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A fermion in spacetime

Minimal ingredients to describe a free fermion:

® coordinates on spacetime M:

X - Xl/(p) = XM(p)XI/(p)7 etc.,

*_propagation, described by Dirac opéerator Dy = in#0,,
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Noncommutative geometry

® This combination of coordinate algebra and operators is central to the
spectral, or noncommutative approach [Connes 1994].

(A, D)
® Reconstruction of M in the commutative case [Connes 1989]:
(C>*(M), L*(Sm), Dum):
d(x,y) = mfax{\f(x) — f(y)|: gradient f <1}

f

¢--->

é _____
X y

® The gradient of f is given by the commutator [Dy, f] = Dyf — fDy

f
(g (D, 1] = i)
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Emerging bosons

Our fermionic starting point induces a bosonic theory:
® “Inner perturbations” by the coordinates [C 1996, CCS 2013]:

Dy~ Dy + Z aj[DM, aj]
J

for functions aj, a; depending on the coordinates x,.
® Then,
Z 3j[D, af] = A"y (0ux") = Al

J

where A" is the electromagnetic 4-potential describing the photon.
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Moreover, it is possible to derive a bosonic action from the (Euclidean) Dirac
operator via the spectral action [Chamseddine-Connes 1996]:

Tr f(Du/N) =D F(A/A)~ c4/\4V0|(I\/l)—|—c2/\2/ R\/§+c0/(a[”,4y])2+. .
X

for some coefficients ¢s, ¢z, . . ., depending on f.

We recognize

® The Einstein-Hilbert action / R./g for (Euclidean) gravity

® The Lagrangian /(8[HAV])2 for the electromagnetic field

AVAVAVAVAVA
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Noncommutative fine structure of spacetime
Replace spacetime by
spacetime X noncommutative space: M x F

® F is considered as finite internal space (Kaluza—Klein like)

® [ is described by noncommutative matrices, that play the role of
coordinates, just as spacetime is described by x,(p).

® These matrices geometrically encode non-abelian gauge symmetries.
® 'Propagation’ of particles in F is described by a 'Dirac operator’ Dg
which is actually simply a hermitian matrix.

Note that the spectral approach is now the only way to describe the
geometry of F.
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Finite commutative spaces

® Finite space F
F = 1@ 3 I Ne

e Coordinate functions on F are given by N-tuples in CV, and the
corresponding algebra C°°(F) corresponds to diagonal matrices

f(1) 0 0
0 £(2) 0
0 0 f(:l\l)

® The finite Dirac operator is an arbitrary hermitian matrix Dg, giving rise
to a distance function on F as

d(p.) =, max_ {IF(p) ~ F(a) - I[DF. 1] < 1}
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Example: two-point space

F: 1. 20

® Then the algebra of smooth functions

co-{(: 3

® A finite Dirac operator is given by

DF_<S 8) (ceC)

® The distance formula then becomes

d(1,2) = max{yAl — Xl H (C(Alo_ ) E(Azo— A1)>

)\1, )\2 € (C}
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Finite noncommutative spaces

The geometry of F gets much more interesting if we allow for a
noncommutative structure at each point of F.

® [nstead of diagonal matrices, we consider block diagonal matrices

a2 0 -~ 0
0 a - 0
A= ,
0 0 ... an
where the a1, ap, ..., ay are square matrices of size ny, no, ..., ny.

® Hence we will consider the matrix algebra
Ap = My, (C) & My, (C) @ -+ & My, (C)

where C can be replaced by R or H.

e A finite Dirac operator is still given by a hermitian matrix.
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Example: noncommutative two-point space

Coordinates on F are elements in C @ H

® A complex number z
® A quaternion g = qg + iqkak; in terms of Pauli matrices:

y (01 o (0 i s (1 0
"_<1 o>’ "_(—i 0>’ 7=\ -1

It describes a two-point space, with internal structure:

= @ —-=-=-x
o<
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Inner perturbations on noncommutative two-point space

® 'Dirac operator’

0 coO
DeE=1|c 0 O
0 0O
® |nner perturbations:
0 ©<¢1 ¢
Df ~~ Dg + Z aj[D;:, aj] = | co1 0 0
j ¢ 0 0

 Distance between the two points is now 1/4/|cé1|? + |cga|?.

® We may call ¢1 and ¢» the Higgs field.

