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1 Introduction

Noncommutative geometry is a generalization of geometry that is characterized by its
algebraic, or spectral description of geometry. A few weeks ago I attended a talk given
by Ali Chamseddine, one of the pioneers in using noncommutative geometry to explain
the standard model of particle physics. He started his talk by saying that ’algebraic geo-
metry’ would be a more appropriate name for the field, but that this name was already
taken. He concluded this is probably the reason we use the name 'noncommutative
geometry’ instead.

The spectral description of geometry is given by spectral triples (A, H, D), consisting
of a Hilbert space H, a dense subalgebra A4 of a C*-algebra A, which is represented
faithfully on H, and an (essentially) self-adjoint operator D, acting on H (Definition

).

To every compact Riemannian spin®-manifold M, there corresponds a canonical spectral
triple

Here Dj; denotes the Dirac operator associated to the manifold M. It acts on the
square integrable sections of the spinor bundle S. The algebra C°°(M) acts on L2(S) as
multiplication operators. It was Alain Connes who showed that from the spectral data
we can recover the smooth structure, and in particular the topology of M ([18]).

We might also encounter spectral triples (A4, H, D), where the algebra A is not commut-
ative. This is why we need to take the word geometry with a grain of salt. Not every
spectral triple arises from a geometric object. Instead we pretend the object (A, H, D)
corresponds to some 'noncommutative’ space. Therefore, spectral triples are really a
generalization of geometry.

In Section [3]we focus on the metrical aspect of the reconstruction of M from the spectral
data (C°°(M), L?(S), Dyr). Let us briefly describe how this works. First of all, recall
that to every Riemannian manifold (M, g) there is associated a distance function on
M, making M into a metric space. We will denote this distance function by dg4. If the
manifold is in addition compact spin®, then this distance function can be recovered from
the spectral data by means of Connes’ distance formula

dy(p, g) = fegiIzM)ﬂf(p) = F(@l: [P, fIII < 1} (1.2)

The expression (|1.2)) can be rewritten as

dg(p,9) = fegiI?M){IJp(f) = 6q(H) = [[Dar, fII < 1}, (1.3)

where d,, denotes the pure state corresponding to evaluation in the point p € M. This
motivates us to define a distance on the state space S(C*°(M)) given by the formula

d(d,¢) = sup  {|o(f) = (N : [I[Dar, £ <13, ¢, ¢ € S(C=(M)).  (1.4)

feC>(M)
The great feature of formula ([1.4)) is that it makes sense for any spectral triple (A, H, D):

(¢, ¥) = 21613{\917(@) —¢(a)l - [I[D;d]|| <1}, ¢, P € S(A). (1.5)



We are interested in truncations of the spectral triple (1.1), where only part of the
spectrum of Dy is available. This can be formulated more precisely by choosing an
increasing sequence {Qx}n C B(L?(S)) of spectral projections of Dy and considering
the triple

(QNC>®(M)Qn, OnL*(S), QN Du QN). (1.6)

The triple described in is not a spectral triple anymore, as QnC>(M)Qy is gener-
ally no algebra, but an operator system spectral triple instead (Definition . For this
generalization of spectral triples the distance formula is still well-defined. Hence-
forth it defines a distance on the state space S(QnC>(M)Qy).

The question we ask ourselves is:
@: Can we approximate M, as a metric space, using the triple (L.6))?

In order to give an appropriate answer we develop the notion of Gromov-Hausdorff dis-
tance between operator system spectral triples in Section [dl This is a variation of the
notion of quantum Gromov-Hausdorff distance as defined by Rieffel in [7].

In Sectionwe answer the question @ affirmatively for M = T¢ and a suitable sequence
of spectral projections {Qn }n. More precisely, we show that the operator system spec-
tral triple converges in Gromov—Hausdorff distance to the canonical spectral triple
corresponding to T¢. The proof strongly relies a great deal on the ideas of work in pro-
gress by Walter van Suijlekom and Alain Connes ([22]). We extend their results from
the circle to the d-dimensional torus using a specific sequence of spectral projections.

Our work strongly compares to the results obtained by F. Latrémoliére in [20]. He uses
the setting of Rieffel ([7]) to show convergence of the fuzzy torus to the the quantum
torus in quantum Gromov-Hausdorff distance. The work of Rieffel is further developed
for operator systems by D. Kerr in [19].



2 Operator theory

Operator, number, please
It’s been so many years

Tom Waits, Martha

In this section we will recall some theory about C*-algebras, and exhibit some basic
examples. Also we will give the definition of a (concrete) operator system. This section
will mainly serve as a résumé. For more details and proofs about C'*-algebras we refer
to [14, Chapter 1,2,3 and 5].

2.1 (*-algebras and operator systems

Definition 2.1. A unital algebra A together with a norm | - || : A — R is called a
normed algebra if

lab]l < llalfjbl] for all a,b € 4,
JLall = 1.

Whenever (A4, || - ||) is a normed algebra such that A is complete with respect to the
norm || - ||, we say A is a Banach algebra.

One could also allow for non-unital normed algebras, but for the purpose of the text it
suffices to consider unital normed algebras exclusively.

Let us give some basic examples.

Example 2.2. Let X be a compact Hausdorff topological space. Then define
C(X)={f: X —» C| f continuous}.

The algebra structure on C(X) is given by pointwise addition and multiplication. We
define a norm on C'(X) by

[flloe = sup{|f(z)[}-
reX

Then || - ||oo makes C(X) into a Banach algebra.

The key example of a noncommutative normed algebra is given by the set of all bounded
linear operators on some normed vector space.

Example 2.3. Let (V] -||) be a normed vector space (complex or real). We define the
norm of a linear operator T': V' — T by

1Tl = sup{[[ Tl : lo]] < 13- (2.1)

We say that T is a bounded operator if ||T|| < co and we denote the set of all bounded
operators by B(V). The norm given in (2.1)) turns B(V') into a Banach algebra.

If V is a finite-dimensional complex vector space, then all linear operators T: V. — V
are bounded and B(V) is isomorphic to M,,(C), for n = dim V. This isomorphism boils
down to choosing a basis for V. Of course, if V is a finite-dimensional real vector space,
then B(V) = M, (R).



Definition 2.4. Let (A, || - ||) be a (unital) normed algebra. We say an element a € A
is invertible if there exists a b € A such that

ab="ba =14.

This b is then uniquely determined and we denote it 1.

a € A is given by the set

The spectrum of an element

o(a) ={A € C|a— Al is not invertible}.

Theorem 2.5 (Gelfand). Let (A, | - ||) be a complex Banach algebra. Then for each
a € A, the spectrum o(a) is a non-empty, compact subset of the complex numbers.

Proof. See [14, Theorem 1.2.5]. O

Example 2.6. If f € C(X), as in Example then o(f) = f(X), i.e. the closure of
the set f(X).

When V is a finite-dimensional normed vector space, the spectrum of an operator T" €
B(V) is just the set of eigenvalues of the matrix corresponding to 7.

Definition 2.7. An involution * on an algebra A is an antilinear operator *: A — A,
such that

2. (ab)* = b*a*

for all a,b € A. We say the pair (A,x*) is a *-algebra. We say an element a € A is
self-adjoint if a* = a and we denote the set of all self-adjoint elements in A by Ag,. If
E C A is a subspace of A, we say F is x-closed if a* € E, whenever a € E.

A x-homomorphism ¢ of x-algebras (A,*) and (B, x) is a homomorphism of algebras
¢: A — B, such that ¢(a*) = ¢(a)* for all a € A.

Definition 2.8. A C*-algebra is a complex Banach algebra (A4, || - ||), which is also a
x-algebra and satisfies the C*-identity: ||a*a|| = ||a||? for every a € A.

If (A, *) admits a norm || - ||, which makes it into a C*-algebra, this norm is the unique
norm doing so. Also, any *-homomorphism ¢: A — B between C*-algebras A and B
is necessarily norm-decreasing and ¢(A) is a C*-subalgebra of B. It follows that if ¢ is
injective, then ||¢(a)|| = |al.

Example 2.9. If X is a compact Hausdorff space, then C(X) as in Example is in
fact a C*-algebra. The involution is given by complex conjugation: f*(z) = f(z).

It turns out that every (unital) commutative C*-algebra A is isomorphic to C'(X) for
some compact Hausdorff space X. This is known as Gelfand duality, and it allows us to
think of C*-algebras as noncommutative topological spaces ([14, Theorem 2.1.10]).

Example 2.10. If H is a Hilbert space, then each bounded operator T: H — H has an
adjoint T : H — H. This map is uniquely defined by the property

(T, &) = (u, T*E),

for every pu,& € H. With this involution, and the norm from Example the Banach
algebra B(H) becomes a C*-algebra.



Definition 2.11. A representation of a %-algebra A is a pair (w,#H), where H is a
Hilbert space and
m: A— B(H)

is a *-homomorphism. We say that 7 is faithful, if 7 is injective.

If 7: A — B(H) is a faithful representation, then it defines a norm on A, given by

llall := [lw(a)ll
This norm makes A into a C*-algebra.

Theorem 2.12 (Gelfand-Naimark). If A is a C*-algebra then there exists a Hilbert
space H and a faithful representation m: A — B(H).

Proof. See [14, Theorem 3.4.1]. O

Definition 2.13. An element a € A is called positive if one of the following equivalent
conditions is satisfied

1. a is self-adjoint and o(a) C [0, 00).
2. There exists a b € A, such that a = b*b.

We denote the set of positive elements by A*. It is a closed set in the topology induced
by |- 1I.

For operators on a Hilbert space, there is a particularly nice characterisation of positivity.
Namely, if H is a Hilbert space, then an element T' € B(H) is positive if and only if

(TE,€) >0, for every € € H. (2.2)

We say that a map
¢: A— B

between C*-algebras A and B is positive if it maps positive elements to positive elements:
¢(AT) C BT.

Definition 2.14. Let A be a unital C*-algebra. A state on A is a positive linear
functional p: A — C of norm one. We denote S(A) the set of all states on A. The set
S(A) is called the state space of A.

The state space S(A) is a compact subset of the dual space of A, when equipped with
the weak-* topology. If u € S(A), then the positivity of x4 implies that p(A1) C [0, 00).

Proposition 2.15. Let A be a C*-algebra and let 4 : A — C be a bounded linear
functional. Then the following are equivalent.

e i is a positive map.
o p(1) = [|pll.
Proof. See [14, Theorem 3.3.2]. O

The state space S(A) is thus given by the linear functionals 1 : A — C such that ||u|| =
(1) = 1. In the rest of this text we will mostly use this alternative characterization.



Definition 2.16. Given a unital C*-algebra A, an operator system E C A is a x-closed
subspace, containing the identity element.

Our definition is that of a concrete operator system. That is, we define an operator
system as a subspace of a given C*-algebra. In particular F inherits the norm from A
and elements e € E are positive whenever they are positive in A.

The characterization provided by Proposition [2.15] allows us to extend the definition of
a state to operator systems.

Definition 2.17. Let £ C A be an operator system. A state on E is a linear functional
u: E — C such that

[ull = p(1) = 1.
We denote S(E) the set of all the states in E. This set is again called the state space of
E.

2.2 Matrix C*-algebras

Given a C*-algebra A we can form the matrix C*-algebra M, (A) = A ® M,(C). It
consists of matrices of which the entries are elements of A. Multiplication is induced
by matrix multiplication combined with multiplication in A. The involution is given
by (a;;)* = (a};). Finding a norm on this algebra, which turns it into a C*-algebra, is
not straightforward. That we are able to find such a norm is a very elegant corollary of
Theorem [2.12] Indeed if we represent A faithfully on some Hilbert space H:

m: A— B(H),

then M, (A) is represented faithfully on @?:1 ‘H in the following way

T My (A) = M, (B(H)) = B(@H)

(aij) = (m(aij)).

This induces the (unique) C*-norm on M, (A) given by ||A| = ||m,(A)] (one needs to
check M,,(A) is complete in this norm, for details we refer to [14, Page 95]).

Lemma 2.18. Let H be a Hilbert space and let T' € B(H). Then T ® 1,, € B(H) ®
M, (C) =2 B(H ® C™) has norm

1T @ 1nll =T
Proof. Suppose that (£1,...,&,) € H® C", then
(T @ 1n)(&rs - &)1 = (T, TE) P
= |T&lP + - + |76
< NITIPwia]|* + - 1€al?)
= 1712 (s - &)1

For the converse inequality, choose a unit vector £ € H such that ||T¢|| > ||A|| —e. Then
E=1(¢¢,...,¢) € H®C is a unit vector and

(T @ 1,)8] = %\/ﬁllell > |7 - e.



Given a map ¢ : A — B, between C*-algebras A and B, we construct the induced map

¢n: My(A) — M, (B)
(aij) = (¢(aij))-
In the identification M, (A) = A ® M, (C), ¢, corresponds to ¢ @ 1,,.

(2.3)

We should remark something about the notation ¢ ® 1,, and T' ® 1,, above, for they
are maps of different types of spaces. The map ¢ ® 1,, is a map between C*-algebras,
whereas the map T ® 1,, is a map of Hilbert spaces. Although it easy to compute the
norm of T'® 1, like in Lemma [2.18] it requires rather some theory to compute the norm
of p ® 1, ([0, Chapter 2 and 3)).



