Cyclic cocycles in the spectral action

and one-loop corrections

Walter van Suijlekom

(joint with Teun van Nuland)

Radboud University # %¢

HING



NC geometry: spectral triples (A, H, D)

e x-algebra A “coordinate algebra”

e self-adjoint operator D with (i + D)~!  “inverse fermion propagator’
compact and [D, a] bounded for a € A

e both acting on Hilbert space H “one-particle space”

Applications to gauge theories:
®  Gauge group U(A) of unitaries in A acting as

D — uDu* = D + u[D, u*]
® Spectral invariant action functional [Chamseddine—Connes, 1996]:
Tr (D)
®  More general: inner perturbations as gauge fields

DD =D+> a[D,b] (a,b; €A
J
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Applications to particle physics

We may consider asymptotic expansions of the form:

Trf((D+ V)/A) ~ > ik
k<n

for V=3, 4D, bj], a suitable f, cutoff A and some n (dimension).
The ay are integral invariants of local polynomial functionals in the
metric and in V.

Almost-commutative manifolds [Chamseddine-Connes—Marcolli 2007, vS]
(C(M, Ag), L>(M, S) ® Hf, Dy ® 1+ ym @ Df)

TeF((D + V)/A) ~ faA*Vol(M) + ;5/\2/;;»\/54r @/R2\/§+...

“h / Tr o F — B2 / 62 +h / 61 +
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Perturbative expansion of the spectral action
Instead, today we consider an expansion in powers of V of
Trf(D+ V)—Trf(D)= le, V,...,V)
with [vS 2012, Skripka 2013, vNuland-Skripka 2021, vNuland-vS 2021]:
(Vi,Va,..., :—Tr}{f’ Wi(z=D) ™'+ V,(z—D)*

We will depict it as a Feynman diagram:
Vs Vs
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Cyclic permutations and the Ward identity

There are the following two properties of the bracket:

(Vi Vi) = (Voo Vg, Vi) 0
(aVi,...,, Vo) — (V4,..., Voa) = ([D,a], V4,..., V) (In)

Identity (1) is a type of 'Ward identity’ as it boils down to
(z—D)ta—a(z—D)'=(z— D) ![D,al(z— D) *

We depict it as

o
T
m{
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Noncommutative integrals

We may express multi-linear functionals on A as noncommutative

integrals over universal differential forms:

® if ¢, is a n+ 1-linear functional on A so that ¢,(ag, a1,...,a,) =0
if one of the ay,...,a, is a complex scalar, then we may write

©vn(a0, a1, ... an) :/ agday - -+ 0ap.
® We will be interested in the brackets (V/,..., V) as they appear in

the perturbative expansion of the spectral action and define
[D, 2% D, %

(D, 4%

/ 20031 - - 6an = (20[D, 1], [D, 3], .., [Ds an]) = [p.a1
¢n

[D,a"]
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Brackets as noncommutative integrals

For one external edge we find with V = a;[D, bj] and A = a;d(b;):

5O [ A

For two external edges, we apply the Ward identity and derive
ay &4 (D, 3]

(V.v) = a[D b-]wq = );O“‘ [D. ] + ;)‘ [D. 5]

[D, by] aj[D, bj] 3j[D, bj]

:/ A2+/ ASA.
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Brackets as noncommutative integrals

In conclusion, if V =3_:3;[D, b is a gauge field with corresponding
universal 1-form A =3 a;0b; we may write:

<V>: A,
$1
(v,v>:/ A2+/ ASA,
(V,V, v>:/ A3+/ A5AA+/ ASASA,
3 4 ?s

VvV = [ At
®a
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Re-ordering the terms

We now introduce another multi-linear functional 1, _1 by setting

/ w= / w— L dw; w € Q?1(A)
hak—1 2k—1 2 P2k

For the first two terms, we have that

/A+1/ A2:/ A+1/ (6A + A?)
¢1 2 2 1 2 2

while for the next we may apply the Ward identity, in combination with a
noncommutative Stokes theorem to obtain

1 1 1 1
| ASA+Z | A 4+Z | AjAA+Z | A%
2/35+3/3 +3/45 +4/4
1 2 1
_ - ASA+ ZA3) + = A+ A?)?
2/3(6 +3 )+4/4(6+ )
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The perturbative expansion of the spectral action

Theorem

For a finitely-summable spectral triple (A, H, D) and f in a suitable
function class, there is the following absolutely convergent series
expansion:

Tr(f(D—|— V)—f(D)):Z (/w CSZk—l(A)'i_%/(ﬁ Fk>

k=1

Here the higher-dimensional Chern—Simons forms are given by
1

csok—1(A) = / A(F,)<dt; Fi = t0A + 2 A
0

The functionals 12,1 and ¢k turn out to define odd and even cyclic
cocycles.
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Intermezzo: Hochschild and cyclic cocycles

