In this chapter, the notion of noncommutative geometry in introduced, using
the ideas of the previous two chapters. See also: [10], part I, [4], ch. 1, §10
and [14], § 5.

4.1 Spectral Triples, Noncommutative Geometry

Recall from §z7 the Gelfand duality between topological spaces and com-
mutative C*-algebras and from this the notion of noncommutative topology.
According to Alain Connes, this idea can be extended from topology to spin
geometry. The role of the *-algebras is replaced by the following structure:

Definition 4.1 (Spectral triple). A spectral triple is a triple (<7, 7, D), where:
i. o/ is a pre-C*-algebra,
ii. ¢ is a Hilbert space,

iii. there is a faithful unital *-algebra representation 7 : &/ — B() of o/
as bounded operators on 57 (which we will not always write explicitly),

iv. D is a self-adjoint operator on (a dense subspace of) ¢ (called Dirac
operator),

v. and for all a € <7, [D, a] is a bounded operator.
There are more axioms, see for example [10], § 10.5.

Example 4.2 (Canonical spectral triple). Let M be a Riemannian spin manifold
with spinor bundle S and Dirac operator [#y;. Then

(COO(M>/ LZ(M/S)/ DM)/ (41)
where C®(M) acts on L?(M, S) by pointwise multiplication, is a commutative

spectral triple (i.e. its algebra is commutative). This is called the canonical
spectral triple for the manifold M.
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Example 4.3. The triple
(Mn(C), My(C), 0), (4-2)

where My (C) acts on itself by matrix multiplication, and the inner product
on My (C) is given by the Hilbert-Schmidt inner product:

(A, B)us = Tr(A"B), (4-3)
is a spectral triple.

One can regard these two examples as analogies of respectively Examples
5| and 24 (with the difference that the algebra My (C) is represented on CV
in[Z7] and on My/(C) here). As we will see, Example 3] is the motivation to
define spectral triples.

Spectral triples can be dressed up with some extra structure:

Definition 4.4. (Even spectral triple) An even spectral triple (o, #,D,T) is a
spectral triple (&7, #, D) with a self-adjoint unitary operator I' on .7 which
is a Zy-grading with the properties:

rz=1, (4-42)
I'D=-DTI, (4-4b)
Vaeco/: TIa=al. (4.4¢)

KO-dimension n € Zg is a (possibly even) spectral triple (<, 7, D (,I')) with
an anti-unitary map | on s¢ with the properties

JF=¢ (4.52)

JD =¢€D]J, (4.5b)

JI = ¢€'T'] (in the even case), (4.5¢)
Va,be o/ : [a,b°] =0, (4.5d)
and [[D,a],b°] =0, (4.5€)

where ¢,¢/,¢" € {1, —1} depend on the KO-dimension 1 according to Connes’
sign table:

no 1 2 3 4 5 6 7
e l1T 1 -1 -1 -1 -1 1 1
1T =11 1 1 -1 1 1’ (4-6)
e |1 -1 1 1
and
b® = Jb*J". (47)

Eq. #@59) is called the order-one condition.

Lemma 4.6. Consider a real spectral triple. The operation (-)° of eq. (F7) is a linear
map on the algebra <7, which satisfies

a°° =a, (ab)°=0b%a° and a*° =a°". (4-8)

foralla,b € <.
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Proof. 1t is linear, because
(Aa)® = JAa*J* = AJa*]* = Aa® (4.9)
for A € C. The other three properties are fulfilled, because:
0% = J(Ja* ) TF = JJa)'T* = a = a,

(ab)® = J(ab®™)]" = Jb*a*]" = Jb*]*Ja"]* = b°a°, 0 (4.10)
a*° = ]ﬂ]* _ (]a*]*)* — g°*

Remark 4.7. Because of this Lemma, together with (4.5d), we can say that (-)°
implements an opposite *-representation of &/ on JZ.

The motivation for these even and real structures arises from the notions
of chirality and charge conjugation of a spin manifold (see §57); they are the
even and real structures for the canonical spectral triple:

Example 4.8. If M is an n-dimensional (n is even) Riemannian spin manifold
with chirality element I'y; and charge conjugation Cy,,

(C®(M), L*(M,S), Py, Tm, Cum) (4.11)
is an even and real spectral triple of KO-dimension # mod 8.

Example 4.9. For the spectral triple of Example {3} | : Mn(C) — Mn(C),
JT = T* is a real structure.

Proof. J> =1,s0 J* = ]. Leta,b,T € My(C). Then
ab°T = aJb*J*T = a(b*T*)* = aTb = (b*(aT)*)" = Jb*[*aT = b°aT, (4.12)
so eq. (4.5d) is satisfied. O

According to Connes, from any commutative, real and possibly even spec-
tral triple (with some extra technical conditions), a spin geometry can be re-
constructed [] This means that there is a duality between commutative spectral
triples and spin manifolds. In analogy to chapter [z we have now a notion of
noncommutative geometry: a noncommutative spin manifold is the object described
by a noncommutative spectral triple.

4.2 Almost Commutative Geometry

In §z21 we saw that the Cartesian product of noncommutative topological
spaces corresponds to the tensor product of C*-algebras. In noncommutative
geometry a similar thing can be done:

*See [10], Thm. 11.2 and the remarks on page 513. Here is also a nice relation to the ‘Can one
hear the shape of a drum?’-problem made: “Connes’ spin manifold theorem gives, then, a spectral refor-
mulation of the classical geometry of spin manifolds. It is by now well known that in ordinary Riemannian
geometry, the spectrum of the Laplacian does not fully determine the metric, [...] so the shape of a drum
cannot be heard. For spin manifolds, the situation is better: the spectrum of the Dirac operator together
with the volume form [...] fully determines the metric and the spin structure. In that sense, one can hear
the shape of a spinorial drum.”
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Definition 4.10. (Tensor product of spectral triples) Let .7 = (4, .54, D1, 11)
and .5 = (4, /4, Dy) spectral triples, where the .77 is even. Then we define
their tensor product as

AN RS = (h @ ah, /42, D1 @1+1T1 @ Dy), (4-13)

which is also a spectral triple.

If . is even with even structure I3, I, the even structure for .¥] ® .% is
IN ® I;. And if .7 and % are real, with real structures J; and J, and KO-
dimensions 77 and 71, respectively, in most cases the real structure for . ® .5
is1 ® ]2@ and its KO-dimension is 71 + 1, mod 8.

Definition 4.11. (Almost commutative spectral triple) A spectral triple is cal-
led almost commutative if it is the product of the canonical spectral triple and
a finite-dimensional spectral triple (<7, #%, Dr) (i.e. #¢ is finite dimensional
and hence @ is). So, an almost-commutative spectral triple is of the form

(C®(M) ® o, L*(M,S) @ #¢, Dy @ 1+ Ty ® D). (4.14)

Call the real and even structure of the finite spectral triple Jr and I'r respec-
tively (if they exist), so for the spectral triple [7-14), we have the real structure
Cm ® Jr and the even structure Iy ® I F@p

These spectral triples are called almost-commutative, since the noncom-
mutative structure is only finite-dimensional. They are interpreted to describe
a (commutative) geometry, together with a finite noncommutative structure at
each point.

In [12] a method is introduced to classify finite-dimensional even and real
spectral triples (and hence almost-commutative ones) using diagrams, Krajew-
ski diagrams. This is amongst other things based on the notion of the opposite
representation (see Remark 7). On the level of the algebra-representations
of spectral triples, it works as follows: Given a finite-dimensional algebra .o,
one looks for algebra-representations of the algebra o/ ® 277 . In other words,
one regards %7 as a </p-bimodule.

> The exceptions are:
e If n1 =6 and 1, =2 mod 8, on should take [ ® [>15.
e If n1 +n, =1 or 5mod 8, on should take 117 ® J,.

(See [10], page 486.)
3Since we will take dim M = 4 at some point, we ignore the exceptions of footnote
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Chapter 5

From Noncommutative
Geometry to Gauge Theories

In this chapter, the step from mathematics to physics is made. We will see
how gauge theories emerge from spectral triples and how we can assign an
action to this.

5.1 Equivalence of Spectral Triples, Inner Fluctua-
tions

From a mathematical point of view, it is interesting to look for equivalent
spectral triples. There is a straightforward notion of equivalence

Definition 5.1 (Unitary equivalence of spectral triples). Let (<4, 1,54, D1)
and (%, 11y, #3, D) be spectral triples (where we explicitly write the repre-
sentations 7; : <4 — B(.%)). These spectral triples are said to be unitary
equivalent if:

i. There is a unital *-algebra isomorphism « : @ — %,

ii. and a unitary map U : 54 — % (which is called the intertwiner),
iii. such that Uy (a)U* = mp(a(a)) (for all a € )
iv. and UDU* = D».

v. If the spectral triples are even (with even structures I and I, respec-
tively), we also we also require that UITU" = I5.

vi. If the spectral triples are real (with real structures J; and J, respectively),
we require that UJ;U* = J,.

*The following definition is based on [13], § 6.9, with the modification as proposed in [5], Def.
5.25.
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To summarize iii to vi: The diagrams

,D1, 1,
4 m1(a), D1, T1, h A

u u (5.1)

% nZ(“(a))VDZrFZrIZ z%gz

should commute.

Let us have a look at a special class of equivalences: the ones where only
the Dirac operator differs:

Proposition 5.2. Let (<, 7, ,D,]) be a real spectral triple. Then for any u €
U(%)H, it is unitary equivalent to (<, 7 o ay, #,D,,]), where w, is the inner
automorphism

wy o — o, wy(a) =uau* (5.2)

and
Dy =D +u[D,u*] + ¢ Ju[D,u*]J*. (5-3)

«y, plays the role of the algebra isomorphism and the intertwiner is
U=uu* =ujuJ*. (5-4)
(For convenience, we dropped the symbol t.)