3 Connes’ distance formula

Distance came in our lives

It always happens

When you’re trying to get next to someone
When you want to reach her heart

David Crosby, Distances

3.1 Riemannian manifolds as metric spaces

Every Riemannian structure g on a manifold M gives rise to a distance function d, on
M, which turns it into a metric space. This distance function is directly related to the
metric g on M. The reason to call d, a distance function, instead of a metric, is to
distinguish it from the Riemannian metric g. The distance between two points p,q € M
is given by the length of the shortest curve between the points p and q. We make this
more precise in the definitions below.

Definition 3.1. Given a Riemannian manifold (M,g) and a piecewise smooth curve
v: [0,1] = M, define the length of v by

1
I(y) = / v (0, 4(0))dt.

Definition 3.2. Let (M, g) be a Riemannian manifold. For points p,q € M define the
distance function on (M, g) by

dg(p,q) = inf{l(v) | v is a piecewise smooth curve from p to ¢}.

A consequence of this definition is that the distance between two points p, ¢ € M might
be infinite if M is not connected. A way to resolve this is to only consider connected
Riemannian manifolds (M, g). However we find this too restrictive and we choose instead
to allow for infinite distances between points. Hence d, becomes a generalized distance
function which is in line with the sort of distance functions we will consider in Section

@

Proposition 3.3. The distance function defined on (M, g) is a metric on M giving back
the topology of M.

Proof. See [1l, Definition-Proposition 2.91]. O

Definition 3.4. Given a Riemannian manifold (M, g) the musical isomorphism between
TM and T*M is given by the relations

X"(Y)=g(X,Y), for X,Y € I®(TM),

(3.1)
w(Y) =gWhY), forY e T®(TM),we T>®(T*M).

For a smooth function f we define the vector field grad f = (df )®.

That the musical isomorphism is indeed an isomorphism of vector bundles, we can see
by noting that # and ° are each others inverses and that they are smooth, because g
is a smooth metric. The musical isomorphism will be useful for us to switch between
the bundles TM and T*M. Whether we choose the bundle TM or T*M to perform a
certain construction is then only a matter of convention. For example, in Section [3.4]
we follow the approach of [4] and use the cotangent bundle to construct the so-called
Clifford bundle CI(M) — M. On the contrary, in [9] this construction is done using the
tangent bundle.



3.2 Smoothening Lipschitz functions on T¢

In this section, we attempt to approximate Lipschitz functions on the d-dimensional
torus T? using smooth functions. The motivation to find such approximations, is to
be able to approximate the function z — dg4(po, ), for some fixed pg € M. This is a
Lipschitz function with Lipschitz constant 1 (see Definition below). The supremum
in is attained with this function, apart from the fact that z — dg4(po, z) may not
be smooth. It is necessary therefore, to perform some approximation argument.

The approximation procedure can be extended to arbitrary compact Riemannian mani-
folds (M, g), as we will explain at the end of the section. However, as we will be mainly
concerned with the torus in Section [5, we will only give a sketch of the (more involved)
general case.

Definition 3.5. On any metric space (X, d), we say a function f: X — C is Lipschitz

whenever £(@) - )]
z) = fly
ip = SUp ————— < Q0
Hf”L P m,yer d(iL’, y)
TAY

It turns out, that on a Riemannian manifold (M, g) the real valued Lipschitz functions
are precisely those with bounded gradient.

Proposition 3.6. Let (M, g) be a Riemannian manifold and let f € C°° (M), then
lerad flloo = ||l ip-

Proof. If p and g are points in M, then for any piecewise smooth path v from p to ¢ we
have

fl@) = f(p) = f(»(1)) = f(+(0))

= | Groa

=A<wwmm

1
:/0 Gty (grad, ) f, (1)) dt.

So
1
Iﬂm—meSAlmm@w%@fn@mﬁ

1
s/“mmame@Mﬂ
0
< |lgrad fllool()-

Taking the infimum over all such paths yields |f(p) — f(q)| < || grad f|locdy(p, q), sO

|f(p) — f(q)]
dg(p,q)

for all p,q € M, which implies || f|lLip < || grad f||ec-

< [l grad fllso

For the converse inequality, let t — ¢'(z) denote the flow of grad f at time ¢, starting
at the point . Let x9 € M such that |grad, f| = |/ grad f|«. This point exists as



x — | grad, f|is a continuous function and M is compact. Choose ¢ > 0 and let U be
an open neighbourhood of z such that x € U = |grad, f| > |/ grad f|lc — €. Find
a > 0 such that ¢f(xg) € U for all 0 < t < a. Now set ¢ = ¢*(zg) and define the
smooth curve v form g to q by v(t) = ¢**(zg). Then

1
fla) = o) = [ L1 @i

1
a/ df (grad e ;) f)dt
0
1
= a/ g(bm(xo)(gradd)m(xo) f, grad(bat(zo) f)dt
0

1
_ a/ | grad e o f2dt > o] grad fllo — )
0

Also
1
1) = [ Voo (G030
1
= / \/g¢at(x0)(04 grad(bat(xo) f, (0% gradqﬁat(zo) f)dt
0
1
= a/ | grad o () fldt
0
< of grad f||o.
So
fa) = f(=zo) _ ellgrad f]loc — €)?
dg(g;x0) ol grad flle
I vad | <
= | grad f|lco — 26 + —————
[l grad £l
> |l grad floo — 2e.
As € was arbitrary, we conclude that
sup |f(p) — f(Q)| > sup |f(Q) — f(IO)l > || gradf||oo~
rrq  dg(P,q) g#ao  dg(q, 7o)
This shows || f||ip > || grad f]|, s0 we have proven the proposition. O

Proposition allows us to switch between a metric, or topological characterisation of
the ’steepness’ of a function, and an analytical one.

10



The key to approximating continuous functions, and Lipschitz functions in particular,
is to introduce suitable mollifier functions. We realize T¢ as T¢ = R¢/27Z¢. Let us
define the family of functions k. that will play the role of a Dirac net in the convolution
algebra L(T9).

Definition 3.7. Let x: T¢ — R be the function defined by

1 .
0if ||z|| > 1.
Here we have chosen the constant C' such that f.ﬂ,d x = 1. The function k is smooth.

Next we define
@) = (2
Ke = - )
ed "\ ¢

for 0 < € < 1. The scaled function k. is smooth, spherically symmetric, positive,
supported in an e-ball around the origin and

/ Kedx = 1.
']I‘d

Figure 1: The smooth function « for d = 1 (left) and d = 2 (right).

Proposition 3.8. Let f: T — C be a Lipschitz function, with Lipschitz constant K.
Then for every ¢ > 0 there exists a function f., such that f, is smooth, ||fe — f|lco < €
and || fellLip < K.

Proof. Let € > 0 be given. We consider the family of functions
Fa) = [ @, (32)

where 0 < r < 1. The function f; is smooth for every r. This follows from a differen-
tiation in the integral argument, see [5, Appendix C]. We claim that f. = f satisfies

11



| fe = flloo < € and | fel[zip < K. Indeed choosing r = & yields

#@) = F@l = | [ mt)f@ =iy = 1(z)
=| [ ) rta =) = @)
< [ we)lste =) = r@lay
S/ ror(Y) K d(x =y, x)dy

o
g/ ror(y) K d(—y, 0)dy
= [ s Klylay

S/ kr(y)edy = e,
’]I‘d

which shows that ||f. — fllcc < €. Also we have || fe| rip < K since

(ulon) = el = | [ o =) = a2 = )
<1 [, molrter =) = a2 =y
< /Td ke Kd(z1 —y, w2 — y)dy
_ /T ko K d(z1, 22)dE = Kd(zy, ).

O

As announced, there is a more general statement of Proposition We now need to
perform the convolution process using normal coordinates on M.

Proposition 3.9. Suppose that (M, g) is a compact, Riemannian manifold, and that
f: M — C is a Lipschitz function with Lipschitz constant K. Then, for all € > 0, we
can find a smooth function f., such that ||f — felloo < € and | grad fe|| < K + €.

Sketch of proof. Just as in the case of the torus, we attempt to approximate our Lipschitz
function by convoluting with some kernel. The appropriate convolution formula is de-
scribed by Greene and Wu in [3]. We will give a sketch of their approach here.

Let k, be a family of smooth, positive functions, such that x, has support in [—r, 7] and

such that each k, is constant in a neighbourhood of 0. Furthermore we require that
Joern fr([[vl)dp = 1. Here n = dim M and p is Lebesgue meaure on R™.

12



We now consider functions fn given by
Fw)= [ e e)n ol
veT, M

Here df},, is the measure on T, M obtained from the Riemannian metric of M. The use
of the exponential map encodes some of the translation-invariance we made good use of
when proving Proposition [3.8|

The claim is that there exists some r > 0, such that is we set fo = f,, we have || f— fe|loo <
e and || grad f¢|| < K + €. For the proof of this claim we refer to |2 Lemma 1 and 2],
and [3, Lemma 8. O

Combining Proposition [3.6] and we see that for any Lipschitz function f : M — R
and any € > 0, we can find a smooth function g : M — R such that ||f — gl < € and

HQHLip < ||f||Lip + €.

3.3 The Clifford algebra

For a detailed treatment of Clifford algebras we refer to [9, Chapter 4] and [4, Chapter
9]. We use [9] as a main guideline in this section.

Definition 3.10. Let V be a vector space over C. A quadratic form on V is a map
Q:V — C, such that

QM) = A?Q(v), foral e C,veV
Qv+ w)+ QM —w) =2Q(v) + 2Q(w), for all v,w € V.

Definition 3.11. Let (V,Q) be a vector space over C. Then we define the Clifford
algebra of (V,Q) by

ClV,Q) =TV/{v®@v - Q(v)1)vev.
Here TV denotes the tensor algebra of V' (see appendix , and (v ®@ v — Q(V)1)yev
denotes the ideal in TV generated by the expressions v ® v — Q(v)1, where v € V.

In other words, CI(V,Q) is the algebra generated by the vector space V', where the
elements are subject to the relation

v? = Q(v)1, for every v € V. (3.3)

To every quadratic form @) on some vector space V, there is associated a pairing gg: V' x
V — C, given by

1
galv,w) = 5(Qv +w) — Q(v) ~ Qw)).
The relations (3.3 are then equivalent to the defining relations

vw + wv = 2gg (v, w) for every v,w € V. (3.4)

We can retrieve @ from this pairing by Q(v) = go(v,v).
One can easily check that if {e;}}_, is a basis for the vector space V, then
{ei1€i2...eik | 1< <ig <o < Sn}Z:O

is a basis for CI(V,Q). So if V is an n-dimensional vector space, then CI(V, Q) is 2"-
dimensional.

13



There is a Zs grading on the Clifford algebra CI(V, @), which is given by
X(’Ulvg N Uk) = (—1)kU1v2 R V) 3

So we can decompose CI(V, Q) as
cuv,Q) = (C1v,Q))" @ (CUV, Q)"
where
(CUV.Q))° = {v e CUV) | xv =vx}
(CUV.Q))" = {v e CUV) | xv = —vx},
which are called the even and the odd part of the Cl(V, Q) respectively.
Example 3.12. The vector space C™ has a standard quadratic form Q,, given by

Qn(mh T2, ... 7xn> = Z(xj)2

j=1
We denote
Cl, = Cl(C™,Qy).
If we denote {e;} the standard basis for C", then Cl,, is the complex algebra generated
by the vectors ej,1 < j < n. The defining relations now become
eie; + eje; = +0;;. (3.5)
The Clifford algebras Cl,,,n > 1, are completely classified and they are subject to so-
called Bott—periodicity:
Clpy2 = Cl,, ®c M3(C). (3.6)
Another feature is that we have the following relations
(Clypy1)? = Cl,,. (3.7)

Bott-periodicity (3.6)) implies that the algebras Cl,,o and Cl, are Morita equivalent.
For a more detailed treatment of Bott—periodicity, Morita equivalence and the relations

(3.7) we refer to [9].

We will classify the algebras Cl,,. By Bott—periodicity it is enough to compute Cl; and
Cls.

Lemma 3.13. Cl; 2 C® C and Cly = M>(C).

Proof. Cly is the complex algebra generated by the elements 1, e1, subject to the relation
e? = 1 and Cl is the algebra generated by 1, e, ea, subject to the relations e? = e2 = 1.
One can check that the following are maps on these generating vectors inducing algebra

isomorphisms:

Ch—-CasC Cly — MQ(C)
1 0

1—(1,1) 1 <O 1)
0 1

e1 —r (1,—1) el —r <1 O)

'_>O—i
€9 i 0/
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Combining Lemma, and Cl,, 2 = Cl,, ®c M3(C), we see that

Cln &= MQWL (C) @ M27n (C), n = 2m + ].. ’
Using (3.7) and (3.8) we see that
(Clamy1)" = Mym (C). (3.9)

3.4 Connes’ distance formula

After having done the preliminary work on approximating Lipschitz functions on Rieman-
nian manifolds, we are now ready to prove Connes’ distance formula. An excellent ref-
erence for the material covered in this section is provided by [4, Chapter 9].

Throughout this section (M, g) will always denote a compact Riemannian manifold.

Using the musical isomorphism (3.1)) we can equip 7*M with the metric g—!, that is
defined by

g (wr,ws) = g(wh, wh). (3.10)

We want to construct the Clifford bundle over a manifold M form the cotangent bundle
T*M. As we will always work with complex Clifford algebras and the bundle T*M is
real, we must complexify the cotangent bundle. That is, we should consider the bundle
T*M ®g C. The pairing g=! on T*M extends to T*M ®g C by

g M (wr + i1, wa + i) = g7 (wi,w2) — g7 (€1, &) +igT (Wi, &) +igT (€, wa).