® Indeed, the group of unitary block diagonal matrices is now
U(1) x SU(2) and an element (), u) therein acts as

()~ (5)
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Almost-commutative spacetimes

We now combine mild matrix noncommutativity with spacetime:

® coordinates of the almost-commutative spacetime M x F:
%(p) = ("(p). ¢"(p))]

as elements in C @ H (for each p and each point p of M)
® The combined Dirac operator becomes

‘DMXF = D +"Y5DF‘

Note that D%, = D% + D2, which will be useful later on.
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Inner perturbations on M x F

So, we describe M x F by:
k= (2", q"); Dmxr = Dm + vsDF

As before, we consider inner perturbations of Dy by X¥(p):
® The inner perturbations of Dr become scalar fields ¢1, ¢».
® The inner perturbations of Dy, become matrix-valued:

Z 3j[Dm, ] = a,*(8,%") =: A"

J

with A, taking values in C & H:

B, 0 0
Av=|0 w’ wf
- 3
0o W, -Ww;

corresponding to hypercharge and the W-bosons.
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Action functional: electroweak theory

Use D% r = D3, + D% to compute the spectral action (in 4d)

Tt f(Dyxr/A)

2 4
~ C4/\4V0|(M)+cz/\2/R\/§+ co/FWF“”—céﬂﬂLcé'fNﬁw

We now recognize in terms of the field-strength F,,, for A,:

® The Yang-Mills term F,, F"”
for hypercharge and W-boson

® The Higgs potential
—121¢? + Alg|*
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Standard Model as an almost-commutative spacetime

Describe M x Fsp by [CCM 2007]

e Coordinates: X*(p) € C® H @ M3(C) (with unimodular unitaries
U(1)y x SU(2). x SU(3)).

® Dirac operator Dyjxr = Dy + v5Df where
ST*
Dr = <T 5)

is a 96 x 96-dimensional hermitian matrix where 96 is:

3 x2 x( l I1®1 + 101 + 2®3 + 1®3 + 1®3 )
X
families/
anti- partlcles
(vi,eL) VR er (ur,dp)
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The Dirac operator on Fgy

® The operator S is given by

0 0Y,o0 0 0V, 0
| oo ov o 0 0 vy

=y g oo | C®BT|yrg o0 |OW
0 Y0 0 0 Y;0 0

where Yy, Ye, Y, and Yy are 3 X 3 mass matrices acting on the three
generations.

® The symmetric operator T only acts on the right-handed
(anti)neutrinos, Trvg = YgUR for a 3 X 3 symmetric Majorana mass
matrix Yg, and Tf = 0 for all other fermions f # vg.
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Inner perturbations

Just as before, we find

® Inner perturbations of Dy, give a matrix

B, 0 0 0
A o WP wS o
= - 3
Ploow, -wpoo
o 0 0 (G)

corresponding to hypercharge, weak and strong interaction.

® Inner perturbations of Dg give

Yu 0 ~ Yud’l - 552
0 Ye Yopo  Yedy

corresponding to SM-Higgs field. Similarly for Y}, Yy.
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Dynamics and interactions

If we reconsider the spectral action:

2 4
R et

Tr f(DMXF//\)NC4/\4VO|(M)+C0/FH,,FMV—C ONE

2 A2
we observe [CCM 2007]:

® The coupling constants of hypercharge, weak and strong interaction are
expressed in terms of the single constant ¢g which implies

5
g =g = ggf

In other words, there should be grand unification.

® Moreover, the quartic Higgs coupling X\ is related via
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Phenomenology of the noncommutative Standard Model

This has been used to derive predictions as follows:
® Interpret the spectral action as an effective field theory at
Acut ~ 1013 — 10'® GeV.
® Run the quartic coupling constant A to SM-energies to predict

16
15F

14F \

2 \
4)\MW A \

m,2, = 3g22 13f \
12f \ /

11

1096 (1/GeV)

This gives [CCM 2007]

\167 GeV < mp, < 176 GeV
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Three problems

@ This prediction is falsified by the oap B ;M’
now measured value. Ly . —

® In the Standard Model there is g os o -
not the presumed grand /////
unification. — 10 i

Togy, (4/GeV)

©® There is a problem with the low
value of my, making the Higgs = 124GeY
vacuum un/metastable
[Elias-Miro et al. 2011].

e = 1732 GeV
i) = 1184

—0.06 o
[ T
RO seal
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Beyond the SM with noncommutative geometry

[Chamseddine—Connes—vS, 2013, 2015]

® The matrix coordinates of the Standard Model arise naturally as a
restriction of the following coordinates

f(p) = (ar(p), a/'(p), m"(p)) € Hg & Hy & Ma(C)
corresponding to a Pati—Salam unification:
U(1)y x SU(2). x SU(3) — SU(2)r x SU(2), x SU(4)

® The 96 fermionic degrees of freedom are structured as

VR UR | VL Ui o
< er diR > (I - 172)3)

e d;
e Again the finite Dirac operator is a 96 x 96-dimensional matrix (details
in [CCS 2013]).
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Inner perturbations

® Inner perturbations of Dy now give three gauge bosons:
W§., W/, v#

corresponding to SU(2)g x SU(2), x SU(4).
e For the inner perturbations of Dr we distinguish two cases, depending
on the initial form of DE:

ST
| The Standard Model D = (T 5)
[I" A more general Dg with zero f| — fi-interactions.
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Scalar sector of the spectral Pati—-Salam model

| For a SM Dg, the resulting scalar fields are composite fields, expressed
in scalar fields whose representations are:

| SU@R)r SU(2). SU(4)

b 2 2 1
Ay 2 1 4
¥/ 1 1 15
[I' For a more general finite Dirac operator, we have fundamental scalar
fields:
particle | SU(2)r SU(2). SU(4)
y b 2 2 1415
3 1 10
Hi1y 1 1 6

Walter van Suijlekom January 16, 2020 Noncommutative geometry and particle physics: Pati-Sa 23 / 35



Action functional

As for the Standard Model, we can compute the spectral action which
describes the usual Pati—-Salam model with

® unification of the gauge couplings

&rR = 8L = &

® A rather involved, fixed scalar potential, still subject to further study
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Phenomenology of the spectral Pati-Salam model

However, independently from the scalar potential we can analyze the running
at one loop of the gauge couplings [CCS 2015, AMST 2015]:

@ At A there is a unification of the Pati—Salam gauge couplings

ErR=8L—= &

This is where the spectral action is valid as an effective theory.