Proof. * First, we show that (&, mouw,, #,D,,]) is indeed a real spectral
triple:

- D, is self-adjoint: because

D} =D — [D,ulu* — €J[D, u]u*J*

u

=D +u[D,u*] + € Ju[D,u*]]* = Dy, (5-5)
where we used that uu™ = 1.
JDy = JD + Ju[D, u*] + e¢'u[D, u*|J* (56)
— ¢DJ + JulD,uw]]'] + ulD,w’]] = €DuJ,
so eq. ([F5a) is fulfilled.
[[Du,a),b°] = [[D,a],b°) + | [u[D, u"],a], b°]
(5-7)

+£’[[]u[D,u*]]*,a],b°}

2For a *-algebra 47, we define its group of unitary elements as

U)={uecd|uu" =u*u=1}
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The first term is 0, because of eq. (@5¢). For the next two terms we
will use that (for any a € &)

(u[D,u*],a°] =u[[D,u*],a°] + [u,a°][D,u*] =0.  (5.8)

Applying de Jacobi identity to the second term gives

“u[D, u*],al, bo}

(5.9)
= [[t°,a), u[D,u*]] + “u[D,u*],bo],a} —0.
The third term is 0 because
[ulD,u]J*, a] = &[Ju[D,u")]*, J]a]*]"] (5.10)
= J[u[D,u*],a*°]J* = 0.
So
[[Dy,a),b°] = 0, (5.11)
and eq. ([@59) is fulfilled.
* Now we prove unitary equivalence of the two spectral triples:
ii.
uu* = uu™uu* =1, U'U=uvu uu* =1. (5.12)
1ii.
Ual* = uu™au®u* = uu*°u®au™ = uau™ = ay(a) (5.13)
iv.
UDU* = uJu[*DJu*J*u* = ¢ uJuDu*J*u*
(5.14)

= uJu(u*D + [D,u*])J*u*.
The first term can be rewritten as
du]DJ*u* = uDu* = u(u*D + [D,u*]) = D+ u[D,u*] (5.15)
and the second one as
uJulD,u*)J*u* = ] uju[D, u*]J*u*

— glju*OM[Dl M*]]*u* — E/IMM*O[D,M*]I*L[*

— 8/]1/[[D, u*]u*o]*u* (516)
=& Ju[D,u*|J*u] J*u* = € Ju|D,u*]J*.
So
UDU* = D +u[D,u*] + & Ju[D,u*|J* = D. (5.17)
V.

UTU* = uJu]*TJu*J*u* = euJu]* Ju* *u*lT =T.  (5.18)
vi.
%O Tk ok * Tk K 2 O (519)
=eu'ut =¢eJu] JFut =] =1].
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So, given a real spectral triple (<7, % ,D,]), there is a whole family of
equivalent real spectral triples (<, 5, D,, ]), where u € U(4/). We see some
kind of gauge theory appearing, where u[D,u*] + ¢ Ju[D, u*]J* plays the role
of a pure gauge field.

There is a weaker notion of equivalence of C*-algebras than isomorphy:
Morita equivalence. This inducedd a bigger family of real spectral triples: (7,
H, Dy, J), where

Dy=D+A+€JAJ", (5.20)

with self-adjoint

acab(e) = { Lanb)
]

a;, b] S ﬂf} (5.21)

(where the sums are finite). These A are called inner fluctuations of D. Qk (<)
is the noncommutative generalisation of the space of 1-forms. In fact, it is
the space of 1-forms in the Clifford representation; see Lemma [3-15j. These
(o/,.7#,Dy,]) are indeed spectral triples:

Proposition 5.3. Let (<7, #,D,]) be a real spectral triple. Then for self-adjoint
A€ QL(o), (o, 7,D4,]) is also a spectral triple.

Proof. D, is self-adjoint because D and A are. For the rest, the arguments
are similar to the first half of the proof of Prop. 52, where one should read
Yjaj[D, bj] instead of u[D, u*]. O

Applying Proposition [5.7] to these fluctuated spectral triples, we see that
(Da)u = Da +u[Da, u*] +€JulDa,u*]]*
=D+ A+ JAT" +u[D,u*] + u[A, u*] + ul[JAJ*, u*]
+ & Ju[D,u|]]" + €' Ju[A,u*]]* + Ju[JA]*,u*]]* (5.22)
= D+ uAu* + € JuAu*J* +u[D,u*] + € Ju[D,u*]J*
=D+ A" +€JA"]* = Dyu.

In the third step we used that A + u[A, u*] = uAu* (because uu* = 1) and
ulJAJ*,u'] = “]Z. [Ja;[D, b]]]", u*] = eu ; [Ja;[D, ] )", JJu*]*J"]
= uJ ; [4[D, bj], u°}J* (5.23)
= u]; (a;[[D, bj], u°] + [aj,u°][D, b;])J* = 0.
In the fourth step
A" = uAu* +u[D,u*] (5.24)

is introduced. This is the transformation property of the inner fluctuation A
under transformations in the sense of Prop. 5.2}

3See [4], ch. 1, §10.8.
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5.1.1 Gauge and Scalar Bosons

For almost-commutative spectral triples (eq. [#14)), the inner fluctuations are

of the form (for aj, B; € C*(M) and A}, B; € o)

A=Y a;@Aj[DPy®1,B;®@Bj]+) a;® Aj[ly @ D, B; ® Bj]
] i
= i) a;(9uB)v" © AjBj+ ) a;BiTm ® Aj[Dr, Bj] (5:25)
j j
=("el)A+(Tue1)P,

where we used Lemma and rewrote:

A= iszj(ay,B]-) ® AjBj = Zaj” ® ﬁj, (5.26a)

] j
) a;B; ® Aj[Dr, Bj] =) _ f; ® Aj[Dr, B}, (5.26b)
j j

o)

for aj,, f; € C*(M) and Aj € /. Recall that the inner fluctuations are de-
manded to be self-adjoint. This means that a;, and f; are R-valued, Aj is

selj—adjoint and (A][Dp, B]])* = A][Dp, B]]

Ay is interpreted to describe the gauge bosons and @ the scalar particles
of the theory.
5.1.2 The Gauge Group
The group U(«) is represented on .7# by the representation

p:U) = GL(A),  p(u) = ufu]". (5:27)

p is indeed a group representation because

p(u'y = wad Ju J* = wul Ju]* Ju'I* = u Ju]* o Ju'J* = p(u)p(u') ~ (5.28)

for u,u’ € U(«).
We define the gauge group 4 (/) as the quotient of U(.«7) by the kernel of
p: the elements of U(.«7) that act trivially on ¢

G (o) ~U(A)/ kerp. (5.29)
This kernel is

kerp = {u € U(«) | uJu]* =id y}

. — (5-30)
={ueU() |u] = Ju"} = U(a)),
where ;Z is the commutative subalgebra
dj={acd|aj =]} ={ac o |a=0a"} (5:31)
of o/. So we can write N
() ~U(A)/U()). (5.32)
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Note that
G () = {uJu]" | u e U(«)}. (533)
The spectral triples we will consider are almost-commutative (eq. @17)).

We have then
G (o) = C*(M, 9 ()). (5-34)

We will drop the C*°(M)-part, as is customary in physics, and call
9 () = U() /U(F ) (5:35)
the gauge group, which is represented on .77 as
pr: U(er) — GL(%), pp(u) = uJpujf. (5.36)

C is a subalgebra of any unital C-algebra (take the multiples of the unit
element), so it is also for @ and </ j,. This means that U(1) is a subgroup

of U(a%) and U(p jr)- This subgroup is normal, which implies that we can
write the quotient (5:35) as

G () ~ U(dF)/U(l)/U(%] )/U(1) (5-37)

In the examples we will consider (see for example §[6.1)), the lower part of
the quotient is trivial, which means that

9 (o) = U(er)/U(1). (5-38)

This is related to the unimodularity condition (the gauge field is traceless).

Until now, we assumed that &/ is a C-algebra and that its representation 7
is C-linear. In §§[6.2land we will see examples of spectral triples where this
is not the case. The unimodularity condition is then not necessarily satisfied.
In these cases, we impose this condition ‘by hand’ by restricting U(<) to

SaU(er) = {u € U(eF) | detmp(u) =1} (5:39)

(The representation 7ty is shown explicitly, to make clear that the determinant
of the us has to be taken in their representation on .#%.)

The ideas of this subsection are dicussed in greater detail in [5], §§5.5.2
and 6.2, and [6], §2.4.3.

5.2 The Spectral Action Principle

We would like to assign an action to our gauge theory. This can be done
via Chamseddine and Connes’ spectral action principle, which asserts that the
action only depends on the spectrum of D 4B A natural choice would be
Tr D 4. However, this is ill-defined, since the Dirac operator is unbounded, so
the following definition is used:

4See [2], eq. (1.8).
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Definition 5.4 (Spectral action). For an even and real spectral triple of the
form ([ 17), we define the spectral action as

Ssp(A,8) = Trp f(Da/A), (5.40)

where A € Rand f : R — Rx>o. f(Da/A) can be defined via functional
calculus. f’s domain is R, because Dy is self-adjoint. We demand that f is
such that f(D4/A) is trace class.

f can be interpreted as a cutoff function and A as the cutoff scale. A could
be absorbed into f, but later on we will need it to make an expansion in
powers of A. The spectral action is invariant under gauge transformations.

Without loss of generality, we can assume that f is even, because of the
following lemma:

Lemma 5.5. For even spectral triples (<7, 7, D, I’), the spectrum of the fluctuated
Dirac operator D (where A € QL (/) self-adjoint) is symmetric around 0.

Proof. I and A anticommute, because of [@7p & c), so I' and D 4 anticommute
too. Let A € spec(Dy). This means that A — D4 is not invertible, which
implies that I'(A — D4 ) = (A+ D4)I is also not invertible. So —A € spec(Dy).

O

It turns out that the spectral action only describes the bosons of the model,
not the fermions. Therefore one defines a second action:

Definition 5.6 (Fermionic action). For a real and even spectral triple, the
fermionic action is defined as

S{(¥,A) = 3(J¥,Da¥) sz, (5-41)

for self-adjoint A € QL (<) and ¥ € A4 With 7+ we denote the positive
eigenspace of I'. The tilde and the subscript ‘cl” denote that the components
of ¥ anticommute (i.e. they are Grafimann numbers).

This object describes behaviour of the fermions of the model and their
coupling to the bosons. The restriction to the positive eigenspace is done to
solve the fermion doubling problem: In almost commutative geometries one has
A = 1L*(M,S) ® #%. Both L?(M,S) and /% are even, so they both contain
left- and right-handed modes. For this double counting is compensated by
the restriction to .

5.3 Heat Kernel Expansion of the Spectral Action
In this section a method for computing the spectral action is discussed. For

this, the heat kernel expansion is used, which is explained in the following sub-
section. In §[532it will be applied to the spectral action.