Definition 3.14. Let (M, g) be a Riemannian manifold. The Clifford bundle CI(M)
over M is the complex algebra bundle with fibres (CI(M)), = CI(TyM ®g C). Here
T*M ®g C is equipped with the quadratic form corresponding to g, L. So

Qy-1(w) = g;l(w,w) weT*"M @grC. (3.11)

The transition functions are given by hg(vive...vx) = hg(vi)hg(ve) ... hg(vy), where
hg denote the transition functions of T*M ®gr C. The transition functions are skew-

symmetric and satisfy the cocycle condition, so indeed we obtain a complex algebra
bundle CI(M) over M.

If (U, ¢) is a local trivializing chart for T* M, then we can find a local orthonormal basis
{dxr}7_, with respect to the metric g~'. Then CI(U) is the complex algebra generated
by the elements dx*, subject to the defining relations

datdz” + daz¥dz? = 26" . (3.12)

Definition 3.15. A Riemannian manifold (M, g) is called spin® if there exists a complex
bundle S — M and an algebra bundle isomorphism

Cl(M) =2 End(S), when M is even-dimensional,

0 (3.13)
(CI(M))” = End(S), when M is odd-dimensional.

We call S the spinor bundle, and the smooth sections I'*°(.S) we call the spinors.
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Note that locally we can always find such a bundle S. Indeed, if (U, ¢) is a trivializing
chart, then we saw that

Cl(U) 2 U x Mam(C), ifn=2m

(CUU))° 2 U x My (T), if n = 2m + 1. (3.14)

So if we choose Sy the trivial bundle Sy = C2" x U, then we have the desired iso-
morphism . Consequently, whether a Riemannian manifold is spin®, depends if we
can patch these trivializations together to form a global bundle S. This corresponds to
the vanishing of the Dizmier-Douady class of the vector bundle CI(M) ([4] Section 9.2]).

Definition 3.16. Let (M, g) be a spin®-manifold, with corresponding spinor bundle
S — M. The isomorphism of bundles (3.13)) induces an isomorphism of C'*°-modules

c: T°(CI(M)) = I'*°(End(S)), when M is even-dimensional,

0\ ~ (3.15)
c: I‘°°<((Cl(M)) ) — I'*°(End(S)), when M is odd-dimensional.

This ismorphism c is called the Clifford action.

Using (3.12)) and (3.14)) we can compute the Clifford action locally. First we inductively
define the matrices 'yj(»n) € Msm (C). Here again n and m are related by n = 2m if n is

even, or n = 2m + 1 if n is odd. Set 751) =1, and for n > 1 odd we define

(n—2) .
n 0 Yz n 0 —1 n 1 0 .

’ (3.16)

For n even, we define yj(") = 4" For n = 3, this just yields the well known Pauli

matrices. One easily checks that the matrices satisfy

* 2
73(' Iy 4o ),yj( ) = 26,1, (7]( )) — (%( ,)) =1, (3.17)

for each j,k,n. Now if {dz#}}._, is a local orthonormal frame for the metric =" on

T*M, then setting c(dzt) = y* = 7,3") € Mym(C), defines the desired isomorphism
(3.15), as the matrices y* satisfy

A APt =261, (3.18)

Apart from the Clifford action, we also want a connection on the Clifford bundle. The
Levi-Civita connection V9 on T'M defines a connection on T*M, via the musical iso-
morphism . This connection on T*M we will also denote by V9. The Clifford
bundle CI(M) is generated by the bundle 7*M. The Levi-Civita connection on T*M
then extends (after complexifying) to a connection on CI(M), which we will also call
the Levi-Civita connection and which we will denote by V. It is recursively defined by
V|91(M) = V9 and

V(uA) = V(A + pV(N) for p, A € T (CI(M)).
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Proposition 3.17. Let (M, g) be a spin®—manifold, with spinor bundle S — M, Clifford
action ¢ and Levi-Civita connection V on CI(M). Then there exists a connection V*
on S satisfying the Leibniz rule

V3 (e(v)s) = ¢(Vo)s + c(v) V5 (s) for all v € T°(CI(M)), s € T=(S). (3.19)
Proof. See [4, Theorem 9.8]. O

Definition 3.18. Let (M, g) be a spin® manifold and let ¢ denote the Clifford action
(3.15). We define ¢ : T°°(Cl(M)) @ T>°(S) — I'*°(S) by
(v ® s) = c(v)s.

Now if V* is a connection on the spinor bundle S, satisfying the Leibniz rule ,
then the Dirac operator associated to the connection V° and the Clifford action c is
defined by

D = —i(¢oV¥). (3.20)

Proposition 3.19. Suppose D is the Dirac operator on I'*°(S) and f € C°°(M) acts
on I'*°(S) by multiplication. Then we have

(D, f] = —ic(df).

Proof. For any s € I'*°(.5)

[D, fls = D(fs) — f(Ds)
= —it(V(fs)) +ife(V(s))
= —ic(df @ s+ fV(s)) +ife(V(s))
= —ic(df)s.
O

Suppose M is a manifold and £ — M is some complex vector bundle, then there exists
a smooth Hermitian structure

h: T (E) x T*°(E) = C™(M),
which is linear in the first entry and conjugate linear in the second entry.

Definition 3.20. Let (M,g) be a Riemannian spin®-manifold and let S — M be its
spinor bundle. Let h : T'°°(S) x I'*°(S) — C*°(M) be a smooth Hermitian structure,
then we define an inner product on I'*°(S) by

(81,82) = /M h(s1,82)\/gdz. (3.21)

We define the space of square integrable spinors, denoted L?(S), to be the Hilbert space
completion of I'*°(S) with respect to the inner product (3.21). The construction of
L?(S) is independent of the chosen metric on the spinor bundle S.

The inner product (3.21)) defines a norm on I'*°(.S). Therefore, if an operator A is acting
on I'*°(S), then we can also define its norm

S

[All = sup {[|As]| : [Is]] < 1}.
ere(s)

For example, a function f € C°°(M) acts on I'*°(S) by pointwise multiplication (I'*°(.S)
is a C°°(M)-module) and ||f|| = ||fllc- More generally, if B € T'°°(End(S)), then
Bl = supye s |1B()]l-
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Theorem 3.21 (Connes’ distance formula). Let (M, g) be a Riemannian spin®-manifold
with spinor bundle S — M and Dirac operator associated to some Clifford connection
V5. Let d, be the metric associated to (M, g), then we can recover d, with the formula

dg(pyq) = sup  {[f(p) = ()| : I[P, fII <1} (3.22)

feCee (M)
Proof. By Proposition we know ||[D, f]|| = |le(df)]|. We claim that we have the
equality |[c(df)|| = |lerad flleo- As |lc(df)|| = suppens lle(df)(p)||; it is enough to show
lle(df)(p)ll = |lerad, f|| for every p € M. Choose p € M and let {dz"}],_; be an

orthonormal frame on a neighbourhood U around p, with respect to the metric g—' on

T*M| . Then we know that the Clifford action is given (locally) by
U
c(dz?) = +*,
with the gamma matrices v* as in (3.16)). Now we compute

le(df) ()1 = lle(df)* (p)e(df) ()]

=l <Z aufd:n“> (p)e (Z aufdx”> ()

— 130,70, F(0) ()

= (>0, (0)0uf(p) @ 1am
o

=130, @) f(p)

|| grad,, f|1%,

where we use the relations (3.17)) and (3.18)) for the fourth equality and Lemma for
the fifth equality. Therefore Connes’ distance formula is equivalent to

dg(p,q) = fegip(M){lf(p) = f(@)]: lgrad flloo < 1}.

We prove the two inequalities. For the first inequality, we know that

|f(p) = f(@)] < |l grad flloody (s q),

which we saw in the proof of Proposition [3.6] This yields the inequality

sup  {[f(p) — f(@)] : [ grad flleo <1} < dy(p,q)-
fec=(m)

For the converse inequality we need the results of Section The function f,, defined
by fp(q) = dg4(p, q) is Lipschitz with Lipschitz constant 1. Indeed, for z,y € M,

[fo(2) = fo(W)] = ldg(p, 2) — dg(p,y)| < dy(,y),

by the converse triangle inequality. If we let € > 0 arbitrary, then according to Proposi-
tion[3.9 we can find a smooth function fe such that || f, — fellso < € and || grad fc| < 1+e,
< 1. Also we have that

[fe(z) = fe)| = | fp(x) = Fr(y)] — 2¢,

which implies || grad 1&6
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for all x,y € M. Therefore

swp {15(p) ~ ()] -l awad 1] < 1} > D =L@
fece (M) €
S | fo(p) — folq)| — 2¢
- 1+¢
dg(pa Q) — 2e
1+¢ ’

This last expression tends to d4(p,q) as € tends to 0, so we have proven the other
inequality

sup  {[f(p) — f(@)]: [l grad fllee <1} > dy(p,q),
FeC==(M)

completing the proof of the theorem. O
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4 Noncommutative geometry

“Sometimes, if you stand on the bottom rail of a
bridge and lean over to watch the river slipping
slowly away beneath you, you will suddenly know
everything there is to be known.”

A.A. Milne

We can extend Connes’ distance formula to noncommutative spaces, as we will
explain in this section. The analytical tools that we use in this section may sometimes
be quite technical. For the theory on compact operators and self-adjoint operators we
refer to [21, Chapters 4, 13].

4.1 Spectral triples

Definition 4.1. A spectral triple is given by a triple (A, #H, D), where H is a Hilbert
space, A is a dense, *-closed subalgebra of a unital C*-algebra A, that acts faithfully on
‘H and D is an essentially self-adjoint operator on H, with compact resolvent and such
that [D,a] € B(H) for each a € A.

Example 4.2. To every compact, Riemannian spin®~manifold there corresponds a ca-

nonical spectral triple
(OOO(M)7 L2(S)’ DM)v

where L?(S) denotes the space of square integrable spinors, as in Definition and
Dy denotes the Dirac operator of M (with domain C*°(M)). The algebra C*° (M) acts
on L2(S) by multiplication. For the technical proofs of the fact that Dy is essentially
self-adjoint and has compact resolvent we refer to [4, Chapter 10].

In Section [B] we showed that we can recover the distance function on M from the data
(C°°(M), L(S), Das), making use of Connes’ distance formula (3.22). This gives us
back the topology of M. It is a deep theorem by Alain Connes that we can also recover
the smooth structure from the same data ([I8],[4, Theorem 11.2]). Therefore, spectral
triples (A, H, D) are really a generalization of geometry.

We can rewrite Connes’ distance formula (3.22) as

sup  {|f(p) = f(|: I[D, fIl <1} = pM){\5p(f) = 0(N] =D, Sl < 13,

su
fec>=(M) fec=(

where 6, € S(C*(M)) denotes the pure state f — f(p). This motivates us to define a
(generalized) distance function on S(C'*°(M)) given by

d(d,¢) = sup  {|o(f) = (N I[D, FIl <1}, ¢, ¢ € S(C=(M)).  (4.1)

feCe=(M)

We use the word ’generalized’, for the supremum in (4.1)) could be infinite a priori. The
rest of the axioms of a metric are all satisfied. The great feature about (4.1) is that it
also makes sense for spectral triples.

Proposition 4.3. Let (A, H, D) be a spectral triple, then the formula

da(o,v) = 223{|¢(a) —¢(a)l: [[D;all <1}, ¢, ¥ € S(A) (4.2)

defines a (generalized) distance function on S(A).
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Proof. Tt is clear that d4(¢,¢) = 0. Suppose ¢ # 1), then ¢(a) # ¥ (a) for some a € A.

Now consider a’ = Toan- We see that ¢(a’) # ¥(a’) and that ||[D,d’]|| < 1, therefore

da($,) > 0. For the triangle inequality consider ¢, 1, ¢ € S(A), then
d4(9,€) = sup{|¢(a) — £()] < I[P, alll < 1}
< sup{|@(a) — ()] + [¢(a) — (@)l - I[D,alll < 13
< sup{[é(a) — ¥(a)| : (D, alll < 1} + sup{v(a) — £(a)] : 1D, ]| <1}

= d.A(¢7 ¢) + dAW’f)

It will be useful to notice the following ([7]):

Remark 4.4. In the formula (4.2)), defining the distance on the state space, it suffices
to take the supremum over all self-adjoint elements. That is

da(o,v) = EEB{IQS(CL) —(a)]: [I[D,a]| <1} = sup {[¢(a) —(a)l : [[D,all| <1}

a€Asq

We can see this as follows. Let ¢,9 € S(A) and € > 0 be given. Then there is an a € A
such that ||[D,al]|| <1 and

[¢(a) = ¢(a)] > da(d,9) —e

So there exists & € C, |a| = 1 such that

d(aa) — Y(aa) > da(p, ) —e.

aa+(aa)”
2 )

60a) — ¥(aa) | §((aa)") — ¥((aa)")
2 2

_ ¢(aa) —P(aa)

B 2 + 2

plaa) —p(aa) = dlaa) —P(aa)

_ . 4 5 > da(é) — c.

If we now set b = then b is self-adjoint and

¢(b) —¥(b) =

Here we used that ¢(a*) = ¢(a) for positive linear functionals ¢, and that ¢(aa)— ¢ (aa)
is real. As [D,a*] = —[D,a]*, we have that ||[D,a*]|| = ||[D,a]||, and so ||[D,b]]| < 1.
This proves the equality.
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4.1.1 Some examples
We compute the distance formula formula (4.2)) induces on S(A) for several examples.