® Run the Pati-Salam gauge couplings down to a presumed PS — SM
symmetry breaking scale mg

© Relate their values to the Standard Model gauge couplings at this scale

via
1 21 1 1 11
g 382 g g g’ gs g%

and run couplings down to scale M.

O Look for values of mg and A that yield the measured values of g1, g2, g3
at energy scale M.
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Phenomenology of the spectral Pati-Salam model
Case I: Standard Model Dr

For the Standard Model Dirac operator, we have found that with
mr &~ 4.25 x 10*3 GeV there can be unification at A &~ 2.5 x 10'° GeV:

0.70 g3
0.65
12}
(=]
£
_% 0.60
8 92
S N
g 0.55 \'\g
o 0. — .,
5 -9 \_\
~ O gr
0.50
10 12 14 16 18
log1o(L/GeV)
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Phenomenology of the spectral Pati-Salam model
Case I: Standard Model Dr

In this case, we can also say something about the scalar particles that remain

after SSB:
LUy SuE) SU@)

-]+ =

o 0 1 1
2

_< 1 3
" 3

® |t turns out that these scalar fields have a little influence on the running
of the SM-gauge couplings (at one loop).
® However, this sector contains the real scalar singlet o of [CC 2012].
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Stabilization of the Higgs vaccum
Chamseddine—Connes, 2012

® Suppose that the real scalar singlet o is coupled to the Higgs sector in
the following way:

4g3 1 1 1
V(o h) = _%fz/\?(h2 +0%) + g nh® + SH0% 4 2000

34|

® |nstead of the notorious Higgs
mass prediction from the nc Stan-
dard Model, this real scalar singlet
gives a Higgs mass varying with
p = Miop/m, and the unification
scale t = log(Agut/Mz) 7

130

e This allows for m, = 125.5GeV and m, ~ 10*2GeV.
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Phenomenology of the spectral Pati-Salam model
Case II: General Dirac

For the more general case, we have found that with mg ~ 1.5 x 10'* GeV
there can be unification at A &~ 6.3 x 10 GeV:

0.70 (%

0.65

gauge couplings

10 12 14 16 18
log1o(1/GeV)
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Significance of the spectral action

® Spectral action gives effective field theory at GUT-scale: it is the
classical starting point for subsequent (conventional) RG-flow analysis

® Basic obstacle for getting the quantum field theory is that the spectral
triple (A, H, D) is a one-particle description of geometry

® So, the question is whether we can extend the framework of
noncommutative geometry to multi-particle states?
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Second-quantization of (A, H, D)

[Chamseddine—Connes-vS, 2018]

® The first step is to replace Hilbert space H by fermionic Fock space

N=@N#

n>0
¢ The one-particle Dirac-Hamiltonian |D| on H is second-quantized to
give
/\(efﬂlD\) — o BH
where H is the second-quantized Hamiltonian:

H=|D|®1l--®@1+1®|D|® - ®1+1®---®1®|D|
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Gibbs states and entropy

e Consider the density matrix for this second-quantized Hamiltonian:

ps =N NP

e Of course, this is the Gibbs state for a Fermi gas on the
(noncommutative) space that is described by (A, #, D).

Theorem (Chamseddine-Connes-vS, 2018)

The (von Neumann) entropy,

5(pg) = —Tr pglog pg,

of the above Gibbs state pg is given by a spectral action Tr h(8D) for the
function h(x) = E(e™™) where E(y) is the entropy of a partition of unit
interval in two intervals with size of ratio y.
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Analysis of the function h

0.7k
We have

ylogy
y+1

E(y) =log(y +1) —

(1+e™)

The function h is a Laplace transform:

) = [ " g(n)e

with
n 2 n _ e—1/4t‘

g(t) = 8\/-t5/2z q

H . _+R2PN2
This allows us to use heat asymptotics of e tB°D%
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Asymptotic expansion of entropy

If Tr e~ t0% ~ S~ thby then
k

 n—2k
S(ps) = Tr H(BD) ~ 3" FP(K)be| (k) = T ke(2K)
k
in terms of the Riemann &-function :
£(s) 1= %s(s - 1)7r—%r(§)<(s)
v(=1) | 7(=1/2) 7(0) 7(1/2) (1 7(3/2)
€@ | 7, | L | 1 | 10
2 3 & N 8 85/2
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