33



5.3.1 Heat Kernel Expansion, Gilkey’s Theorem

Let V be a vector bundle on M and P a differential operator acting on I'(V)
with the metric tensor as the leading symbol. That is: P is locally of the form:

P = —(g""9,09, + A¥9, + B), (5-42)

where A¥, B € End(V).
Let us rewrite P in a convenient form. Let V be a connection on V. We
write locally

Vi =0y +w,. (5.43)
V’s Laplacian is (like in eq. (3.63)
A=—g"V,V, + 'V,
= —g"0,0, + (—28"w), + I'")o, — " (9uw), + w;‘w{,) + F"w;.
Subtract P, and call this difference E:
E=A-P
= (=28"w, + I + AF)9y, — g (duw), + wywy) +Tw;, + B (5.45)
= —g" (20w, + wywy) + T'w;, + B,

(5-44)

where we took w’ to be
wy, = 3 (T + Ay). (5-46)
Now we can write P as
P=A—E. (5-47)
According to Gilkeyf the trace of the operator =7 (the heat kernel) has the
following expansion in :

TI‘Lz MV - ~ Z t k 71 Vl as t— O,H (548)

where the Seeley-DeWitt coefficients are

P)= [ d'xgay(xP), (5.49)
with
ap(x,P) =0 foroddk (5.50a)
1
ag(x,P) = CORE Try, (1), (5.50b)
1
ay(x, P) = W Try, (— %R + E), (5.50¢)
1 1
ay(x, P) = @072 360 Try, (—12R " + 5R* — 2R, R (5.50d)

+ 2R}uypc RMP” — 60RE + 180E* + 60E,,," + 3002, Q™).

5See 9], §4-8.
6/~ denotes an expansion: for all large enough N,

Triz(uv) € Ztk M2, (P) 4 G(tN/2H) st — 0.

The sum does not need to converge for N — co.
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() is the curvature of V:
O = [V, Vo] = 0wy, — 9w, + [w]/uw:/]' (5.51)
and the short-hand notation for double covariant derivatives
R, =V,VFR and E,"=V,V'E (5.52)

is used. The coefficient ag(x, P) is also known, but its expression is quite
complicated and we will not need it.

5.3.2 Heat Kernel Expansion of the Spectral Action

Let us return to the spectral action (Defn. [5.7). We said that the function f is
even, so there exists a function g such that

fu) = g(u?). (5.53)

Write this function as the Laplace transform of a function h:

g(w) = [ dse="n(s). (554)
0

With functional calculus, we can write

o2 S A2
F(Da/A) = g(D3/A%) = [ dse P/ n(s). (555)
0
D? is of the form (572), so we can apply the heat kernel expansion to the
operator e—sD 4/ Az, where we take A2 to be the expansion variable:

22

Tr e P4/ ) s(k*”)/zA”*kak(Di) as A — oo. (5.56)
k=0

Using this, (5:50a) and formally interchanging the trace, the integral and the
infinite sum, the spectral action can be expanded as:

Trye f(Da/A) = /dS Tr e e D4/ N h(s)
0

. 0 (5.57)
~ ) A"*kak(Di)/dss(k*”)nh(s).
k=0 0

k even

In Def. 57 it is assumed that the spectral triple is even and almost com-
mutative. Therefore we take 7, the dimension of the background manifold M,
to be even.

Let us calculate the integral for two cases:
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e For even k < n:
Using the identity

s* = (“_11)| /dv e S0yt (5.58)
0

(for &« € N> (), we get

/ds s(k_”)/zh(s) =
0 (7"

ﬁ/dvv(”_kvz_l/dss_svh(s)
-t 0 0
_ 1 wd (n—k)/2-1
= mE oy ) 8(v)
2 : 0

(5-59)

2

= — = [duu"*f(u
| W

2
= ik ik

(7 =1t

We recognized equation (5.54), substituted v = 42 and introduced

fo = /duf(u)u“il, (5.60)
0

the moments of the function f.

e And for even k > n:

7dss(k—n)/2h(s) (o) 7ds (=) 61/ 2p5)
: — ()(k—n)/2;((k—n)/2)(0) (5.61)
_ (_)(kn)/Z(kaWn!)!f(kn)(O).
We used that for even &
£910) = e 0) (562)

So we have:

k even 6
o ny k (5.63)
+ L (s @A e (DY)
k=n .
k even



The a;(D?) can be calculated using (550). In the latter, the traces must be

taken over Sy ® 7t = c?”? ® HE.

In our problems, the background manifold M plays the role of space-time
(although it is Riemannian), so we take n = 4. In this case we have, neglecting
the &(A~2)-terms:

Ty f(Da/A) = 2f3A%a0(D%) + 2frA%a5(D?)

T F(O)as(D3) + O(A72). (564
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Chapter 6

The Einstein—-Yang-Mills and
the Standard Model

In this chapter, two important examples of gauge theories from noncommu-
tative geometry are studied. First, the so-called Einstein—Yang-Mills system is
studied, including a derivation of the spectral action. Also the NCG approach
to the Standard Model will be introduced to a certain extend. These discus-
sions are based on [4], ch. 1, § 11.4 and §§ 13.0—4 respectively.

6.1 The Einstein—Yang—Mills Model

6.1.1 Spectral Triple and Gauge Theory
Consider the spectral triple of the form (@-17) with

(e, #%, Dr) = (Mn(C), Mn(C), 0) (6.1)

(see Example [1-3). This spectral triple is even, although the finite part is not:
I'y ®1is a grading element, because D = 0. In Example [f-g]a real structure
is defined: JFT = T*.

The algebra <r ;. is (eq. (5:37))

"QZ]F ={a e MN(C) | VT e MN(C) : aT = Ta} = span{ly} ~C, (6.2)
so -
U ),) ~ U(1) ©3)

According to eq. (5:35), this spectral triple gives a gauge theory with the gauge

group
% (My(C)) =~ U(N)/U(1) =~ PSU(N) ~ SU(N). (6.4)

‘~’ stands for isomorphic groups quotiented finite abelian groups. We forget
about these finite groups, since we do not see them in the corresponding Lie
algebras and hence in the gauge fields.

According to eq. (5.36), the representation of SU(N) on My/(C) is

pr : SUN) = GL(MN(C)), pr(u)T = uJpu]iT = u(uT*)* = uTu*. (6.5)
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In the language of §[A1] this is the representation St ® St*, which decomposes
in the adjoint plus the trivial representation (Proposition [A.gji):

P ~ St @ St" ~ Ad @ Triv. (6.6)

6.1.2 The Spectral Action

In this subsection, we compute the spectral action for this model.
Let A be a gauge field: a Hermitian operator on .7 of the form (5.21):

A=) 4j[D,bj] =) [Py, Bj] ® AjB; = i) _7"a;j(9,j) @ AjBj,  (6.7)
j j j

where a; = a; ® Aj,b; = B; ® B; € o/ (see eq. (5:21)). In the last step we used
Lemma 3775]. Let us rewrite A as

A= Z'y”a]-y ®Aj = (Y @1)A, (6.8)
]

where a;, € C*(M), g]- € My(C) and

Ay = Zuj” & Aj. (6.9)
]

Next, we calculate JA]* by applying it on a p ® T € J, using the self-
adjointness of A and (3.54b) (with ¢’ = 1, because dim M = 4):

JAT"(y @ T) = ), Cur"ajCiyp ® (AT =~ Y app @ TAj. (6.10)
] ]

Now we have an expression for the fluctuated Dirac operator:

Doa=D+A+JA" =Dy e1+Y y'a, @A, ]
j

(6.11)
=Dul+i(y"®1)A,,
where we introduced the notation
Ay = —iad(Ay) = —i[Ay, ] = —i) a;, ® [4),]. (6.12)
]

We want to calculate D%. Applying (6.11) twice toa ¢y ® T € J# gives:

DAy T) = Dy © T+ L (Pur"apy + 70, Daiy) © [4, ]
]

i o (6.13)
+ Y Y Y ajany @ (A [Ay, T
I

We will write this out term by term:
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* Using the Lichnerowitz formula (Thm. 314) and the local expression of
the spin connection (eq. (3:.57)), the first term can be written out as

D = A9 + LRy
= —"ViVip + I'Vay + Ry
= — g“”(ayav + 2wy 0y, + Iywy + wywy )P
+ I'*(0y + wy )y + 1Ry

(6.14)

¢ Writing out the expression between the brackets of the second term gives
(leaving out a factor i):

—i(Dpy ajp + v D) = 1"V a]utlJ + a]yVSl/J

= 'YH'Y ( U ]v)lp"_')/y'}’ a]v l[J
+ e Vi

(6.15)
= ’Yyry (Vftajv)lp + zgyvajvvilp
= 37" (Viaj, — Viaj,)p
+ &M (Viaj )y + 28" ap Vi,
where we used the Clifford identity (eq. (3:50)) and
Vajvlzt7 =7 ( 1 ]v)lp+'7 ap,V lp, (6.16)

which follows from eq. (3355). Using the local expression of both con-
nections and I" iw =T gy %

—i(Pmry"ajp + ", Dmy)
= 377" Ppap — vy — Iy aic + 5,000
+g””(8,4ajv — ngvajg)t,b + 2gf“’aj,,(ap, + wy ) (6.17)

= %7”')’1/(8}1[1]'1/ - avaj]/t>ll] + gyv(aua]v>lrb
—Iajp +2¢"a;, (0 + wy)y.

Now we can write the second term of as
Z(Dmvﬂﬂjw +7'a, D) © [A}, T

Z (307" (@pajy — dvaj )y + igh" (Ouajn)
N (6.18)
— il aj,p +2ig" a;, (9, + wy) ) ® A}, T]

= _%('YV’YV ®@1)(9uAy — AL (Y@ T) — gM" (9, Ay) (@ T)
+THA (PO T) = 28" Ay (0 + wp)p) @ T,

using (6.12).
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e Using the Jacobi and Clifford identities and (6.12) and relabelling some
indices, the third term of can be written as:

Z'Yy')’vajyakvﬂb ® [gj/ [gkr T]]

jk

= % Z (’YH')’Vajyakle ® [gjr [gk/ TH + ')’V')’Vajvakylp ® [gk/ [ﬁ]-, TH )
ik

_ Xk; (3v" 7 ajuap @ ([ Ay, [Ar, TI) — [ A, [4;,T]])
s

+ 8" aja,p ® [Ay, [A;, T]] )

=Y (37" ajuany @ [[A), A, T] + g ajuany © (A}, [Ay, T])
ik

=—3(1"" @D)[AL AN (YR T) — " ALA (Y & T)

—

(6.19)
Putting everything together gives:

Di(p®T) = — 80,00 @ T+ (— 28" (wy + Ay) + TH) (0 @ T)
+ (— ¢"ou(wy + Ay) — g (wy + Ay) (wy + Ay) (6.20)
+ M (wu+ Ap) + 1R = (' @ D)F) (y @ T),

where we introduced
Fyy = 0,Ay —0yAy + [Ay, Ay, (6.21)

the curvature corresponding to A,.
Now we have D? in the form (542) with

AP =2¢" (w, + A,) — THY (6.22)
and

B = g" (0u(wy + Ay) + (wy + Ap) (wy + Ay))

(6.23)
- Fy(wﬂ + AH) - }IR =+ %7”')’1/1:]41/

D% can be written in the form (577) using equations (575), (5.46) and
EH):

Wy, = 5&u(AF +TH) = wy + Ay, (6.24)
E = B —g"(uw, + wyw,) + I'w, = —1R + 1ytaF,, B (6.26)

*We have a clash of notations here: this A¥ does not denote a gauge field, but the A* of eq.