Example 4.5. Consider the spectral triple on a two point space

((C ®C,C?, (? é)) : (4.3)

for some t € R,t # 0. The algebra C @ C acts on C? by

(ﬂv,y)-u:(?)j 2)1}, veC2

The state space S(C @ C) is given by {¢ar|A € [0,1]}. Here ¢ denotes the linear
functional
(z,y) = Az + (1= N)y. (4.4)

We compute the distance d(¢y,, Pxr,), A1 # A2 as given by (4.2)

| )| e

So [[[D, (z, )]l <1 = |z —y| < ﬁ7 which implies

d(dr,dx.) = sup {[ox, (z,y) — ox, (z,9)], (D, (z,9)]]| < 1}
(z,y)€CaC

= sup {|A = Xo|lz —yl, [|[D, (z,y)]|| <1}
(z,y)eCaC
< A= Aa|
|t]

We may consider the element (0, ﬁ—‘), for which H [D, (O 1 )} H < 1, so that

Tt

1 1 B A1 — A
¢M<“w>‘¢h(“t0“ T

We conclude that d(¢x,,dr,) = % If t = 0, then d(¢x,,dr,) = 00, whenever
A # Ao

Example 4.6. The first noncommutative example is given by the spectral triple

(MQ(«:), c?, (”5 2)) , (4.5)

for some x,y € R,z # y. The action of My(C) on C? is just given by matrix multiplic-
ation. Again we compute the distance induced by Connes’ distance formula . This
time we restrict the distance to the pure state space P(M3(C)), which is isomorphic to
CP! (|23, Proposition 2.9]). An element [z : w] € CP' corresponds to the pure state
¢[z:w]a given by

MHW«Z)M(S)» M € Ms(C). (4.6)

> € M5 (C) we have

a b
ForM—<c d

= (o, 00y o) mastpllcbie sl @
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Write ¢, = ¢[..1;- Then we compute

1 1
(M) = ¢, (M) = ——— 2 4 bz d) — ——— 243 d).
d)l( ) ¢2( ) 1+|21|2((Z|21| +0z1 +cz1 + ) 1+|Z2‘2(a|22| + bzZg + czo + )
(4.8)
-1
If we choose My = iz 7Oy‘71 |z ]\;A >, then from (4.7)) we see that ||[D, My]|| < 1

and form (4.8)) it is clear that limy_,e0 |2, (Mn) — ¢z, (My)| = 00, whenever |z1| # |22].
It follows that d(¢.,, ¢.,) = 0o, whenever |z1| # |z2|. If instead |z1| = |22], we can use

([4.8) to calculate

1 _ _
(621 (M) = 6, (M)] = T | (b1 =) + el ~ )|
1 — 2| (4.9)
1 — <2
—_ b .
< 2y max{|bl fel}
This implies
dbsr,62) <2222t
19 2/ — 1+|21|2

For the converse inequality, we choose an element

0 Teresalle—al
_ zZ1—z2||x—Y
M= = 0 .
[21—22||z—y]

Then indeed ||[D, M]|| <1 and |¢,, (M) — ¢, (M)| = 2‘1‘?_‘;‘12‘22‘ |z —y|~!. We conclude

|21 — 22|

1=l <27 _ —1
1+|21|2|af yl .

d(¢z1 ) ¢z2) =2

Let us now compute the distance between the state ¢; and the state ’at infinity’: ¢1.q).
If M}, € M5(C) is the matrix
, (N 0
MN - (0 —-N )’

then according to (4.7)), [|[D, My]|| = 0, for every N. Also

ot it = (2) () (9 v () 2 225,

so that d(¢r1.0), ¢0:1)) = 0o. We have now completely determined the distance the
spectral triple (4.5)) defines on CP!. The map

CP' = S°CCoR
z \z|2—1)

[2:1] = (21+|Z|27‘Z|2+1
[1:0] ~ (0,1)

(4.10)

is a diffeomorphism. We see that the distance the spectral triple (4.5]) induces on S? via
the map (4.10) is infinite between different latitude lines of S? and on latitude lines it
is, up to the factor |z — y| ™!, given by the chord distance between the two points.
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Figure 2: An illustration of the distance function that the formula (4.2]) and the spectral
triple (4.5)) induce on the sphere. On each lattitude line the distance between points is
given by the chord distance. The distance between lattitude lines is infinite.

In the special case of the canonical spectral triple for some compact Riemannian spin®-
manifold, we can guarantee the distance function (4.2)) only takes finite values.

Proposition 4.7. Given a compact Riemannian spin®-manifold (M, g), with corres-
ponding Dirac operator Dj;, the distance formula

d(¢,¢) = sup  {|o(f) = ()] : [I[Dar, fII <1}
feCe= ()

induces the weak-* topology on S(C*°(M)).

Proof. Let wy,w € S(C*°(M)). We need to prove that

lim d(wp,w) =0 <= lgn wn(f) —w(f) =0 for all f e C(M).

n—oo

Suppose we are given that lim, . d(w,,w) = 0. Take f € C°°(M), which we may
assume to be real-valued according to Remark [£.4] If ||[Dyy, f]|| = || grad f||oc = 0, then
using Proposition we conclude that ||f| i, = 0, which implies that f is constant.
So f is a multiple of the identity element in C°°(M): f = Alge(ar), A € R. Now

lwn (f) —w(f)| = \Wn(Mcoo(M)) - w()\lcoo(M)ﬂ
= [Awn(lo= ) — Aw(les ()]

=[A1 - Al| =0.
If [[[Das, f1I| # 0, then [|[Dar, 5kl = 1, so
—w = w ! —w /
wa(f) = w(f) = I [Dar. 1] n(”[DM’f]H) (H[DM,f]u)‘

n—oo

< D, flld(wn, w) —— 0.

Conversely, suppose we know that lim,, e w,(f) —w(f) =0 for all f € C*°(M). Since
C>(M) is dense in C(M), we can extend w, and w to states on C'(M). We then still
have that lim,, o, w,(f) — w(f) = 0 for every f € C(M). Indeed, if f € C(M), and
gn € C°(M) is a sequence of functions converging to f and ¢ > 0 is arbitrary, then
we can find N and M natural numbers such that n > N = [|f —gu|| < § and
m>M = |wn(gn) —w(gn)| < §. Then we see that for m > M we have

|wm (f) = w(P] < lwm(f) = wm(gn)| + lwm(9n) = wlgn)] + [wlgn) = w(f)]
< 2llgy = fll + |wm(gn) — wlgn)| < e
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We now argue by contradiction. Suppose that lim, o d(wy,w) # 0. Then again
using Remark [£:4] we can find an € > 0 and a sequence of real-valued functions
fn € C°(M), |[Dum, fu]ll <1, such that

|wn (frn) — w(fn)] > €

Since adding a multiple of the identity function to f, does not change the above ex-
pression, or the value ||[Das, fr]ll, we may pick a point pg € M and assume f,(py) =0
for all n. As all the f,, are real-valued and smooth, we can apply Proposition to
conclude || fullLip = [P, fr]ll < 1. This implies the family {f,}, is an equicontinuous
family. Because M is compact, the conditions f,(po) = 0 and || f||r;p, < 1 imply that
the family {f,}, is uniformly bounded. So we can apply the Arzeld—Ascoli Theorem,
which states that {f,}, has a convergent subsequence (in C(M)). We may therefore
switch to a convergent subsequence {f, },, converging to some f € C(M). Now choose
N large enough so that n > N = ||f, — f|| < §. Then for n > N we have

|wn (f) = w()| = |lwn(f) — wn(fn) + wn(fn) — w(fn) +w(fa) = w(f)

> lwn(fn) = w(fa)| = [wn(f) — wn(fn) + w(fn) —w(f)]

>

N

contradicting the assumption that |wy, (f) — w(f)| —= 0. 0

As the dual space of any normed vector space is compact in the weak-* topology by the
Banach-Alaoglu Theorem, d(-,-), can only take finite values on S(C*°(M)).

4.2 Operator system spectral triples

For the purpose of this text we extend the definition of a spectral triple.

Definition 4.8. An operator system spectral triple is a triple (£, H, D), where H is a
Hilbert space, £ is a *-closed dense subspace of an operator system E C B(H), such
that 1p(%) € £ and D is an essentially selfadjoint operator on H with compact resolvent
and such that [D,a] € B(H) for each a € €.

Proposition 4.9. Suppose we are given a spectral triple (A, H, D) and an orthogonal
projection Q@ € B(H) that commutes with D. Then (QAQ, OQH,QDQ) is an operator
system spectral triple.

Proof. Since A is a dense subspace of a C*-algebra A, the linear space QAQ is a dense
subspace of QAQ, which is an operator system. Furthermore Q is the identity operator
on QH and (QaQ)* = Qa*Q, so QAQ is *-closed. To show the operator QDQ has
compact resolvent, we need to show (1Q + QDQ)*1 is bounded as an operator on OH.
To show this, we notice first of all that we have the equality of operators on QH ([9L
Page 113))

(iQ+9DQ)Q(i+ D) 'Q=9Q(i+D)Q(i+ D) Q- Qi+ D)(i+D)'Q+Q
= Qi+ D,Q](i+ D) 'Q.

If we now multiply with the term (iQ + QDQ)~! on the left we obtain the equality

Qi+ D) 'Q=(iQ+QDQ)"'Qli+ D, Q)i + D)"'Q+ (iQ + QDQ) !,
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again as operators on QH. So we obtain the expression
(iQ+QDQ) ' = Q(i+ D) 'Q— (iQ+ QDQ) ' Q[i + D, Q](i + D) ' Q.

The left hand side is compact, as we know that (i + D)~! is compact, showing that
QDQ has compact resolvent.

Let D(D) denote the domain of D. In order to show that QDQ is essentially self-adjoint,
we need to check it is densily defined, symmetric and that (QDQ)** is self-adjoint, (with
domain QD(D)). As D(D) is dense in H, it is clear that QD(D) C QH is dense. That
QDQ is symmetric follows from the fact that D is symmetric and that Q is an orthogonal
projection. Furthermore we have that

(QDQ)* = (2@D*Q)" = QD™ Q,

which follows from [21] Theorem 13.2]. This shows (QDQ)** is self-adjoint, as Q is an
orthogonal projection and D** is self-adjoint by assumption. Lastly, since Q commutes
with D, the commutator [QDQ, QaQ] = Q[D, a]Q is bounded. O

In particular, if we choose Q@ = 1pg(3), we see that every spectral triple is an ex-
ample of an operator system spectral triple. We say the operator system spectral triple
(QAQ, OH,QDQ) is a truncation of the spectral triple (A, H, D).

Even now, formula (4.2)) makes sense, and in this way we obtain a distance function on
the state space S(&):

de () = sggﬂq&(a) —¢(a)l : [[D,a]l| <1}, ¢, € S(E). (4.11)
If induces the weak-* topology on S(£), then the operator system spectral triple
(€, 1, D) is a quantum metric space as defined by Rieffel in [7]. The Lip-norm is then
given by L(a) = ||[D, a]||. Requiring that induces the weak-* topology on S(&)
would exclude examples like [£.6] Proposition [£.10] and [£.16] below state examples of
operator system spectral triples that are also quantum metric spaces. The operator
system spectral triples we consider in the final section are of this form.

Proposition 4.10. Suppose (£,H, D) is an operator system spectral triple with finite
dimensional operator system £. Then the distance formula (4.11)) induces the weak-x
topology on S(€) if and only if

[D,a] =0if and only if a € C - 1¢. (4.12)

Proof. See [15], Proposition 3.1], and |16, Proposition 4.2]. O

4.3 Gromov—Hausdorff distance

Now that we have some idea of what the distance induced by Connes’ distance formula
looks like, let us try to compare two operator system spectral triples. The appropriate
notion of the distance between operator system spectral triples relies on the notion of
Gromov—Hausdorff distance between metric spaces.

Let (X, d) be a metric space and let C C X. For ¢ > 0 we define the e-neighbourhood

of C' by
N(C) ={z € X | thereis y € C such that d(z,y) < €}.
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Definition 4.11. Let (X, d) be a metric space and let C, D C X be closed subspaces.
The Hausdorff distance between C' and D is defined by

disty (C,D) = inf{e > 0| C C N (D) and D C N(C)}.
If we moreover require X to be compact, then disty (C, D) is guaranteed to be finite.

Definition 4.12. Given two metric spaces (X, dx) and (Y, dy ), we define the Gromov—
Hausdorff distance between these spaces to be

s . . [ X—>Z,9:Y—Z
distgy = inf {dth(f(X)? 9Y) | isometric imbeddings for some metric space (Z,dz)} :

We are now ready to define Gromov—Hausdorff distance between operator system spec-
tral triples. The definition is inspired by the notion of quantum Gromov—Hausdorff
distance between quantum metric spaces as defined by Rieffel in [7].

Definition 4.13. Suppose O1 = (€1, H1, D1) and Oy = (€, Ha, Do) are operator sys-
tem spectral triples, then we define the Gromov-Hausdorff distance between them by

diStoGH(Ol, 02) = diStGH ((S(gl>, dgl), (S<€2>, dgz)).

Here dg, and dg, are as in (4.11)). We use the notation distgy to distinguish between
Gromov—Hausdorff distance between operator system spectral triples and the usual no-
tion of Gromov-Hausdorff distance between metric spaces.

Example 4.14. If we denote

N (0t
o~ (coce(t 1))

the spectral triple from Example and d; the distance induced by Connes’ distance
formula on S(C @ C), then we saw that

(S(C®C),dy) = {07 M CR

as metric spaces. Suppose that t; # ¢2, then we can embed both O, and O, isomet-
rically into the interval [O,max{ﬁ, ﬁH, using the map ¢t — t. We then see that

1

1
[ta]  [t2]
to Oy, in Gromov-Hausdorff distance.

diStg}’H(Otl l Otz) <

. In particular, if ¢; converges to t2, then Oy, converges

There is a more generic way to compute the distance between operator system spectral
triples ([7]).

Definition 4.15. Let O; = (&1, H1,D1) and Oz = (&2, Ha, D2) be operator system
spectral triples. A weak bridge between O and Os is a seminorm B on & @& & that
satisfies the following properties:

1. For any a; € &, there exists an aJ{ € & such that

H [D”a” ,B(a,al) < [|[Dy, 1]l

2. For any as € & there exists an ag € &1 such that

| [D1.03] | Blab. a2) < l[Ds. as).
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In the above definition we view & @ & as a subspace of A; & As, if & and & are
subspaces of A; and A; respectively.

Once again, our definition of a weak bridge between operator system spectral triples is
modelled on the definition of a bridge between quantum metric spaces ([7, Section 5]).

We have the natural projections

E1 @&
SN
51 52

These projections induce maps

8(81 D 52)

S(Wl)/ \S(Trz) :

S(&) S(&)
defined by S(m1)(¢)(a1,a2) = ¢(a1) and S(m2)(¢)(a1, a2) = ¥ (az). Clearly S(m) and

S(mq) are injections.
Proposition 4.16. Let B be a weak bridge between operator system spectral triples

01 = (&1, H1,D1) and Oy = (&2, Ha, D2). Then, if we equip S(&1 @ &) with the metric

d(p,1) = sup {l¢(ar, a2) —¥(a1,a2)| : [[D1,a1]ll, [[[D2, a2]|l, B(a1,az) < 1},
(a1,a2)EE1HE

(4.13)
and S(&;) and S(&2) with the metric given by Connes’ distance formula, then the maps
8(51 D 82)

3(71'1)/ \S(ﬂ'z)
S(&1) S(&)

are isometric embeddings.

Proof. Let ¢,¢ € S(&1). We need to show that
dp(S(m1)p, S(m)) = dg, (¢, 1)).

Let us prove the two inequalities. First of all

deg, (¢,¢) = sup {|¢(ar) — ¢ (ar)] : [[Dr, a]l] < 1}

a1€€1

> sup  {|p(ar) — ¥(a1)| : [[[D1, as]ll, [[[ D2, az2]l, B(ai,az) < 1}
(a1,a2)EE1DE2

= sup  {[S(m1)@(ar, a2) — S(mi)Y(ar, az)| : |[[D1, ai]ll, [|[D2, az]l, B(ai, a2) < 1}
(a1,a2)EE1HE2

= dB (S(Tf'l)qsu S(ﬂ-l)w)

For the converse inequality we use property 1 of Definition For each a; € & we
can find an a]; € &; such that

H [DQ’CLH ,B(a1,al) < ||[Dy, a1l
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Now we see that

dg, (¢,9) = sup {|¢(a1) —P(a1)] : [[[D1, a]|| <1}

a1 €€

= sup {|¢(a1) — ¥(a1)| : [[D1, au]ll, [[Dz, a]ll, Blar,af) < 1}

a1 €€

< sup {|o(ar) —(ar)] : [[D1, ad]ll, [[D2, az]l, Bla1, az) < 1}
(a1,a2)EE1DE2

= sup  {[S(m1)¢(a1,a2) — S(m1)(a1,a2)| : [[D1,a1]ll, [|[Da2; az]|l, B(ai, az) < 1}
(a1,a2)EE1HE

= d(S(m1), S(m1)v).

That S(mz) is an isometry can be proven in a completely analogous way, this time using
property 2. of Definition O

Thus every weak bridge B between operator system spectral triples provides us with
isometric embeddings

S(E1® &)

S(m)/, r\S(m)

S(&) S(&2)

The next thing we need to do, in order to obtain an upper bound for dist¢ (O, O2),
is to compute the distance

disty; (3(771)(3(51)),3(7@)(3(52))).

Upon choosing the weak bridge B appropriately, we hope to arise at a good estimate for
this distance, and accordingly for distg (01, O2) as well.
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5 Truncated geometry

Those little quarrels that tore us apart

Oh, gee, I can see they were wrong from the start
But now that you’ve come back

My dream of life is here to stay

Billie Holiday, Dream of life

In the previous section we have seen the definition of an operator system spectral triple.
In particular we saw that if we are given a spectral triple (A, H, D) and an orthogonal
projection Q on H, which commutes with D, then (QAQ, QH,QDQ) is an operator
system spectral triple (Proposition . Also we developed the notion of Gromov—
Hausdorff distance between operator system spectral triples. We could therefore ask
ourselves what the Gromov-Hausdorft distance is between (A, H, D) and the truncated
spectral triple (QAQ, OH, QDQ). Pushing this further, if {Qx}n is some sequence of
spectral projections associated to D, that converges to 1 in the strong operator topo-
logy, the natural question to ask is:

Does (OnNAQN, OnvH, OnD Q) converge to (A, H, D) in Gromov—Hausdorff distance?

In this section we answer this question affirmatively in the case the spectral triple
(A,H, D) is the canonical spectral triple associated to the d-dimensional torus T¢ and
{On}n is the sequence of rectangular spectral projections associated to Dya (defined
in Definition below).

In Section we define maps between the operator system spectral triples

(ONAQN, ONH,OQNDQnN) and (A, H, D). In Section we use these maps to build
a weak bridge between the two spaces. Both constructions rely heavily on ideas from
work in progress by Walter van Suijlekom and Alain Connes ([22]).

5.1 The torus

Let us commence by determining the canonical spectral triple associated to T% explicitly.

The algebra: The algebra is given by A = C>(T%). We have an inclusion
d
@ C=(s") < o= (1),
j=1

given by (f1 @+ ® fa)(01,...,04) = f1(61)f2(02) ... fa(ba). In fact, ®;l:1 C>(8h) is a
dense subset of C*°(T?), with respect to the supremum norm on C°°(T%). This can be
seen in the following way. Using Fourier theory we know we can write every function
f € C>(T?) as a series

f(0) _ § : aneinﬂ’ ein»@ _ ei("191+"'+nd0d)7
nezd

such that the coefficients a,, fall off quicker than any polynomial. In particular, for any
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€ > 0, we can find an NV € N such that

f- Z ane™?|| < e,

nezd
[n1l,....|na|<N

proving the assertion.
The Hilbert space: The manifold T? has global coordinates (6*,...,60%) € [, 7]¢

and has trivializable tangent space TT¢ with global frame {%}ﬁ:l- We equip the
tangent space with the flat metric:

e ) = o

Therefore also the cotangent space T*T¢ is trivializable and has global, orthonormal

frame {dG"}ﬁ:l, with respect to the metric g1

g N (do", dov) = 5m. (5.2)

Using (3.14) we see that CI(T%) = T¢ x Mym (C), where d = 2m or d = 2m + 1. Thus
the spinor bundle S is given by the trivial bundle of dimension 2™:

S22 Td % 2", (5.3)

It follows that the spinor module is given by T'>°(S) = C*°(T4) ®C?" and so the Hilbert
space of square integrable spinors is given by

L2(T4) = L*(T%) @ C?". (5.4)

In this section we will frequently identify
d
L*(T%) = Q) L*(T"). (5.5)
p=1

This isomorphism of Hilbert spaces follows just because T% = T* x --- x T! (d times).

The Dirac operator: As TT¢ is trivializable, the Levi-Civita connection V9 is just
given by the exterior derivative d. A connection V° on S that satisfies the Leibniz rule

(3.18) is given by
Vi(f®s)=df @s. (5.6)

Now using (3.20) and ¢(df*) = +* as in (3.16)) we can compute the Dirac operator:
Dra(f @ s) = —i(¢o V) (f © )
= —i(é(df ® s))

d
é (Z O, fdo" s>>
p=1
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Here 0,, denotes the operator %. The Dirac operator Dra acting on L?(T%) ® C?" is

thus given by
d

Dpa =Y —i0, @ 4", (5.7)

p=1
With respect to the identification (5.5)), the Dirac operator becomes

d

d
D=3 (16 5-il e . o1)or 53)
Td ;( de ) Y

"

Here Z means that the term is on position u.

We have thus established that the canonical spectral triple corresponding to T¢ is given
by

d
(cmmd), (T eC™,)  —id, ® w) .

p=1

5.2 The rectangularly truncated torus

We now introduce an increasing sequence of projections {Qn}y on L?(T?%) ® C?". 1

Appendix [D| we compute the spectrum of Dya. It is given by the set

n

{:I:\/n%+n§—|—---—|—n§|n€Zd}.

Finding an increasing sequence of spectral projections is then equivalent to choosing an
increasing sequence of finite subsets K C Z%, such that Uy En = Z®. Then we can
define Qn to be the orthogonal projection onto the eigenspaces corresponding to the
eigenvalues

{i\/n%+n§+~--+n3|neKN}. (5.9)

Given any spectral triple (A, #H, D), there is a canonical sequence of orthogonal pro-
jections given by x[—n n)(Dra). Here x(_n ) is the characteristic function on the
interval [-N,N] C R. In the case of the torus, this corresponds to the sequence
K = {n € Z%: ||n|ls < N}. However, choosing Ky in this way makes it very hard
to reduce the higher-dimensional case to the 1-dimensional case. Therefore we consider
the sequence of projections induced by for the sets

KYy={nez: |n,...,|nal < N}.
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Figure 3: An illustration of the sets K]% KE, C Z2. The points inside the circle corres-
pond to the set KEB and all the points inside the square correspond to the set KJ .

It is then clear that ||Dy|| < v/dN. We can also give a more concrete definition of the
spectral projections we obtain in this way.

Definition 5.1. Define the increasing sequence of projections {Qx }x on L?*(T¢) @ C*"
by
ON(f®s)=Qn(f)®s, (5.10)

where Qp is the orthogonal projection in B(L?(T%)) given by

QN< Z anem'9> = Z ane™?. (5.11)

nezd nez?
[n1],...sIng| <N

In other words, Qn = Qx ® 1am as acting on L*(T%) @ C2". We can decompose Qy as
well, using the identification (5.5)). Indeed, if Py € B(L?(T!)) denotes the orthogonal

projection given by

N

PN(Z aneme) = Z ane™, (5.12)
neEZ n=—N

then Qn = P]%’d =Py ®...Py, asin appendix

From now on we will write

Al = C>=(T9), A% = QnC>=(TH) Q.
Definition 5.2. Define the map R?: A? — A4, by
RU(f ®1am) = On(f © 1om)Qn, (5.13)

the canonical projection onto the truncated algebra.

The map R? depends on N. However, we omit to stress this, as it would lead to very
heavy notation. When we mention the map R? it is always understood that we have
fixed some N € N>; beforehand.

Definition 5.3. Let Dra be the Dirac operator acting on L?(T4)®C?", as in (5.7). We
write D?JI‘\Q = OnDraQn. By the rectangularly truncated torus we mean the operator
system spectral triple (Proposition

(A%, Qv (LA(T%) @ C*™), DN,). (5.14)
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Notice that, because Qn = Qn ® 1am, we have the equality Quy (Lz('}l‘d) ® (C2m) =
(QnL*(T?)) ® C*". Furthermore we have that

B(L*(T%) @ C*") = B(L*(T%)) ® Myn (C),
B(QnL*(T?) ® C*") = B(QnL*(T%)) ® Mam (C).

Il

The algebra A? is represented on L?(T¢) ® C2" by

7: AY = B(L*(T%)) @ Mam (C)

[ f®lem, (319)

where f € B(L?(T%)) denotes pointwise multiplication with the function f. Therefore
we can view

A? C B(L*(T?)) ® M2 (C),

Al € B(QnL*(TY)) ® Mo (C),

given by

AT ={f @ 1am | f € C*°(T?)},

Ay = {T® 1y | T € QuC=(THQn ), (5.16)

where this time C°°(T%) and QxC°°(T4)Qx act on L2(T?) and Qn L*(T?) respectively.
We will identify the elements f € C°(T9) and f ® lam € A9, and the elements T €
QNC®(THQN and T ® 1am € A%. Tt follows form Lemma that

If @ Lom || = [I£1],
1T @ 1gm || = [T,

for f € C®(T4) and T € QnC>®(T9)Q .

5.3 Maps of operator systems

We already have a map R?: A% — A%, defined in Definition We also want a map
Rd: A4 — A% in the converse direction. Before we attempt to construct such a map in
the general case of the d-dimensional torus T¢, we first stay a little more down to Earth
and we investigate the case d = 1 in more detail. The exposition of the one-dimensional
case follows the lines of [22]. The general results will rely heavily on the the reduction
to one dimension.