2The second term has a different sign, compared with [4], eq. (1.593). This does not change
the final result.
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Because of this form of V, its curvature is of a neat form: the sum of the
spin curvature (3.58) and the curvature of A, (6.21):

O = Iy = Ay, + [y, i)
= 0wy — uwy + [wy, wy] + 9, Ay — 9, Ay + [Ay, Ay (6.27)
= Q5+ Fuw = 1Ruen?® ™ + Fpu.
Now we can calculate the Seeley—DeWitt coefficients (5.50):
* For k = 0 we simply have:

1 N2
a(](x, Di) = W TrC4®MN(C) 1= R, (628)

N2
ag(D%) = = /M d*x\/3. (6.29)
® For k =2 we get

1
a(x,D}) = @ Tresemy(c) (— R +E)
1

= e Toemy© (R + 27" Fw) - (630)
1
= ——N°R.
48772
We used that
Tres (Y'9")Fjw =0, (6.31)

since Tres y"" is symmetric and F,, is antisymmetric in y and v. So:

N2
D) = 45 | diryER. 6.
112( A) 48772 M x\/§ ( 32)
¢ To calculate the coefficient for k = 4, we first compute

Tresamy(c) (8R + E)*
= Tresamy(c) (R + 3777 F)’
= Trcagmy (o) (18R + 377" 9 Y FuFen + 1577 FwR) - (633)
= 35 NZR? + (Mg — gl g!™ + g g") Tryy ) FuvFen
= 3 N?R* = 2Tryy, () F F™
and
Tresomy(c) 2™
= Trcsamy (c) (5 RuenR" 0oV 7" + Fun FFY
+ 3 Ruery " FY)
= N Ry R" o (85767 — 850877 + 857g™)
+4Trngy ) F*"Fu
= —IN?Ryye R 4+ 4Ty () Fu F",

(6.34)
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using eq. (6.31),
Tra 770"y = g1t — g + g gt (6.35)
and Rz Tres 6497 = 0 (because Ryver = —Ryyre)- So:
ag(x, D%)
_ 1 L (1(_1R+E)2_LR RMY
- (47r)2 C4eMpy(C) \ 2 6 180 MV

+ 155 Ry RIS + f—znwaw) +b.t.

1 1a2p2 182 7 N2
= G (NR — 5N R R — N Ry RIS (6:36)
— %TrMN(C) P;WP;W) +b.t.
1 1 A2 211
N (47r)2(_ 20N ClugnCH + N 3G R*R*

— %TTMN(C) F;WFVV) +b.t.

‘b.t.” stands for ‘boundary terms’, the terms proportional to R;VV and

E;PM . We assume M to be boundaryless, so by Stokes” Theorem these
terms vanish after integration. In the last line, C,,¢, stands for the Weyl
tensor (the traceless part of the Riemann tensor) and R*R* for the Pontr-
jagin class, for which

_ 1 4 * %

where x(M) is M’s Euler characteristicB So the Seeley-DeWitt coefficient
is

1
ay(D}) = /M d‘%@w( — 5o N?CprugnCHeT

— 3N Tryy, (o) Fin F™) + 02N x (M),

(6.38)

Inserting these coefficients in eq. (5.64) gives the following expression for the
spectral action:

Trp (f(Da/A)) = — /Md4x\/§$(g,A)+ﬁ(A_2)—I—t.t., 6:39)

4m2
where & is the Lagrangian
Z(g,A) =2N*f,A* + IN?f,A’R

(6.40)
+ N2£(0)( — g5 CuenCe™ — L Trygy () Fr F)

and ‘t.t.” stands for ‘topological term”: something proportional to x(M). This
is just a constant number, which we will not see in the equations of motion.

3For more details: see [4], the proof of Thm. 1.158.
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This Lagrangian is interpreted as follows: the first term is a cosmological
term, the second one the Einstein—Hilbert LagrangianE the third term corre-
sponds to higher-oder gravity (which is suppressed with a factor A= with
respect to Einsteinian gravity) and the fourth is the gauge-boson part of the
Yang-Mills Lagrangian%

6.2 The Standard Model

6.2.1 Algebra, Representation & Gauge Theory

We take the spectral triple of the form (7-17), with the finite-dimensional alge-
bra
o =Ms(C) ®H® CH (6.41)

Note that this is not a complex algebra, but only a real onefd
We take the 96-dimensional Hilbert space

M= (A& AP, (6.42)
where
A =CoC)oCacCe(CapC)a(Ca). (6.43)
The action of @ on Jt is given by
i (m, g, A)
Lem
1L,om
M,
M,
_ ]13 ® q®13 . (644)
T
(* 5

Note that 7rf is only real linear and not complex linear.
For the real structure, we take

16

(), (6.45)
which gives

]PT[F(mI q, /\)];
7ol

N
>|

A) ®1;

>

! < A) - (646)

Lem
Lom

Al
Al

4See [20], eq. (E.1.12).

5See [21], eq. (15.2.3).

®H stands for the algebra of quaternions, see footnote M on page [[3}
7The algebra of a spectral triple can be complexified by taking .o/ + io7.
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For this spectral triple we have ep = J2 = 1.
The group of unitary elements of .27 is

U(eF) =U(3) x SU(2) x U(1). (6.47)
The algebra Jp 18

tr ), = {a € o | m(a) = mp(a)}
={(m,q,\) € o | A=A, g=Ally, m = A3} (6.48)
=spang{(13,1,1)} ¥R,
so we have .
U(r ) =~ o B (6.49)

which is only a finite abelian group. In §6.1.1] we argued that finite groups
can be ignored. This means that we have (eq. (6.47)) for the gauge group.

Because 27 is not a complex algebra, and 7 is not complex linear, the
unimodularity condition is not satisfied naturally. Therefore we impose it ‘by
hand’: we restrict the gauge group to

Sn 9 (r) = {(u3, u2,¢) € U(ap) | detrp(us, uz,{) =1}
= {(u3,u2,0) € U(a) | ({detus)'? =1} (6.50)
~ SU(3) x SU(2) x U(1).

In the last step we used that kernel of the surjective homomorphism

¢:SU(3) x SU(2) x U(1) — S U(e%), ¢(us,uz,) = (Qus, uz,°) (6.51)

is finite and abelian:

kerp = {({M5,12,0) | £ € U(1), > =1} ~ ps. (6.52)

The gauge group elements (u3,up,{) € SU(3) x SU(2) x U(1) are repre-
sented on /7% as

o(¢p(uz,u2,0)) = p(Qus, uz, %) = 7p(Quz, uz, § ) Jprp(Tus, uz, L) Jf

(i) @ ug
4
(g c*) o

7%,

—1L® D

CTu, @13

 o)on
Puy .

(&)

(6.53)

In the language of appendix [B] this representation is written as (3 copies of)

B32g5oBL;)eB1L-3)012-3)o1L0)e((1,11) (654

815 = {1, -1}, see footnote M on page
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plus the conjugates. Recall that the standard representation of SU(2) is real:
2 =2 (eq. (A39)). This is exactly the particle content of the Standard Model!
The right-handed neutrinos are included. #” is interpreted with the follow-
ing particle content (for the first generation):

A =CeoCo(C ocC)a(CeC)a(C o C
— T e T N

ur, uRr dr Vel VerR eg
dp e
The operator [r interchanges particles and antiparticles.
I is defined as

)- (6.55)

1
-1
Ir=1;® 6 1, . (6.56)

—1,

The positive eigenspace of It consists of all left-handed fermions and an-
tifermions, and the negative eigenspace the right-handed ones. This I gives
/!

eg=—1

6.2.2 Higgs Mechanism, Predictions

The Dirac operator for this model is discussed in [4], ch. 1, §13.4 and ex-
pressed in the mass matrices of the Standard Model. Computing the inner
fluctuations and the spectral and fermionic action, analogous to §6.1.2] gives
the full action of the Standard Model. This includes a Higgs sector and a cou-
pling to gravitation Recall from §[5-1.1] that the inner fluctuations give rise
to the gauge bosons and scalars. The latter is the Higgs field. The nice thing
of this NCG-approach is that the Higgs sector is not added to the theory ‘by
hand’, but appears in the same way as the gauge fields.

Certain parameters in the spectral action are related. As said in the in-
troduction, the GUT relation for the couplings is obtained, as well as the top
quark and Higgs mass at the GUT energy scale. Assuming the big desert, a
Higgs mass can be computed. This is done in [4], ch. 1, §17.10 and [6], §8.
According to the latter, this model implies a Higgs mass (at the scale of the Z
mass) between 167 and 176 GeV. This is not in conflict with the experimen-
tal lower bond of 114 GeV, as measured by the LEP experiments ([17]). The
Tevatron experiments have excluded Higgs masses between 158 and 173 GeV
([r9]). This largely overlaps with the predicted range. One has to keep in
mind that this prediction is done under the big desert hypothesis; changing
this can change the prediction of this Higgs mass.

9See [4], ch. 1, §§16.1 and 17 or [22], §10.3.
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Part 11

Noncommutative Geometry
& SU(5) Grand Unification
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Chapter 7

The SU(5) Grand Unification
Model

7.1 Introduction

The idea of Grand Unified Theories (GUTs) is to extend the gauge group of
the Standard Model (Ggy) to a larger group G, where the representations of G
are such that if one restricts them to Ggy, they reproduce the representations
of the Standard Model. Most physicists call such a model only a GUT if G is
simple (like SU(5)), because in that case there is only one coupling constant.