5.3.1 The circle
Recall that Py € B(L?(T')) denotes the orthogonal projection given by

N
PN( E aneme) = E ane™?.
neZ n=—N

An orthonormal basis for the Hilbert space Py L?(T?) is given by the set {e_x,e_ni1,---,en}-
With respect to this basis, elements of PyC>(T!)Py are just matrices. They have a
very specific form.
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Proposition 5.4. For an element f = >, ane, in C™ (T') the corresponding element
T = PnxfPyn € PyC®(T!)Py can be written as the matrix

ap a_1 a_o a_3 ... AQ_oN_—1
aq ap a_1 a_o ... aQ_oN
as aq ap . . (517)
ap a_q
a2N+1  G2N  A2N-1 v aq ao

Equivalently, T}, = @y—r. Furthermore [—iPNd—dIPN,T} - (m —n)am—n.

Proof.

PNfPNen:PNfen

= Py E ame™e,
MmEZL

= Py Z amei(ern)G
meZ

So indeed T, = @yy—p. Furthermore

d d
—iPn—Pn,PyfPy| = Pn |—i—, f| Py = —iPnf' Py,
dzx dzx

and f’ corresponds to the Fourier series Y ina,e™’. So using the first result T}, =

(m—n we see that [—iPy 4Py, T| = (m—n)am_n. O

Similarly as in Deﬁnitionwe define the projection map R: C>(T!) — PyC>(T*')Py
by
R(f)=PnfPn.

The natural action of T! on C°°(T?) is given by a, f(0) = f(0 — ). So
a (Za ein@) — Za ein(@—x) — Za e—inxeina.
Moreover we see that T* acts on PyC*(T!)Py by
(T = e~z (5.18)
From Proposition [5.4] it then follows that R commutes with a.

Definition 5.5. Define the vector ¢ € PyL?(T!) by

Y= (67N+€—N+1+"'+€N>.

1
V2N +1
Then we define R: PyC*(T!)Py — C*°(T") by

R(T)(x) = Tr(|$) (¢l (T)).
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Again we omit the dependence R of N in the notation.

Proposition 5.6. We have the following equalities

2N

RRND@ = 3 (1= s )ane™ = (B« N, (5:19)
ROR(T)) = T — - S(B(T)), (5.20)

where Fopn 11 denotes the Fejér kernel (see Appendix [A)), a,, denote the Fourier coeffi-
cients of f, and where S, B € L(PyC>(T')Py) are given by B(T) = [—z’PNd%,T] and
S(T) = (Tany1 — Tyn ) o T, i.e Schur multiplication with the matrix Ton 11 — Ty 1,
where Ton 11 is given by :

1 0 0 0
1 10 0
lifn<m
Ton = - , T =11 11
{Oifn>m 2 L
: 0
1 1 1 1

Proof. The operator |1) (1] is given by the matrix 4!, which is the (2N +1) x (2N +1)

matrix with every entry equal to ﬁ Therefore we have that

Il Il
™ M
M= %

Q

@ i'%
S
§ é
H 3
S
¥

—Nm=—N
—N m=—N
- 2N+1 Z Z e g
n=—Nm=—N
1 2N
= N T 1 Z (2N+17 |n\)an
n=—2N
2N
_ Z ( _ ‘77/| )a inc
et ON+1/ "

Using Lemma we see that this shows that R(R(f))(z) = (Fon41 * f)(z), proving
(5.19).

For the proof of (5.20), suppose T = PngPy, for some g € C°°(T%), given by the Fourier
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series > b, e, Then, using (5.19) and Proposition we see

(ram), (- )

[m — n|

=bm_n— mbm—n
" m-—n
=T = (Tover = Tiv) © (575 000 ).
1 . L d
=Trmn — N1 <(T2N+1 —Tong1) © {—ZPNC&?T})mny
proving that R(R(T)) =T — 5557 S(B(T)). O

Lemma 5.7. The maps R and R satisfy

{—z';; }?(T)} =R ({—z’PNddeN,T]> 7 (5.21)
[—iPNddeN, R(f)} =R ([—z';;, fD . (5.22)

Proof. Suppose that T = Py fPy, where f is given by the Fourier seriestaneme.
Then combining Proposition and Proposition and using that [%,R(T)](z) =
Z%R(T)(Z’), we see

2N
i

[—idi,R(T)] (z) = ZN (1 - an+ 1)nanem =R ([—z’PNCZPMTD (),

n=-—2

which proves (5.21). For (5.22)), notice that the operator [fi%, f] equals the multi-
plication operator —if’. The n’th Fourier coefficient of —if’ is given by na,. Then,

according to Proposition [5.6

PP R = =R
=(m —"n)am-n
-n([),..
proving that [—iPy-L Py, R(f)] = R ([-iL, f]). O

5.3.2 The Torus

In this section we relate the map
R: C>=(T') — PyC>®(T")Py
to the map R?, as in Definition Also we use the map
R: PyC>®(TY) Py — C(T)

to construct a map
R AY — A%
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so that eventually we have maps in both directions:

Rd
At = AL . (5.23)
Rd

Let us commence with relating the maps R and R?. From the map R: C>(T!) —
PyC>=(T') Py, we construct the map

d d
R Q) C(T) = Qn Q) (C(T)) Q-

fi®@ @ fa R(fi)®--- @ R(fa),

(5.24)

where we have identified

d

d
® (PNC>=(T")Py) = QN® (C(TY)) Qn-

j=1

More concretely R®(f) = QnfQn, from which we deduce that |R®?|| < 1. As

®?:1 C>(T') is a dense subset of C*°(T%) on which R®? is bounded, it extends to
the map

R®®: O%(T7) — QnC™(T")Qn
f—=QnNfQN.
Using (b it is then clear that R? = R®? ® 1am. So

From the map R: PyC°(TY)Py — C*(T%), we construct the map

(5.25)

v

R®? (PyC>=(T")Py) ®C°° (Th)

(5.26)

<
Il
—

®&

T ®-© Ty R(Tl) @ @ R(Ty),
which we view as a map
R®: QnC>®(THQN — C=(T9). (5.27)
Here we used that
d d

Q) (PvC=(THPy) = Qn | Q C=(T) | Qv = QnC™(T) Q.

Jj=1 j=1
Definition 5.8. Using the map

Pl QNC™(T) QN — C(T7)

and using the identification , we define the map

R A% — A? (5.28)
by R? = R®L @ 19m, as in (2.3). So

R T @ 19m) = R®YT) @ 1gm. (5.29)
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Lemma 5.9. The maps R? and R? as defined in Deﬁnitionsand are contractions.
That is

IR <1

“ (5.30)
R < 1.

Proof. The strategy of the proof is to show first that the maps
R®4

C=(T4) ——= QnC>=(T")Qn,

e
are contractions. We will then use this to show that also R% and R contractive.
For now, let us view R®? as a map R®?: C>(T9) — B(L?*(T¢)). As we already re-
marked, R®? is just given by
R(f) = Qn fQn.
Since Qy is an orthogonal projection, we know ||@Qx|| < 1 and so we have
IR#(HI = lQnfenl < 11, (5.31)

for any f € C°°(T9). This shows ||[R®4|| < 1. If f ® 1am € A%, then we apply Lemma
B18l twice to see that

IRY(f @ 12m)|| = [RE4(f) @ Lam||

= [IR®I(f)]
<A =1If @ 1gm

proving that ||R?| is a contraction as well.

i

To show that ||R®?| < 1, we first show that we have the identity

R®UT)(0) = Tr (|voa) (Yalao(T)), (5.32)

where g = 9 ® - - - ® 1 for 1 as in Definition a = a®? denotes the action of T? on
A%. On pure tensors it is given by

ap(T1 ® - @Ty) =g, (T1) @+ @ g, (Tq).

Now for pure tensors we have that

RENT @ ® Ty)(6) =
RTY)(0y) ... (RTy)(04)
Plag, (T1)) ... Tr (J9) (Plae, (Ta))
Ylag, (Th) @ - @ [¥) (Plag, (Ta))
(¥ag, (T1) © -~ © ag,(Ta))
W lap(Ty @~ ® Ty)),

~— o~ o~ —~

=Tr (|1j}d

so that by extending this equality linearly, we see that we have R®4(T)(0) = Tr (|v0a) (thal g (T))
for all T € QnC™(T4)Qx. Then

v

R®d(T)(9)‘ = [Tr (|¢oa) (al o (T))|

= [[[¢a)($alas (T)l,
< [lpa) (Walll1 e (T < 1T
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Here we used the Holder inequality for Schatten operators: ||AB|1 < ||A|1]|B]lco(see
[ Chapter 3, Section 7]). If now T ® lam € A%, then again it follows from applying
Lemma 2.7§] that
IRHT © 1om)|| = | RE(T) ® 1am]|
= [|R®UT)|
<|IT) = T ® 1om],

which shows that || R%|| < 1. O
R S(R?)

Proposition 5.10. The maps .A¢ "<:>d A% induce maps S(A%) <:d> S(A%) |
B S(RY)

which are given by
SR (9)(f) = ¢(R(f))
S(R)(W)(T) = $(RU(T)).
Proof. According to the definition of a state we need to check that
IS(R) ()] = S(RT)(¢)(140) = 1
IS(RY) ()] = S(RY) () (1ag) = 1,
for any ¢ € S(A%), v € S(A?). Note that if we can prove

S(RY)(¢)(1aa) =1
S(RY)(W)(ag) =1,
we automatically have the inequalities [|S(R)(¢)]|, |S(R%)(¥)| > 1. Lemmaprovides

us with the reverse inequality. Therefore it remains to prove (5.34). Because ¢ and v
are states, they satisfy ¢(144 ) = 1 and 9(14¢) = 1. Since also R? = R®? ® 1ym and
R4 = R®1®19m, the proof of reduces to showing that R(1ge (1)) = Lpycoe(11) Py
and R(].PNCoo(’]I‘l)PN) = 1geo(r1). Clearly the unit of C>(T9) equals 1, the function with
value 1 in every point, and 1p, coo(r1)py = 2N 41, the 2N +1 X 2N +1 identity matrix.
We simply calculate

R(Ion+1)(x) = Tr(¥e* an(lant1))

N
Z (V*az(Tan+1)),,,,

(5.33)

(5.34)

N

> (00 (@ulonin)
n,m=—N
N

1 )
_ E —i(m—n)z _
— N 16 (12N+1)mn - 17

n,m=—

where we use that ¥y* is the 2N + 1 x 2N + 1 matrix with value ﬁ at each entry.

To show that R(1) = Ian41, notice that the function 1 is given by the trivial Fourier
series y ane’™ with ag = 1 and a,, = 0 if n # 0. We use Proposition to compute

R(]l)mn = Qm—n = 6mn = (I2N+1)mn’

which shows R(1) = Ion 1. O
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5.4 Building the bridge

We want to construct a weak bridge between (Aﬁlv, On (LZ('IFd) ® (CQm),Dqu\Z) and

(Ad, L?*(T4) ® C?", D’]I‘d). We build this weak bridge using the maps R% and K%, that
we defined in the previous section. The construction is very similar to the one Rieffel
performs in [7, Section 9]. The maps R? and R? should be nice in the sense they ought
to satisfy the four lemmas that we will prove in this section ([22]). The lemmas guaran-
tee that the bridge we construct satisfies the requirements 1 and 2 from Definition
so that we can apply Proposition [£.16] Also, we use the lemmas to show that we can
bound

distrr (S(m1) (S(AD), S(r2) (S(AR)) ),
as explained below Proposition

5.4.1 Four lemmas

Lemma 5.11. Suppose f € A%, then

[Dpa, RY(f)] = R ([Dra, f]).-
Proof. As Qn commutes with Da we see that

[qurvdv (Rd(f))] = [OnD1aQn, QN fON]
= Qn [Dra, f] On
= R*([Dra, ).

Lemma 5.12. Suppose T € A%, then
[ Dya, BYT)| = R ([DR,TY).

Proof. We prove the lemma in two steps. First of all we will show that for any T €
QNC>®(TH)Qy we have

[au, R®d(T)} = R [Qn0,Qn. T). (5.35)

Then we will show the lemma follows from (5.35). If T =T; ® --- @ Ty a pure tensor
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(T, € QnC>®(TH)Qn), then using Qy = PY? and Lemma (5.22)), we see

d
— ®d (Tl & - deNaT#:| ®Td>
m
a
= R®d @@ ®1 QN Qv (T @+ ©T) QN

= R ([Qn0,Qn. T1 ® - ® Ty]) = R* ([Qn8,Qn, T]) -

Here we also used that QnTQy = T, as T € QnC>=(T)Qy already. Taking linear
combinations of pure tensors yields the statement for all T € QnC>(T4)Qy. We now
make use of the equality (5.35). If T ® lam € A%, then

d
[DW, R T ® 12m)} = [Z ~i0, @y, R®(T) @ 1am

pn=1

d
= Rd { Z [QnauQN7 } )

.
o
(

—zZQna Qn @, T @ 1om

)

d
QN <Z _lau ® ’Y“) QN7 T ® 12711.

pn=1

)

proving the lemma. O

RY([QnD1aQn, T ® 19m])

R
ZRd([D%,T@@lzm]),
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Lemma 5.13. For each d > 1 there exists a sequence {yy } 5 of real numbers, converging
to zero, such that

£ = BRH)|| < D2, A1

for every f € A4,.

Proof. Let F¢ be the Féjer kernel as in Appendix Then if f = 1@ - ® fq €
®?:1 C(S1) € C>(T?) we have that R®IR®4(f) = Fgy ., * f. Indeed it follows from
Proposition that
R®IRE4(f) = RR(f1) @ -+ ® RR(fa)
= (Fant1* f1) ® - @ (Fan41 * fa)
=F{«f.

As ||R®4||,||R®?| < 1 and ||Fgy,q * (f — 9. <IIf = gllso, we have that
RPR®(lim f,) = lim R R®4(f,)) = lim Fgy 1y * (fu) = Fin 1 = (lim f,),

whenever {f,} is a sequence of pure tensors converging to some f € C> (T%). So we
see that we have R®IR®4(f) = Fghy | * f for all f € C(T?%). Now if f ® lom € A%,

then f € C°°(T?) is real valued, and therefore Proposition applies. Furthermore, if
we denote ||y|loc = max{|y1],...,|ya|} , then

1(0) = RERE(£)(6)| =

£(0) = (Fgy 41 % £)(0)]

1
= 2nd /Td Fin () 1£(0) = f(0 = y)l dy
1
< Fé .
= 2n) /Td an1 W Yll2 )l fl zipdy (5.36)
Vd
= @2n)d (/Td deNH(y)IIyloody) lgrad £,
Vd
= 2m) (/W F2dN+1(y)||y|oody> |[Dra, f @ 1om]]|.
Here we use that ||[Dya, f ® 1am]|| = || grad f||c, which we saw in the proof of Theorem
3.21] From the estimate (5.36)) we obtain the bound

o d
I = B Rt < 2 ([ Ft o blldy) 1Dz, £ © ]l

which we use to conclude that

If @ lam — RIRY(f @ 1gm)|| = H (f - R®dR®d(f)) @ Tgm H

= I - R < ([, #eslly) WD £ 1201,

We set vy = % Jra Fina )yl sody, so that

If @ Lom — RIRY(f)|| < Awll[Dr, f © Lom]]l.
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We are left to show that yx converges to 0. Choose € > 0 and choose M such that
N > M implies

/ Foniq(z)dr < e
<|z|<m

Then
Y)1Yllody
( Fin 1 ()llylloody + / F2dN+1(y)||y|oody>
T\ [—e,€]? —ee]?
§ < Ffy 1 (y)dy + 6/ F2dN+1(y)dy>
T\ [—e,€]? [—e,€e]?

< (27T)d e + e)

As € > 0 was arbitrary we can conclude that vy — 0. O

Lemma 5.14. For each d > 1 there exists a sequence {7} } ; of real numbers, converging
to zero, such that

)

|7 = RARAT)|| < A (DR 7]

d
for every T € AY%,.

Proof. Let the maps B,S € L(PyC>(T')Py) be as in Proposition So B(T) =
[—iPn %PN7 T]and S(T) = (Tany1 — T5n,1) o T, for the matrix Toy 41 given by (B.1):

1 0 0 ... O
1 1.0 ... O
lifn<m
Tonn , 11 1
{0ifn> A .
: 0
1 1 1 1

Then we claim to have the following identity

d
Y 1
®d pRd _
loye=@aoy — BT R™ = o 12: 1@ ®@SB®---@1—...

i J

1 2 ! 1
( ) 1 - -®SB®---SB®R---Q1+...

1 d
(5.37)

Here we denote 1 = 1p g (r1)py- The equality (5.37) follows directly from applying
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the result (5.20]) from Proposition and Proposition Indeed

v o\ ®d
lonem iy — RETRO! = 1gcx gy — (RR)
1 ®d
= 1QNC°Q(Td)QN - <1 - QZV—HSB>
d J

1 &
:1QNCQC(T{1)QN — <1QNCQC(']I‘{1)QN —72N+121®®SB®®1+
j=1

i j
i i
) > 19--®SB®---®SB@---®1—...

i<j<d

(2N+1

d
1
J— d PR
(=1 <2N+1) SB® SB® ®SB>

J

d 1
- Zl@---®88®~-~®1—...

i J
1 1
) E 1 - 5BR---5SB®---®@1+...

i<j<d

(2N+1
d

(—1)d+1 <1> SB®SB®---®SB

- 2N + 1 '

Note that if T =Ty, ® --- @ Ty € QnC>=(T?)Q is a pure tensor, then

d
7PNaT1/]®"'®Td: [QNanN7T]'

7
(1®---®B®...1)(T):T1®---®[—iPNdx
(5.38)

Taking finite linear combinations of such pure tensors and applying the above equality
yields the statement for all T € QnC>(T4)Qy. In Lemma we saw that

d
[DTdaT®12m = z:C2N6 QNa ®’Yﬂa
for each T ® 1am € A%. Hence we have the following equality

. . d
7 1
5{1®7”,[D$,T®1zm}}:5{1®7”,f § QN0 QN, T @ "}

d
= % Z QnOLON,T)® {7y, 7"}
= [QNc? Qn.T|® lom (5.39)

v

1
=(1® - @B®...1)(T) ® lagm

i
- (1®®B®1)®12m (T@lzm)’
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for all T ® 1am € A%. For the third equality we used (3.17). The term 1 ® y* =
idp2(ray ® Y* acts on L?(T4) ® C?" and its norm is given by

1@ 41> = |1 ®*)* (L&)
=1 ") ()l (5.40)
1@ Ly = 1.

Combining (5.39) and (5.40)) yields

i i v N N
1 @B®...1)Q@1ym | (T®1am)|| = 5{1®7,[DW,T@QlQm]} < |[Dyas T @ 1am]|.

(5.41)
In particular, as || DY,|| < V/dN, the inequality (5.41) implies
i

Applying the inequality (5.42)) £ — 1 times and the estimate (5.41]) once, we see that if
the tensor 1 ® -+ - B® - ---® B® ---® 1 contains B at k entries, then

(1@ ©Be @B& 1)@ lyw)(T® lyn)|| < (2NVA)* ™ |[DN, T ® 1]
(5.43)

We now turn our attention to the operator
1®"'®S®"'®1:1®"'®T2N+1®"'®1_1®"'®T5N+1®"'®1~

First of all, notice that applying the operator 1 is the same as to take the Schur product
with the matrix consisting only of 1’s. Let us denote this matrix with 1 in each entry
as J. So for T € QnC>®(THQn

(1@...@5’@...@1)(’1’) = (J®...®T2N+1®...®J) ol — (J@...®T5N+1®...®J) oT.

We want to find a matrix squaring to J ® --- @ Ton 41 ® -+ - ® J, so that we can apply
Proposition to estimate the norm of 1 ® ---® S ® --- ® 1. In appendix [B] we found
a matrix Asny1 squaring to Ty 41 and estimated the norm of its columns. It remains,

therefore, to find a matrix squaring to J. It is easily seen that \/ﬁJ is an excellent
choice. Hence

1 2
((2N+1)dzl(1®...®A2N+l®...®1>) =J® - Q@Teny1®---®J (5.44)

Let us briefly argue that the norm of the columns of -1 <J®~ CQAINF1 R o®J)
(2N+1) 2

is the same as the norm of the columns of Asn1. It suffices to show that the norm

of the columns of \/ﬁj ® Asny1 and \/ﬁAQJ\L‘,l ® J is the same as the norm of

the columns of Asy i1, as we can then apply this equality repeatedly. The Kronecker

product of the matrices J and Asn41 is given by

(J ® A2N+1)(2N+1)(n71)+k,(2N+1)(m—1)+l = Jpm0r = Q.
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Here ay; denotes the (k,l)-entry of the matrix Asyi1. The norm of column (2N +
1)(m — 1) + 1 of the matrix J ® Aany1 is therefore given by

2N+1 9 2N+1
Z ‘(J®A2N+1)(2N+1)(n—1)+k,(2N+1)(m—1)+l’ Z |ag|?
n,k=1 n,k=1
2N+1
= Z 2N + 1|ag|?
k=1

=vV2N +1 Z laki|?,
k=1

which is just /2N + 1 times the norm of column [ of the matrix Asyy1. Therefore the
norm of the columns of \/ﬁ‘] ® Aan41 is the same as the norm of the columns of

For the norm of the columns of Asyy; we found the upper bound (B.4), and thus we
can use the same upperbound for the norm of the columns of the matrix

Aon41. Analagously one can show the same is true for the matrix @Ag N+1 ® J.

1

Using the same reasoning we see that

2
1 . )
(W<J®...®A2N+1®...®J)) =J® - @Tyn ® @ Jong1 (5.45)

where again we obtain the same estimate for the norm of the columns as in (B.4)).
Altogether we see that

2
||1®~-~®S’®---®1||§2+;(1+log(2N)). (5.46)

Hence, if the tensor 1 ® - - @ S® - ® S ®---® 1 contains S at k entries, we have the
estimate

k
1
N5 5®---®1| < (2(1+W(1+log(2N)))> .

1SR @50 -1

Using Lemma [2.18] we see that we then have

H((1®~-~®S®~-~®S®-~®1)®12m)(T®12m)

N~—

(T) © 12

I(
:H(1®~~-®S®-~-®5®‘”®1)TH (5.47)

k
2(1 + %(1 + 10g(2N))>> 1T

k
2(1 + %(1 + log(2N))>> T & 1om]|.
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Combining (5.37)), (5.43) and (5.47)) yields

d J
. 1 i
HT@lgm—Rde(T@)lgm)H:H( Z(l@---®53®-~-®1)®12m—...

2N +1 ¢
j=1

g

1 2 1 1
. Z (1®-~~®SB®---®SB®--~®1)®12m+...
d

d
1
L (=) (2N+1> (SB RSB ® SB) ® 12m> (T  1am)

d
2 1
<y (1+ = (1 +108(2M)) ) [DRL T © Lo+

Z( : (1+71r(1+1og(2N))>> 2VAN||[DF0, T @ Ly]|| + ..

--+< 2 <1+ 1(1+log(2N)))> (2\/3N)d_1||[D{TVd,T®12m}H

™

(2(1+71T(1+1og(2N)))>222ﬂ1\’1+m
d
ot (Z) (2(1 + %(1 +log(2N)))> (;ﬁ]\;)d_l> I[DR, T @ 1gm]||

(j) <2(1 + %(1 +log(2N)))>j(22ﬂ]\;)j_l) D57 & 1on]].

j=1
The term
d J ,
, 1 d 1 2V/dN \i-1
N TN T ; (;) (2(1 +50 +1°g(2N)))> (2N+ 1)

converges to zero since all the terms converge to zero. Also we have

|76 12~ RERHT 10| < [0, T8 1] |
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Figure 4: The sequence 7y, for N = 1,...10000, for the torus in dimension 1 (blue), 2
(orange) and 3 (green).

5.4.2 Gromov—Hausdorff convergence

We are now ready to prove the main theorem of this thesis. Let O and Oy denote the
operator system spectral triples

0= (Ad, LX(TY ® ch,DW) . On= (A'}V, On (L2(1rd) ® <c2m),D{TVd) :
the spectral triple associated to the d-dimensional torus and the rectangularly truncated
torus as defined in Definition [5.3] respectively.

Theorem 5.15. The rectangularly truncated torus O, converges to the canonical spec-
tral triple O in Gromov—Hausdorff distance.

Proof. Let € > 0. Then choose N large enough such that vy, vy < €, where vy and v},
are as in Lemmas [5.13] and [5.14] respectively. We build a weak bridge B, in the sense of
Definition [4.15] between O and Op. We define

1 o 1
B(.1) = max {11 - R IT - R (5.49)
for f e AL T € Aﬁl\,. We need to check the requirements 1 and 2 from Deﬁnition If

f € A4, then set fT = R(f) € A%. By a similar argument as in Remark it suffices
to consider f = f ® 1am € A%, so that f is real-valued. Then according to Lemma

B, 1) = max {L1f = RURHO). LR - R}

1 o
= ~If = RURUI < [Dre, £
Also by Lemma [5.11] and Lemma [5.9

|1Dz% 71711 = |[[Drs, RAD]]|
= [|R* ([Dre, 1)
< Dz, -
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So B satisfies requirement 1 from Definition lm Choosing TT = R(T) € A? for
T € A% and using Lemma H 12 and |_4| shows that B also satisfies requirement 2
from Deﬁn1t1on 4 Propos1t10n 4.16[ tells us that if we equip the space S(A? & A%)
with the metric

d8(¢>¢): sup {|¢(f’T)_w(f7T)| H[DTdafH H[D’]I‘d7 } B(fvT)§1}7
feAd TeAd
(5.49)
the maps
S(AY @ A%)
8(771)/ \S(wz)
S(A%) S(A%)
are isometric embeddings. We now show that
distyr (S(m1) (S(AY)), S(m2) (S(AY))) < e, (5.50)

from which we can then conclude that disty,; (O, On) < €. Take ¢ € S(A?). We want

to find 1 € S(A%), such that dp(S(m1)¢,S(m2)) < e. We choose ¢ = S(R%)¢, which
is a state on A% according to Proposition Then indeed

45 (Sm)e.S(r)i) = swp {|o(f) - oA : NP Yz 71

feAd TeAL
< ap {Ir-m@): PP
= et teat 17 = B sy “mec e
<e

— )

which shows that S(m)(S(A4%)) C M(S(Wg)(S(.A?V))). A very similar computation
shows that
dg (S(m1)S(RY)(¥), S(m)y) <,

for ¢ € S(A%), implying that S(m2)(S(A%)) < M(S(m)(S(.Ad))). Thus we have

established ([5.50) so we conclude that Oy converges to O in Gromov—Hausdorff distance.
O

According to Proposition and the operator system spectral triples O and Oy
are also quantum metric spaces ([7]). That is, the formula induces the weak-x
topology on the state space. Therefore we can also speak of the quantum Gromov—
Hausdorff distance between O and Oy as quantum metric spaces. The weak bridge B,
defined in satisfies some additional requirements and is in fact a bridge of quantum
metric spaces between O and Oy ([7, Definition 5.1]). This means B induces the weak-*
topology on S(A?® A4;) through . One can then show that Oy converges to O in
quantum Gromov—Hausdorff distance for quantum metric spaces, using the exact same
proof strategy as for the proof of Theorem [5.15
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A The Fejér kernel

The Féjer kernel is an important tool in Fourier theory on the circle. For more detail
on the Fourier theory and the Féjer kernel we refer to [I3, Chapter 2]. In this appendix
we will recall some important properties.