We will study the simplest GUT: the SU(5) model, also known as the Georgi—
Glashow model. 1t is first described by Howard Georgi and Sheldon Glashow
in 1974 ([8]): “We present a series of hypotheses and speculations leading inescapably
to the conclusion that SU(5) is the gauge group of the world — that all elementary
particle forces (strong, weak, electromagnetic) are different manifestations of the same
fundamental interaction involving a single coupling strength, the fine-structure con-
stant. Our hypotheses may be wrong and our speculations idle, but the uniqueness
and simplicity of our scheme are reasons enough that it be taken seriously.”

The most important motivation to study GUTs, is the apparent arbitrari-
ness of the Standard Model, as you see appendix As we will see, with
little input, the SU(5) model gives back all fermions representations of the
Standard Model.

Discussions about this model and GUTs in general can be found in [, [3],
ch. 14, [11], ch. 18, [15], and [18], ch. 4.

7.2 The Gauge Group

As the name suggests, this model is based on the group SU(5). How does
the Standard Model gauge group extend to SU(5)? Clearly, U(3) x U(2) is a
subgroup of U(5) and hence

S(U(3) x U(2)) = {(“3 ) € U(3) x U(2) | detus detus = 1} (7.1)

Us

is a subgroup of SU(5).
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Let ¢ be the surjective group homomorphism

$:5U(3) x SU(2) x U(1) = S(U(3) x U(2)),

P(uz, uz, ) = (C " C3u2> . 7.2)
It has a nontrivial kernel:
ker¢ = {(u3,u2,¢) € SU(3) x SU(2) x U(1) | {2uz =13, Pup = 1o}
= {(0%15,0*1,¢) €5U(3) x SU(2) x U(1)}
— (@10 1,0) [ L€ VW), ©=1) 7
= {(015,07°12,0) | £ € o} = p.
We can conclude that
S(U(3) x U(2)) = (SU(3) x SU(2) x U(1)) /s, (7.4)

which is exactly the ‘true’ gauge group of the Standard Model (eq. (B.7)). This
makes SU(5) a very interesting candidate for the gauge group of our unifying
theory, because this subgroup respects the pattern of the hypercharges. To use
the words of [1]: “SU(5) passes the test, not despite the bizarre pattern followed by
hypercharges, but because of it!”

The next thing we have to do is finding a representation of SU(5) that
extends the Standard Model.

7.3 The Fermion Representations

To simplify things, we will assume in this section only one generation of par-
ticles. This means also that we forget about Cabibbo-Kobayashi-Maskawa
mixing of families.

Recall that the fermion representation of the Standard Model is 30-dimen-
sional: 15 for the particles and 15 for the antiparticles, if we do not include
the right-handed neutrino (see appendix [B). For SU(5), we can make a 15 di-
mensional representation by taking 5 @ 10 (see §[A.1.1). Adding the conjugate
to this representation gives the 30-dimensional representation

5&5®10 @ 10. (7.5)

Let us see what happens if we restrict these representations to Ggy;. We
use the embedding of Ggy in SU(5) given by (7-2):

-2
(C us gSuz) € SU(5), (7.6)

where u3 € SU(3), up € SU(2) and ¢ € U(1). The action of the SU(5) matrix
on C° is now split in the action of ¢~%u3 on C3 and Z%u, on C2.

¢ First, we look at the 5:

49



— The matrix acts as follows on C3:

V> C‘zugv. (7.7)

In the language of appendix [B] this is the (3, 1,—%) and corre-
sponds to the dg[{

- On a vector in C2 it acts as
v — Puyo, (7.8)
which is the (1,2, %) and corresponds to (Zef )

So we interpret the particle content of the 5 as

5: Ellbz . (7.9)

With this notation we mean that e; corresponds to dj, etc. (The ¢; denote

the 5 standard basis vectors of C°.) Taking the conjugate gives us the
content of the 5:

dp

|
5 at (7.10)

VeL

L

e Now we look at the 10. First, note that
N(CaC?) ~ NC o NCaCeC? (7.11)

as vector spaces. The matrix (7.6) acts on this as follows:
- On A\2C3:

VAW — 574 Uzv A uzw (7.12)

which is the (/\23, 1, —%) = (3,1, —%), where we used eq. (A34).
This corresponds to the Uy .
- On A\*C%

v Aw — {8 upv A upw, (7.13)
which is the (1,A?2,1) = (1,1,1) (because of (A41)) and corre-
sponds to the e;".

- OnC*®Cx:
03 ® vy = LUzv3 ® Ux0y, (7.14)

which is the (3,2, §) and corresponds to (SE )

*Recall that in this notation, the third number is 14, where g is the power of the element in

U(1); so in this case we have % - —2 = —1.
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So we interpret the content of the 10 as follows:

=b —8 r r
0 uw -—-u up dp

—=r g g
0 u, u dy

10: 0 uw d°|. (7.15)
0 eff
0

With this notation we mean that e; A e, corresponds to ﬁE etc. The mean-
ing of the — sign before T} will be explained in §3:1 The content of

the 10 is B
0 ulf{ —ufg{ ug ﬁf{
B 0 uf o df
10 : 0 ﬁ% a‘r’{ . (7.16)
0 eg
0

To summarize this, we denote the symmetry breaking of the fermion repre-
sentation as:

5 W(3,1,—%) ® (1,2, %), (7.17a)
10~(3,1,-3)®(1,1,1)® (3,2 }). (7.17b)

Note that the 5 and the 10 contain the left-handed particles and antiparti-
cles and the 5 and 10 the right-handed ones.

We can conclude that the representation gives the fermions of the
Standard Model by breaking SU(5) to the Standard Model gauge group.

7.3.1 Fermion Representations & Exterior Products

In [1]A the SU(5) model is described from a nice point of view. In this
approach, it is nice to include right-handed neutrinos, so we need a 32-
dimensional representation. The full exterior algebra of C>,

AC® =CaC° @ N\C° o N’C° o N*CC o \OC° (7.18)

is 32-dimensional3
We let an u € SU(5) act on this space by the representation

p:SU(5) = GL(AC?), p(u)(vy A---Avg) = uoy A--- Augy, (7.19)
or in the language of §[A.1l

o =Triv® St ® A2St @ A>St @ A*St @ A\°St

o (7.20)
~ Triv & St & A\?St & A5t @ St @ Triv, 7

where we used Prop.[A.11] In the language of §[A.1.1] this can be written as

1650100106551, (7.21)

*Some —-signs are chosen here differently as in [].

3See Def.[A3].
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Except for the two singlets, this is exactly (7-5)!

In order of interpret the basis of A C> as particles, we will call the basis
vectors of C° r, g, b,uand d. r, g and b stand for the thee quark colours and
u and d for weak isospin up and down.

Given (7:9), we have the following correspondence between particles and
rank-1 tensors:

dip:r B

VeR - U
d%:g e;‘d (7.22)
db b R

The A-structure of our representation gives a nice implementation of charge
conjugation: we let it correspond with taking the Hodge dual, since this cor-
responds to taking the conjugate representation (see Prop.[A.11). So for the
rank-4 antisymmetric tensors we have the correspondences:

dp:xr=gAbAuAd
B ro=bArrund VLU =gArnbad (7.23)
7L. 8 e, :xd=rANgAbAuU. 723

dp :xb=rAgAund

Given (7:15), we have for the rank-2 tensors:

- up rAu
L:TAE u$ g AU
wWibAT b
o ) uf b Au (7.22)
a8 A L:irnd 724
df 1 gnd
ef tund Ig 8
di :bAd
Taking the conjugates/Hodge duals, we get for the rank-3 tensors:
Ug:*rAu=gAbAd
b . —
ug i krAg=bAund W ixgAu=bATAd
& . —
Ug i xbAT=gAund WxbAu=rAgAd
& . — — .
ugixgAb=rAuNd d;{:*rAd:b/\g/\u (7-25)

df :xgAd=rAbAu
eg ixuNd=rANgAbD b
dr:*bAd=gArAu

Now it is clear why it is nice to choose the minus sign in front of the ﬁ% in
([715): the correspondence T : r A g holds for all cyclic permutations of , g
and b and consequently, uf; : ¢ A u Ad holds for all c € {r,g,b}.

Now only the rank-0 and rank-5 tensors have no interpretation yet. It does
not matter which one corresponds to the right-handed neutrino and the left-
handed anti-neutrino, they correspond both to the trivial representation. It is
nice to choose

VoL : 1, VeR :TAgADAUN, (7.26)
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such that all left-handed particles and antiparticles correspond to even-rank
tensors and all right-handed ones to odd-rank tensors.

7.4 New Gauge and Higgs Bosons

The new symmetry which is introduced in the SU(5) model correspond to
new gauge bosons. In the Standard Model we have (32 —1) + (22— 1) +1 = 12
gauge bosons and in the SU(5) model we have 52 — 1 = 24 of them. The 12
new ones are sometimes called the X and Y bosons or lepto-quarks and diquarks.

The breaking of the SU(5)-symmetry to the Standard Model gauge group
via the embedding is achieved with a Higgs field in the adjoint represen-
tation (the 24). The corresponding Higgs potential is such that the vacuum
state is a multiple of

<2]13 _3]12> S M5 (C)Tr:()' (727)

The subgroup of SU(5) that leaves the vacuum state invariant is

{u =SU() | u (2“3 _3]12> = (2]13 _3]12>}

- { (“3 u2> €SU(5) | uz €U(3), up € U(Z)} =5(U(3) x U(2)),

which is indeed exactly what we need (see §[72).
To achieve the electroweak symmetry breaking (see §[B.2), a Higgs field in
the 5 is introduced. Recall from eq. (7-17a) that this representation breaks to

(7.28)

5+ (3,1,-1)a(1,213). (7.29)
This is what we need, since the Standard Model Higgs transforms as a (1, 2, %)

(eq. (B.8)). The Higgs potential has to be such that the vacuum state is a
multiple of

e Co. (7.30)

_ o O o o

Note that we do not only obtain the Standard Model Higgs, but also a color
triplet scalar. The latter has vacuum expectation value 0 and causes no spon-
taneous symmetry breaking.

7.5 Phenomenology
What does the SU(5) model imply phenomenologically? That is, what does

it predict, which can be verified experimentally? There is no way to produce
X and Y bosons in a collider experiment, because of their enormous mass of
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about 4 - 101 GeVH But there is another method: the SU(5) model predicts
proton decay, for example in a e plus a ¥ = uti via the following channels

u u u u

X (7.31)

d el d et

In the SU(5) model, the decay rate of the proton into a positron and a pion
is calculated to be 4.5 x 102+17yr| However, the experimental lower bound
is 8.2 - 1033 yr ([17]).