Definition A.1. The N th Fejér kernel Fy: T! — C is defined by

Fy(0) = 22: N(1—|]%|)em9.

n=—2N
The Fejér kernel is a so-called good kernel.

Lemma A.2. Let Fy denote the N’th Fejér kernel. Then we have the identity
. 2 (NO
1 sin (7)

Fn(0) = N () (A1)

Furthermore Fy satisfies

1 U
— Fn(0)do =1
2 N()

—T

For every ¢ > 0,/ Fy(0)dd — 0 as N — .
5<|0|<n
Proof. Denoting w = €% we see

F(0) = 3 <I—M)w"
N N

I
zwj
TIMT =
M
T e
3

1 w—m Wm+1
- N 1—w
m=0
1 Nl -m—d
a N m—0 wfé —(JJ%
1 N sin((m + 3)6)
= — —
Nm:O sin(3)
1 = 1
= 2sin ((m + =)0) sin (=
) 22 (e 5)0) s ()
N—1

- m 2 (cos(mﬁ) — cos ((m + 1)9))
1—cos(Ng)  sin? (£9)

2N sin? (g) - N sin? (g) ’

In the above computation we used the trigonometric identities cos(2¢) — cos(2¢) =

—25in(¢ +v) sin(¢ — 1) and sin?(0) = 1_%5(29). The closed formula (A.1]) for the Fejér
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kernel shows that Fy is positive for every N. We easily compute
I nl Y\ ino
R ) inf g
27r/,,r n(0)d 27r/,,,2 TN +1

:—/ 1df = 1.
2 J_,

Finally, suppose § > 0 is given, then there exists some constant c¢s > 0 such that
sin2(g) > ¢s5, whenever § < |0| < w. Therefore, if § < |6] < 7, we have

1 sin? (N—G) < 1

2
FN(Q) N Sln (g) — NC(;'

So indeed we have that

/ Fn(0)dd — 0 as N — oo.
<|o|<m

O

Lemma A.3. Let Fy denote the N’th Fejér kernel and let f be given by the absolute
convergent Fourier series f = Y a,e™? then

N

(v ) o) = 3 (1~ )aem

n=—N

Proof. We simply calculate

(Ex e O = o= [ Ex(@)f60 - 2)ds
= / Z 1—M) mmZame mO=2) gy
mEeZ
_ / Z Z |7’L‘) i(nfm)a:ameimedm

—N meZ

/_Tr Z | ‘)an im0y = ﬁl: ( —%)aneme.
n=—N

We used that we may interchange summation and integration, as the Fourier series of
f converges absolutely. O

Definition A.4. We define the multidimensional Fejér kernel F$ as
Fi=Fy®---® Fy,

where Fy denotes the Fejér kernel on the circle. So for § € T¢, we have F(0) =
Fn(61)Fn(02) ... Fn(04q).
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Figure 5: The one-dimensional Fejér kernel Fg (left) and the two-dimensional Fejér
kernel F (right).

B The Schur product

We define a matrix multiplication different from the usual one. It is called the Schur
product, also known as the Hadamard product.

Definition B.1. Define the Schur product of A, B € M, (C) by
(Ao B)yn = ApnBmn.
We define sg: M, (C) = M, (C) by
sg(A) = Bo A.

Proposition B.2. Suppose we can write B € M,,(C) as a usual matrix product B =
S*R for some S,R € M,(C), then ||sg| < c¢(S)c(R), where c(A) = max; /), |a;;|?,
the maximum of the norms of the columns of A € M,,(C).

Proof. Write w;,v; for the j'th column of S and R respectively. Then
bij =Y SiBRij =Y SkiRkj = (wi,v;).
k k
Also, clearly ||w;|| < ¢(S) and ||v;|| < ¢(R). Let (-,-) denote the Hilbert-Schmidt inner

product on M, (C) given by (4, B) = Tr(A*B) = >, ;@;;b;j. Suppose now we are given
two unit vectors A, u € C™. Then define the matrices @ and ¢ by

Oij = Xi(vi)j, Wig = pi(wi) ;.
We now compute

(sp(A)Au) = (Ao BA),u
= Z (B o A)ij)\j,ui
ij
=Y Faw
i.j
= (wi,vj)ai A\
ij

— me(wi)k-

.3,k
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And on the other hand we also have

(A, W) Z AV Wik

= g @i i (Wi ) e

.3,k

- § alj 'U] ki wz)k

i,k
So we obtain the equality (sp(A)A, p) = (A0, w). Therefore we can estimate
[{s5(A)X, m)|* = |(AT, w)|*
< (Ad, Ad)(w, )

Tr(0* A* Av) (0,
= Tx (4" A00°) (&,
< [lA*Al[[oo*]x

= [|A]]* Tx(v0
= [|AI*(@, 9)(w,

)

/\Sz

g\_/
& ¢

We now claim that we have the inequalities (9, 9) < ¢(R)?, (0, %) < ¢(S)?, which would
complete our proof. Indeed we have

(W, W) Zw”ww
—-}E:A% wy) i (ws);
—}ZWAIW
—EZHMIEZIM
SE:WAC 2 =c(9)?

;

as  is a unit vector. A similar calculation shows (9, 7) < ¢(R)2. O

Proposition B.3. Let Ty € My(C) be the matrix given by

1 00 ... 0
1 1.0 ... O
lifn<m
Tonn =11 1 1 B.1
{Oifn>m N ] (B.1)
: 0
1 1 1 1

Then [[sry|| <1+ 1(1+log(N —1)).
Proof. We claim that the matrix Ay = (a;x), given by

0if k> j
ajr =< 1ifk=j (B.2)
k k m
b3 s 1 2t <
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squares to Ty. We can then use Proposition to estimate the sr, . We prove this
claim by induction. First of all the claim is trivially true for N = 1. Suppose now that
we have proven A?M = Ty for all M < N. We prove the statement for N +1. We simply
calculate

N+1 . .
f
{O ifk>i (B.3)

AN+1 aj;Qi = ;
g1l . .
Z Zz:k Qi ik if k S 7

From expression (B.1)) it is clear that (ANH)jj = 1. We proceed for the case where
j < k. If 5 <N it follows from the induction hypothesis that

AN+1 Zajzazk - AN)

Note that if £ > 2, then a;; = aj_1 1. Soif k> 2
AN+1 Zaﬂazk
= Zajfl,iflaifl,kfl
i=k
j—1
= Z Aj—1,iGi k-1

:(AN)j 1,k—1 (TN)j 1,k—1 (TN) (TN+1)jk'

Here we used the induction hypothesis in the last line. The only case that remains is
the case where j = N +1 and £ = 1. So we must show that

N+1
E an+1,ia;,1 = L.
i=1
1

To prove this, we consider the power series corresponding to the function = and

both with positive radius of convergence 1. It is well known the power series

1
Vi—z’

corresponding to ﬁ is given by

oo
= Z:c", |z| < 1.
n=0

The power series corresponding to \/11? is given by

—i(ﬁ%;ll)x”, | < 1.
n=0

We show this. Again, we argue by induction. The induction hypothesis is that

() amort= (25 )0

m\»—-
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This is clear for n = 0. For the inductive step we compute

d n+1 d d n
(CkC) (1—2)% = — (m) (1—x)73

ﬁ 20—-1\2n+1 (1- x)fz(n+21)+1
o2 2

_ (n-‘rl 2] — 1) (1 B x)_2(n+21)+1 )
2
=1

Then it follows that ——— is given by the power series

Vi-z
1 (1 (2-1 _2n41 n
1_£=Z<M<H2 )( —x) antl )a:
n=0 =1 =0
(1 &5 20-1
-5 (1)
P IESAEE s
n=0 =1 n=0

As —£— squares to ——, we know that
iz 54 -z’
oo oo 2
E " = ( E anﬂ,lx”)
n=0 n=0
o)
_ n
= g ( E am+1,1ai+1,1>$ .
n=0

m-4i=n

So we conclude that >
n = N we see that

maien @m+1,1@i+1,1 = 1, for each n. In particular, choosing

1= E m+1,1054+1,1

m+i=N

N
= E AN+1—i,1Q541,1
1=0

N

= E AN41,i+1Gi41,1
i=0
N+1

= g AN+1,iGi,1,
i=1

which is exactly what we wanted to show! So we have proven the claim A% = T. Note
that Ay = An, so that

N—-1
(A )e(An) = c(An)> =1+ 3 (

m=1

1 3 2m—1)2
2 4777 2m '
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By Wallis’ formula ([TT], Page 697]),

(1 3 2m—1)2<2 1 11
5 1 om .

So we conclude that
L1 |
c(Ay)e(An) < 1+ — Z — <1+ —(1+1log(N ~1)). (B.4)

Proposition now yields the result directly. O

C The tensor algebra

Given two vector spaces V, W over the same field k, we can form their tensor product
V ® W, generated by the elements

vRw,v € V,weW,

which we call pure tensors. The elements of the space V® W are subject to the relations

(nn4v)QWw=v1@W+v;QW (C.1)
VR (W +wy) =vRw + v wsy (C.2)
MRw =18 = Av®uw), (C.3)

where A € k,v,v1,v2 € Viw, w1, we € W. V®W is again a vectorspace over the field k.
One can make this construction more rigorous by defining the tensor product of V@ W
to be the quotient space of the vector space over k, generated by the formal symbols
v ®w, modulo some ideal capturing precisely the relations , , . For more
detail we refer to [12].

One can check that taking the tensor product is associative, in the sense that
UV)eW2UR (VeW).

So it makes sense to define V" =V ®--- @ V (n times).

Definition C.1. Given a vector space V over some field k, we define the tensor algebra

of V, denoted TV, by
TV = Pver.
n=0

Here V®0 denotes the field k itself, viewed as a vector space over k.

Given some element x € V, we define " € V®" by
¥ =r®Rr®- - @ (n times).
Proposition C.2. Let V be a vector space and let = be an element in V. Then
(1—z)®" ®1—Zl® ®x® @1 ...
{
Y le- ®x® RI®--®1—...
1<j<d

(D)@
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Proof. We argue by induction. For n = 1, the statement is clear. Suppose now that we
have already obtained the result for some n > 1, then

(1- x)®"+1 =(1-2)®"®(1—2)

n J
= <1®~~~®1Zl®~~~®%®m®1+...
j=1

7
Y 1801000 ®l-...

i<j<n
..(—1)”x®x®---®x> ® (1-=x)

n+1 J
=1®-~-®1—Zl®-~®%®~--®1+...
j=1

i J
> 19058 ®F®---®l—...

i<j<n-+1
L (=D)""SBre---®a.

D The spectrum of Dy

In Section [5.1] we determined that the canonical spectral triple corresponding to the
d-dimensional torus is given by

d
(cm(qrd), (T eC* ) —id, ® w) :
pn=1

where d = 2m if d is even and d = 2m + 1 if d is odd. In this appendix we show that
the spectrum o (Dra) of Dpa = Zi:l —i0, ® y* is given by

o(Dra) = {ig/n%—k...nﬁnezd}.

As Drpa has compact resolvent ([4, Section 10]), we know that all the spectrum of Dra
is point spectrum. We are thus looking for values A € R for which there exists a spinor
Y € L*(T4) @ C*" such that

Dryath) = i, (D.1)

We can decompose 1 into pure tensors

b= @, ;€ LA(T%),v; € C*". (D.2)
J

Then applying the operator Dys once more to Equation (D.1)) yields

D2,4p = A%y (D.3)

58



We can compute D2, more explicitly. Indeed, using the relations (3.17) and (3.18), we
see that

2
d
D3, (Z ~i0), @ 7")
p=1
d

= > (—i0)(=id,) @ Y'y”

H,v=1

d
Z —02 ® lam
p=1

= A ® ]_Q'm.

Here A denotes the operator EZZI —d5 on L?(T9). Then Equation (D.3)) is equivalent
to
Vb = A2, for all j. (D.4)

This has solutions ¢; = e™? = ei(m1bi++naba) "with n € Z¢ such that

n1+-~+n§:/\2.

o(Drpa) C {:l:\/n%—i—...ng \ neZd}.

To show equality, it suffices to show that o(Drpa) is a symmetric set. So we need
to show A\ € 0(Dypa) = —X € o(Dpe). We do this by introducing the operator
7 : L?(T%) — L?(T?) defined by

(Tf)(el, .. .,Hd) = f(—Hl, ceey —Qd).

The operator 7 ® 1,, anti-commutes with Dpa. Then, if ¢ is an eigenvector with eigen-
value A, the spinor (7 ® 1am )1 is an eigenvector with eigenvalue —A. This shows the
spectrum of Dya is a symmetric set and we conclude that

o(Drya) = {i,/n%—i—...nineZd}.

It follows that
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