Furthermore, the model predicts a weak mixing angle (6y) with (sin 6yy)? ~
0.206. This is not far from the experimental observed value of about 0.231, but
this is measured precise enough to rule this value outi

4See [11], eq. (18.35).

5See [15], page 264 and Fig. 3.3 and [18], §4.3.
%See [11], eq. (18.51).

7See [11], eq. (18.35) and [17].
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Chapter 8

The SU(5) Model and
Noncommutative Geometry

In this chapter, a spectral triple is studied (only the algebra and its represen-
tation) that gives the same gauge theory as the SU(5) model, including the
right fermion representations. However, the symmetry breaking mechanism
turns out to be incorrect.

8.1 Algebra, Representation & Gauge Theory
We take a real spectral triple of the form (@17) with
o =Ms5(C) DR, (8.1)
Hy=C>@ 4" where #' =C & C o CC dCxC, 82
and o7F is represented on #F as
mp(m,\) =13 @ 7' (m, \) (8.3)

where

A5

7' oty — Bnd(#), 7'(m,)\) = (8.4)

m® 15
1s ® m.

Note that @7 is not complex but real and 7tr is not complex linear, but real
linear, like the spectral triple of the Standard Model (equations (6.41) and
(6.44)).

We take for the real structure

15

1s —

Jr=13®], where | = o(+), (8.5)
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for which ep = ]1% = 1. This gives

Als
yAmaA =" 56)
! o Is @m )
mels
The group of unitary elements in o/ is
U(er) = U(5) x pa, 87)
the algebra A Jg 18
Arpp ={(mA) € o | m=Ms,m@1s =15 m} 35)
=spang{(15,1)} ¥ R,
so the group U(«7 J, ) is just
U(r ;) = pia. (8.9)
This implies that the gauge group is
G (aop) =U(5) x {1} =2 U(5). (8.10)

Like in the Standard Model, we impose the unimodularity condition, which
gives the group

See9 () = {(u,1) € U(5) x {1} | detrp(u,1) =1}

3 (8.11)
~ {u € U(5) | detu® =1} ~ SU(5).

The fermion representation for this gauge group is given by

pr(u,1) = rtp(u, 1) Jrrep(u, 1)JF = 13 @ p' (1), (8.12)
where
u
/ o 11 ’_ u

o () = ', )] (,1)] = o (813)

uRu

In the language of §[A.1.1] this is three copies of
5050505505 =5®5¢10 ¢ 15 @ 10 & 15, (8.14)

using eq. (A.30). Except for the 15 and its conjugate, these are exactly the
fermions of the SU(5) model (without right-handed neutrinos). Jr inter-
changes indeed particles and antiparticles.

Note that this model does not contain the right-handed neutrinos. To
include these particles, one can simply extend the algebra representation with
two extra representations of R, on order to obtain two singlets.
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Recall from §[73 that the 5 and the 10 (i.e. the even-rank antisymmetric
tensors, in the language of §[7:3.1) contain the lefthanded particles and an-
tiparticles and the 5 and the 10 (the odd-rank tensors) contain the righthanded
ones. So it makes sense to take the grading on our spectral triple to be

s
IF=13®I" where I'= 15 I 1s . (8.15)

—1s ® 15

Soef =—1.

8.2 The Dirac operator

The next step is to construct the Dirac operator Dr for our spectral triple. We
make the assumption that it is of the form

D)
Dr = D@ , (8.16)
D®)

where the D) are hermitian operators on .#”. This assumption corresponds
to ignoring Cabibbo-Kobayashi-Maskawa-like mixing of fermion masses be-
tween the families.

Because Dy and I anticommute (eq. (4.4b)), D and I'"" do, which implies
that D) is of the form

ooy

of" o)

ool
oy ol

D) = , (8.17)

where ,
D € End(C®) = M5(C),

D, DY) € Hom(C? ® €%, C5) = Ms,.55(C), (8.18)
D{) € End(C5 ® C3) = My5(C).

We take ¢ = 1, in other words: Dr (D)) and Jr (J') commute (4.5b).
Writing this out gives
0T

p =p{7T, pl)

=Dy, Dy =Dy (8.19)

Writing out the order-one condition (eq. [{5¢)) gives
/\Dl(i)ﬁ — mDI(i)ﬁ = y/\DI(i) — ptmDI(i),
DI(IZ) (m®n)— mDI(Il)(ll5 ®n) = yDI(IZ)(m ®1s5) — ymDI(IZ), (8.20)
DY (m@n) — (15 @m)DY*n = (T© 1)DY (m @ 15) — (T @ M) DYy*
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for all m,n € M5(C) and A, 4 € R. From this it follows directly that Dl(i) =0
(take m,n =0and pu, A =1), Dl(\l/) = 0 (take m,n = il5) and

DY (m ©15) = mD}) (8.21)
(take p = 0 and n = 15).
Claim 8.1. All solutions for DI(IZ ) of eq. (821) are of the form
D) =15 ®40)*, (8.22)
for d) € C°. In other words: DI(Ii) acts on v @ w € C° ® C° as follows:
DI(Ii) (v@w) = (dD*w)v = @D, w)o. (8.23)

Proof. We write D\ (v ® w) = DI(Ii) (w ® v), because writing out tensor prod-
ucts as Kronecker products is more convenint this way. Eq. (8.21) reads then

DY (15 ® m) = mD). (8.24)
Writing D) = (5@ .. 159), where 15]@ € M;5(C), gives us
m
(B m Bm) = (B b))
m
= 5?) . 59) (15 @ m) (8.25)
=m (D ... DY)
= (mp? ... mD?),

where we used in the third step. The only solution for the ﬁ](i) is then

15]@ = d§i)15, where

(@
dy
So we have . _ — ,
D — (dgz)lls o dé’)llg,) —di* 215 (8.27)
and hence . )
DI(IZ) =1:® 40 0 (8.28)
For D) we have now:
]15 ® d(l)*
' (HT
Q) _ ‘ Is®d
b 15 @ d(0) B (8.29)
15 ® d@)
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For the spectral triple («/r ¢, Dp) we have ep = 1, ¢ = 1 and ¢} = —1,
so its KO-dimension is 6. The KO-dimension of the full product space is
446 =2 (mod8).

8.3 The Symmetry Breaking Mechanism

8.3.1 Assuming the Correct Mechanism

Suppose that we get the correct symmetry breaking mechanism from the spec-
tral action, although we will see in the next two subsections that this is not
the case. So suppose that we get the Standard Model gauge group for the bro-
ken theory, with the embedding given by eq. (7:2). How do the new fermions
transform under the Standard Model gauge group?

We follow the same procedure for the 15 as we did for the 10 on page
We start with the vector space isomorphism

Sym?(C3 @ C?) ~ Sym?C® @ Sym?C? @ C®® 2. (8.30)
The matrix acts on this as follows:
e On Sym?C3:
vV Qg w —> @‘4 Uz0 ®g UzW, (8.31)

which is the (Sym2 3,1, — %) = (6,1, —%), because of eq. (A36).
e On Sym?C?2:
v ®g w — (O Urv ®g Uprw, (8.32)
which is the (1, Sym2 2,1) = (1,3,1), because of eq. (A.44).
e And on Sym2 C2:
U2 ®s5 U3 > { U303 ®s UV, (8-33)
which is the (3,2, %), which is the same representation as for the (Si)

This means that these particles cannot be distinguished from left-handed
quarks, except for their mass.

Let us see how these particles behave after electroweak symmetry breaking
(see §[B.2):

e Because the (6,1, —3) is a singlet under SU(2), it is the (6, —3) under
SU(3) x U(1).

e The (1,3,1) is a 3 under SU(2). In this case, I3 takes the values 1, 0 and
—1, so it breaks to (1,2) © (1,1) @ (1,0).

* (3,2 %) breaks of course the same way as the left-handed quarks of the
Standard Model: to (3, %) ® (3, —%)

To summarize, we write:
15 ~ (6,1,—3%) & (1,3,1) - (3,2,1)

= (6-3) @ (L)e@De10) & (33) @6 -))

where the first arrow denotes the breaking of SU(5) to the Standard Model,
and the second one the electroweak symmetry breaking.

(8.34)
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8.3.2 The Scalar Fields

In the previous subsection we assumed that our model has the correct sym-
metry breaking mechanism to break the SU(5)-theory to the Standard Model.
In this and the next subsection we will see what mechanism the spectral triple
gives us actually.

In §F.T.1] we have seen that fluctuating the Dirac operator of an almost-
commutative spectral triple gives rise to gauge and scalar bosons. The scalar

field is given by (eq. (5.26b))

@ =) fj @ mp(mj, Aj)[Dp, 7w (), )], (835)
]

where f; € C*®(M,R), mj,n; € M;5(C)ga and Aj,uj € R. Writing this out
explicitly gives:

0

b= ij ® é (0 Ajls ®dW T —A,y/ls@d(m)
] i=1 pils @ md®) — 15 @ mjn;d0)
0 (8.36)
A 15 @ (¢d )T
=1

O L 7
15 ® ¢d (D)

i

where we have used the self-adjointness of @ and have rewritten

¢ =2 fj@ Anj = Ajpills) = ) £ ® (wjm; — mjn;)
] ]

(8.37)
€ C®(M) @ M5(C) ~ C*(M,Ms(C)).
On @, au € C*°(M,SU(5)) acts as follows:
0
m(u,1)®r(u*,1) = é 0 15 (ugpd )T . (8398)
i=1 s ®W
soong = (¢p1 -+ ¢s5) (pj € C°(M,C°))itacts as ugp = (u¢1 --- ugs).

This representation decomposes into five irreps: five times the standard rep-
resentation. In the language of §[A.1.1l we can write it as

50650505d5. (8.39)

An equivalent way to see this, is as follows: @ appears in the fluctuated
Dirac operator as (see eq. (5:20))
T+ JIm@D)P" = (In1)P+ (Iy@1)JPJ*

— Iy ®1)®. (8.40)
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In the first step we used that s’](A = 1, and in the second one we introduced:

&=+ O
. 15 @ (¢d))* ;
_ 15 ® (¢d™)) " (8.41)
AT :

15 @ ¢d (D)
& transforms under conjugation with 7r(u,1)J7t(u,1)]* = p(u,1) as:

p(u,1)®p(u*,1)

15 ® (ugpd )"
> 15 @ (upd) T | (8.42)
L | 15 ® upd® ‘

i=1

15 ® ugbd(i)

So u acts indeed on ¢ as u¢.

8.3.3 The Higgs Potential & the Broken Theory

Recall from §[77 that a Higgs field in the adjoint (24) is needed to break
the SU(5) model to the Standard Model. Our field ¢ is not able to do this.
Depending on the vacuum expectation values, the only broken gauge groups
that can be obtained are SU(5 — 1), for I < 5:

Proposition 8.2. Consider a SU(N) gauge theory with k scalar fields in the standard
representation with vacuum expectation values vy,...,vp € CN. They break the
SU(N) symmetry to an SU(N — 1) symmetry, for some | < N, k.

In other words:

{ueSUN)|Vie{l,... k}:uv;=0;} ~SU(N—I) (8.43)
as groups. The number | is given by | = dim ¥/, for ¥ = span{vy, ..., v }.

Proof. The condition
Vie{l,...,k}: wuv;=v; (8.44)
is equivalent to
Yoe ¥V : uv=nv. (8.45)

Let B =9],..., v}, be a basis for CN with the property that v},...,v] is a basis
for ¥'. The condition is then equivalent to

Vie{l,...,1}: uvi =1 (8.46)
This means that in the basis B, u is of the form
1 )
U= ’ (847)
< u' %
where 1/ € SU(N —1). O
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Let us see which broken theory we get. The Higgs potential is the sector
of the Lagrangian which only contains @ (and hence ¢), without derivatives
or couplings to other fiels (such as the gauge or gravitational field). We will
derive this potential, without computing the full spectral action as in §l6.11 ®
appears in D4 as (I'y @ 1)®, so it appears in the endomorphism E = A — D%
of eq. (535) as —®? (forgetting about the cross terms). For the Seeley—DeWitt
coefficients (eq. (550)) a2(D?%, x) and a4(D?, x), we have the contributions

1 1

respectively. The spectral action (eq. (5.64)) gets thus a contribution

1 1
4 _ 2 2 4
/M d x\/g( 271_2sz Tr,%% D+ 87T2f(0) Tr,%”p b )

1 \ (8-49)
=— [ d 1%
472 /M eV,
where V is the Higgs potential
V =2/ Try & + 3 £(0) Tty & (8.50)
In our case we have
3 (pdD)*pd D15 L
2 dD)Tpd D15
P2 — @ (@d) "¢ 1 & 9 (g0 ,  (8.51)
=1 15 @ ¢ (9d )"
SO
) 3 , 4 3 , ,
Tr @ =20 (pd D) ¢d® =20 (9d D, pd); (8.52)
i=1 i=1
and similarly
3 . .
Tr . @* = 20 2<¢d<1>,¢d<1>>2. (8.53)

i=1
The Higgs potential is then

V=20Y" (—26ApdD,¢dD) + 1£(0)(pd D), ¢d)?).  (8.54)

e

i=1

Assume that the vectors d(!), 42) and d©® are linearly independent. There
exists then a basis transformation T € GL(5,C) with

Td) = e;. (8.55)
We write
PT ' =¢' = (¢1 -+ ¢%), (8.56)
which implies
pd V) = pT le; = ¢le; = ¢}, (8.57)
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so the potential can be written as

3

V=20)" (—26A%¢,¢}) + 1£(0)(¢], 9])%). (8.58)

i=1

We had 5 scalar fields ¢y, . . ., ¢5 in the 5 of SU(5), but we just have shown with
a basis transformation that only 3 of them, ¢/, ¢}, ¢3, appear in the potential;
the other two are unphysical.

Using Prop. we can conclude that this symmetry breaking mechanism
leads to a SU(5 — m) theory, for m € {0,1,2,3}, depending on the linear
dependence of the vacuum expectation values of the three fields.

We assumed that the d() are linearly independent. Relaxing this assump-
tions and using a similar reasoning as above, one can conclude that the broken
theory is SU(5 — m)-invariant, where m < dimspan{d!),d®),d®)}. A special
case is dV),d2) 4G) = ¢ (that is Dr = 0): then m = 0, so no symmetry
breaking occurs.

8.4 Literature

In [16], it is argued that it is impossible to construct a spectral triple that
gives the representations (75). The argument they use, is that the 10 is not an
algebra representation of M5(C). Recall that the fermion representation is not
the representation of the algebra in the spectral triple, but it is given by eq.
(5.36). This difference of interpretation can be explained: [16] is based on the
Connes-Lott model, an older NCG-approach to the Standard Model.

In §F2} it was mentioned that in [12] a diagrammatical method is devel-
oped to classify finite-dimensional spectral triples. In that paper, the SU(5)
model is mentioned as an example (§5.3). A similar spectral triple is chosen,
but for o7, M5(C) @ C is taken. This gives (modulo finite abelian groups) the
gauge group U(5) x U(1). [12] suggests to apply the unimodularity condi-
tion to the two components of the algebra separately, to get the SU(5). With
o =M;5(C) & R, this is not necessary.

In §5.4 of the same paper it is claimed here that it is not possible to have
Higgs fields in the adjoint epresentation (in our NCG-framework). From this,
the same conclusion is drawn about the symmetry breaking mechanism as we
did: this model does allow for the correct one.
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Appendix A

Some Results from
Representation Theory

In this appendix, we give some results of group representation theory, mainly
the representation theory of SU(N). This is not meant as a full treatment of
this theory; only results which are relevant for this thesis are given.

A.x SU(N)
Definition A.1 (Trivial representation). The trivial representation is
Triv : SU(N) — GL(C) =C*, Triv(u) = 1. (A.1)
Definition A.2 (Standard representation). The irrep
St: SU(N) — GL(CN) = GL(N,C), St(u) =u (A.2)

is called the defining, standard or fundamental representation of SU(N). This is
just the inclusion map of SU(N) in GL(N, C).

Definition A.3 ((Anti)symmetric product). Let ¥ be an n-dimensional vector
space.

i. We define the antisymmetric product as
1 /\02:%(016@02—02@01) (A.3)
(for v1,vy € ¥) and the (’;)-dimensional vector spaces /\k”I/ as
NV =span{vy A Avg | vq,...,00 € V). (A.4)

Equipped with the multiplication A, A? = @,Igfzo A is a 2"-dimensional
algebra, called the exterior algebra of V.

ii. In the same way, we define the symmetric product as

01 sy = 3(01 ®Vy+ 0, ® V1) (A.5)
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and the (""F!)-dimensional vector spaces Sym® ¥ as

Symt ¥ = span{v; ®g - - - @gvg | v1,..., 0 € ¥}

(A.6)

Definition A.4 ((Anti)symmetric representations). Let p : SU(N) — GL(¥)

be a representation.

i. We define the antisymmetric representation of rank k € N<y as

Afo : SU(N) — GL(A*Y)
(N0) () (w1 A= Aog) = wvy A -+ Aoy,

ii. and the symmetric representation of rank k € IN as
Sym p : SU(N) — GL(Sym* ¥)
(Sym" p) (1) (01 @5 - - - ®5 0) = Uy ®s - - - Vg UV
Proposition A.5. Let p : SU(N) — GL(¥) be an irrep. Then:

i. AXp and Sym®* p are irreps too (for any k),

(A7)

(A.8)

ii. and the rank-2 tensor product of p has the following decomposition in irreps:

p©p ~ Sym?®p & \’p.

(A.9)

Definition A.6 (Conjugate & dual representation). For a representation p :

SU(N) — GL(¥), one defines:

i. the conjugate representation p as:
p:SU(N) = GL(7), p(u)o = p(u)o,
ii. and the dual representation p* as:
p* :SU(N) — GL(7™), p"(u)v* =v"p(u)".
Lemma A.7. These representations are equivalent
p~p,

intertwined by matrix transposition; i.e.: for any u € SU(N), the diagram

commuites.
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(A.10)

(A.11)

(A.12)

(A.13)



Proof. It commutes, because

(Pw)o) " = (o) =0 p(w) =0 p(w) =p*(wp'. O (Axg)

Definition A.8 (Adjoint representation). The adjoint representation of SU(N) is
defined as the (N? — 1)-dimensional representation

Ad : SU(N) — GL(MN(C)1—o), Ad(u)m = umu®*. (A.15)
It is well-defined, because
Tr (Ad(u)m) = Trumu* = Trm = 0. (A.16)
Proposition A.9. i. The adjoint representation is irreducible.

ii. The tensor product of the standard representation and its conjugate has the
following decomposition in irreps:

St ® St ~ Ad @ Triv. (A.17)
Let us have a closer look at the representations A* St. Note that
NN ~ AN—kcN (A.18)
as vector spaces, because

dim AN7FCN = <NI\_] k) = (IZ ) = dim AFCN. (A.19)

The corresponding isomorphism is:
Definition A.10 (Hodge dual). For every k € IN<y we define the linear map:

2 NFCN s AN—kCN

1
ke N Ny = (N—K)! Yo iy Gy N e

(A.20)
ik+1/-”/ZN

where e;, . .., ex denotes the standard basis of CN and €i,...iy 18 the Levi-Civita
symbol. This map is called the Hodge dual or Hodge *-operator.

We can show that this notion of duality extends to SU(N) representations:

Proposition A.11. For any k € IN<(:
NSt ~ AN“Kst, (A.21)
intertwined by the Hodge-*. In other words, for any u € SU(N), the diagram

(NSt (n)

/\k CN /\k CN

* % (A.22)

(AN=Fst)(u)

/\N—k CN /\N—k CN

commuites.
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Proof. It commutes if for any 7y,...,i € IN

«(AYSE) (u) (e A -+ Aey) = (ANTFSt) (1) (ke A- - Aeyy).

(A.23)
Let us write this out. For the left-hand side we get
(NSt (u) (e, A -+ Aey,)
= *(ﬁeil AR -ﬁeik)
X i T ke A Ay (A.24)
Jirei]k
! _
T (N—k)!, Z EjrojnWiniy " Wiy g N Ny
J1r+/JN
and for the right-hand side
N—k
(NTT5St) () (xeiy A Neyy)
1 N—k
= m . Z ' eiy iy (A St) (”)(eikH A Nepy)
lk+1r~~'r1N
1 (A.25)
= (N—Kk)! . Z iy Ui A Nueiy
Tket1s0-4IN
1
- — ) )y Eir.nin Wik aikia ** Winin Cjea N N iy
(N —k)!. N .
k1IN sJk4-1s+1]N
Both sides are equal if
X iy Wi = ) €y Wi iy (A.26)
J1seeilk He417-+IN
We will prove this by induction:
* Let k = 0. Then the left hand side of eq. (A.26) reduces to ¢j,. ;.. Using
the definition of the determinant and detu = 1, the left-hand side is
‘ Z €iy iy Wjyiy ** Ujniy = €jy.jy deti =g (A.27)
11,-4IN
So eq. (A26) is true for k = 0.
* Suppose (A.26) holds for some k. Then:
' Z EjyjnMjniy Wiy
J1r-rJk+1
= Z ' €i.woii ik 2 iy Wik i s Wiegaiin " Ujnin (A.28)
]k+1/lllk+2r"'rlN

- Z ' iinWjiairn " Winine
lk+2/~~~/lN

In the first step we used the induction hypothesis (A.26), where we re-
named the dummy index i, to [, to avoid a clash of notation, since
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the ‘open’ indices of eq. (A.28) are 7, ...,k 1, jks2, - - -, jN- In the second
step we used the unitarity of u:

Zﬁjk+1ik+1ujk+ll = (”*”)ikﬂl = 5ik+ll‘ (A.29)
jk+1
So (A.26) also holds for k + 1. O

A SU(5), SUB) and SU(2)

In physics, it is customary to denote an irrep —actually: an equivalence class
of irreps— by its dimension in boldface, for a given N. For example, for
every N, the trivial representation is denoted by [Triv] = 14 and the standard
representation by [St] = N. To distinguish an irrep from its conjugate, we use
a bar, e.g. [St] = N.

We will apply the results of this appendix to three cases, which are relevant
in this thesis: N = 5, 3 and 2.

For SU(5): The standard representation is the [St] = 5. Plugging this into
Proposition [A.5ji gives:
55 =Sym?5® A\?5 = 15@ 10, (A.30)

where we denoted
Sym2 5=15 and A?5=10. (A.31)

Recall from Def.[A 3| that the dimensions of these irreps are indeed dim Sym? C% =
($) =15 and dim A2C° = (3) = 10.
Proposition [A.gji reads:

55=2401, (A.32)

where we denoted
[Ad] = 24, (A.33)

since dim M5(C)p—¢ = 24.

For SU(3): The standard representation is the [St] = 3. From Proposition
[A11lit follows that

3=NA%. (A.34)
Plugging the 3 into Proposition [A.5]i gives:

33=A3@Sym*3 =306, (A.35)
where we used eq. (A.34) and denoted
Sym?3 = 6, (A.36)

since diim Sym? C® = (3) = 6.

*The brackets [- - -] denote such an equivalence class.
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Proposition [A.gji reads in this case:
303=801, (A.37)

where we denoted
[Ad] =8, (A.38)

since dim M3(C)—¢ = 8.

For SU(2): The standard representation is the [St] = 2. From Proposition
[A11lit follows that it is real:

2=AN2=Al2=2. (A.39)
Plugging the 2 into Proposition [A.5ji gives
2®2=Sym?2® A\?2 =Sym?*2a 1, (A.40)
where we used Proposition [A.11l again:
A2=A2=1. (A.41)

Proposition [A.gji reads:
2®2=[Ad®1. (A.42)

Using the reality of the 2 (eq. (A.39)) we see that
Sym?2@1=2®2=2®2=[Ad®1, (A.43)
SO we can write:
Sym?2 = [Ad] = 3. (A.44)

It is indeed 3-dimensional: dim Sym?C? = (g) = 3 and dimM,(C)—o =
22 -1=3.
To conclude:
202=2R2=301 (A.45)

Az UQ)

The representations of U(1) are
02 U(1) = GL(C) =€, py(0) =11, (A46)

where g € Z. Because U(1) is commutative, these p; are indeed representa-
tions.

Note that pg is the trivial representation, p; the standard representation
and p_, is p4’s conjugate.

In physics, g is interpreted as a charge (up to some factors), for example
electric charge or hypercharge.

70



A.3 Semisimple Groups

Definition A.12. Let Gy,..., Gy be simple groups and let (for every i) p; :
G; — GL(¥]) be a representation of G;. Then we define the representation
(p1,---,px) of G1 X - -+ X Gy as

(p1,--- k) G X+ x G —=>GL(N® - @Y%),

A.
01, Pk) (&1, 8K) (1 @ - - 1) = p1(81)11 ® - - - @ Pk (k) V- (A47)

All irreps of Gy X - -+ x Gy are of this form, for irreducible p;.
Do not confuse this definition with the tensor product of representations
of one group.

71



Appendix B

The Representation Theory of
the Standard Model

B.1 The Unbroken Standard Model

The particles in the Standard Model are described as irreps of the group
SU(3) x SU(2) x U(1), the gauge group of the Standard Model. According
to §[A.3} we can label these irreps as follows: (n3, ny, %Y) n3 and np are irreps
of SU(3) and SU(2) respectively, where we use the notation of §[A.1.1l The

number }Y is a multiple of % and defines the U(1)-representation by the iden-
tification 1q = 1Y, where g is as in §[A2l The factors 1 and ! are included
because they are customary in physics. Y is called the weak hypercharge.

The first-generation of (spin—%) fermions of the Standard Model corre-

spond to the following irreps:

@oean  (@)ead

v, v,

(@):02n (G
UR (3,1,%), ﬁLi(g,l,—%),
dr:(3,1,-1), dp: (3,11),
eg : (1,1,-1), e/ :(1,1,1).

Charge conjugation corresponds to taking the conjugate representation. One
can include the right-handed neutrino and its antiparticle, which do not inter-
act with any gauge boson:

VeR : (1, 1, 0), Vel © (1, 1,0). (B.2)

The (spin-1) gauge bosons correspond to the adjoint representations of the
three simple components of the gauge group:

g:(8,1,0), W:(1,3,0), B:(1,1,0). (B.3)
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B.1.1 The ‘“True” Gauge Group

We said that SU(3) x SU(2) x U(1) is the gauge group of the Standard Model.
This can be nuanced a bit. As we will see, a finite abelian subgroup acts
trivially under the representations (B.1). In other words, the kernel of the
representation is non-trivial. The ‘true’ gauge group is then the quotient of
SU(3) x SU(2) x U(1) with this kernel.

The representation (B.1) can be written as follows in its full glory:

p=("®p)%, (B.4)

where p’ is the representation of one generation of fermions (without the anti-
fermions):

p':SU(3) xSU(2) x U(1) » GL(C®*eC* @ C* @ CC & C* @ C),
€U3 X Uy

7 %up
pl (”3/ uz, g) = §4M3 . (BS)

Its kernel is indeed nontrivial:

kerp = kerp' = {({*15,°15,) | { € pe} ~ po (B.6)
So we can say that
(SU(3) x SU(2) x U(1)) /e (B.7)

is the ‘true’ gauge group of the Standard Model. Note that the gauge boson
representations also act trivially under the yg-subgroup.

B.2 The Broken Standard Model

Besides the mentioned fermions and gauge bosons, the Standard Model con-
tains the (spin-0) Higgs boson, which transforms as

H:(1,21). (B.8)

In order for the electro-weak symmetry breaking or Higgs mechanism to work,
the Higgs potential (the famous Mexican hat) is such that its vacuum states
(its minima) are not symmetric under the full Standard Model gauge group.

Traditionally, the vacuum state is taken to be a certain multiple of ((1)) This is
invariant (in the representation (B.8)) under the subgroup

{(us,u2,0) € SU(3) x SU(2) x U(1) | ZPuz(9) = ()}

- )9

*un denotes the finite abelian group
uv ={geu@) [N =1} = {7V | nezy},

which is isomorphic to the additive group Zy.
2or Englert—Brout-Higgs—Guralnik—-Hagen—Kibble mechanism

(B.9)

13 € SU(3), { € U(l)} ~ SU(3) x U(1).
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We write the representations of SU(3) x U(1) in the form (n3, Q), where Q
is interpreted as the electric charge. The relation between Q and the g of §[A.2]
isQ = %q.

Let us see how a SU(3) x SU(2) x U(1)-representation (13,1, 3Y) behaves
under this symmetry breaking.

e For np = 1: Since the SU(2)-action is trivial, the symmetry breaking does
not really anything. We write this as

(n3, 1,%Y) ~ (n3,%Y). (B.10)
* For ny = 2: Explicitly, this representation is

p(us, 2, §) = Y p3(u3) ® up (B.11)

(where we write [p3] = n3). Restricting p to the group (B.g) gives

Y <u3, (§3 €3) /§> = p3(u3) ® (€3+3Y §—3+3y) . (B.12)

We denote this symmetry breaking as
2 ly 14 1y 141y B
(13,2,5Y) ~ (3,5 + 3Y) & (n3, —5 + 3Y). (B.13)
® For np = 3: We can write this representation explicitly as

p(uz, uz,¢) = 0¥ pa(uz) © Ad(up). (B.14)

Restricting this to (B.g) gives:

p(ug, (53 g3>,§)—§3yp3(u3)®Ad(€3 §3). (B.15)

The operator Ad (CS 3
sional: the spans of (8(1)), (1 ,1) and (?8):

w7 ) @0) = 5):
Ad (? €3> (1 —1> - (1 _1), (B.16)
wa(® ) (0= ()

This means that we can write our restricted representation as

) has 3 invariant subspaces, which are 1-dimen-

(13,3,3Y) ~ (13,14 1Y) & (n3, 1Y) & (n3, -1 + 3Y). (B.17)
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In fact, we have now derived the Gell-Mann—Nishijima formula for these
cases:

Q=D5L+1Y, (B.18)
where I3 is the (third component of) weak isospin. I3 = 0 for SU(2)-singlets,
Iy € {1, —1} for doublets and I3 € {1,0, —1} for triplets.

Applying this to our fermion representations gives:

u: (3,3), Ur: (3,-3),

di: (3,-3), dr: (3,3),

veL : (1,0), Ver : (1,0),

e :(1,-1), ef{ :(1,1), (B.10)
uR: (3,3), uL: (3,-3),

dr: (3,-3), du: (3,3),

ver : (1,0), oL ¢ (1,0),

eg : (1,-1), e :(L1),

where we recognize indeed the electric charges. Note that there is chiral (i.e.
left-right) symmetry. For the gauge bosons we get:

Wt :(1,1),
g:(8,0), Z:(1,0), v :(1,0). (B.20)
W™ :(1,-1),

A very important feature of this Higgs mechanism is that it generates the
masses of the massive particles, in particular for the W en Z bosons.
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