®  \We define operators b and By on multi-linear functionals by

/ wéa:/ [w, a], / w= | dw
b¢n ¢n Bod’n ¢n

and set B = ABj in terms of the operator A of cyclic
anti-symmetrization.

e b2 =0 (Hochschild cohomology), B2 =0 and bB + Bb =0
= (b+ B)?> =0 ~ (even/odd) periodic cyclic cohomology

® An odd (b, B)-cocycle is given by a sequence (¢1, ¢3, ¢s, . . .), with

bk i1 + Beoakyz =0,

Similar for even (b, B)-cocycles.
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Brackets and cyclic cocycles

We repeat: f¢" agday - --da, = (ao[D, a1],[D, az], . . ., [D, an])

The n-cochain ¢, has the following properties:
®  Byo, is invariant under cyclic permutations, so Bp, = nBy¢, for odd
n and B¢, = 0 for even n.
®  bpok—1 = @2k 50 by = 0.
Proof (k =1):

/[;, agdaiday = <3081[D, 32]> — <30[D7 8132]> + <3230[D7 al]>

= —(ao[D, a1]az) + (a2a0[D, a1]) = (ao[D, a1], [D, az])
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Brackets and cyclic cocycles

We repeat: f¢" agday - --da, = (ao[D, a1],[D, az], . . ., [D, an])
The n-cochain ¢, has the following properties:
®  By¢, is invariant under cyclic permutations, so B¢, = nBy¢, for odd
n and B¢, = 0 for even n.
boak—1 = 2k S0 boak = 0.
®  bBogok = 22k — Bodok+1
Proof (k =1):

/ agdaidar = / agaidas — / apd(araz) + / aragda
J bBo 2 J Bopa J Bopa J Boa

— ([D, avau, [D, a2]) — {[D, 2], [D. araz]) + ([0, a20], [D. a1])

- 2<80[D, 31]7 [D, 82]> - <[D 30]5 [D, 31], [D7 32]>
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Brackets and cyclic cocycles

We repeat: f¢" agday - --da, = (ao[D, a1],[D, az], . . ., [D, an])

The n-cochain ¢, has the following properties:

®  Byo, is invariant under cyclic permutations, so B¢, = nBy¢, for odd
n and B¢, = 0 for even n.
boak—1 = 2k S0 boax = 0.

®  bBopok = 2¢2k — Bodak+1

Motivated by this we define
Vok—1 = dak—1 — 3 Bodax = Bipoii1 = 2(2k + 1) bios_1.
Proposition (van Nuland—vS 2021)

1. The sequence (¢2x) is an even (b, B)-cocycle and each ¢ay defines
an even Hochschild cocycle: bgyy = 0.

2. The sequence ({/Jvzk_l = (—1)k1 (2kk ll))l,wgk 1) is an odd
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Gauge invariance

®  For the Yang—Mills terms, it turns out that gauge invariance is a
consequence of the fact that ¢, are Hochschild cocycles:

/quu*:/ Fk.
P2k P2k

®  Since the spectral action is a spectral invariant, it is in particular
invariant under gauge transformations.
®  This combines: also the Chern—Simons terms are gauge invariant:

Z/ csok—1(UAU® + udu™) Z/ csak—1(
P P

2k—1 2k—1

Theorem (van Nuland-vS, 2021)
Let f be in a suitable function c/ass Then the sequence (1/12k+1) def/nes
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Loop corrections

Goal: Compute the quantum partition function and analyze loop
corrections to the spectral action

Concretely, we try to make sense of the partition function in the
background field:

Z[J, V] — /e— Tr f(D+V+Q)+(J,V)d[Q]

where
e V= Zj a;[D, bj] € Qh(A)s.a. is a background gauge field
® Jis a source field in the dual space Q}(A)z

s.a.

® (@ is a quantum field that is integrated over in the path integral
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Loop corrections

In order to makes sense of the path integral we let Q be an arbitrary finite
size hermitian matrix Q@ = (Q) in an eigenbasis of D (eigenvalues: Ax).

The quadratic and cubic terms become:

(Q Q) = 2Zok,o,kf s M
1
§<Q Q,Q) = k;anllekaf [As Aty Am]
expressed in terms of divided differences:

f/[XaY]:M f/[x,y,z]:w

X—y X—2z
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Gauge propagator

For suitable f' we may perform the Gaussian integration:

— Qu Qmne~2(0QdQ 1
QkIan = f ul

L ——
[e Q@ 4q KM e, M

-100 -50 50 100

Example of a positive bump function f Divided difference f'[m, n]
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Quantum Ward identity

We thus have a gauge propagator, and may consider all 1P| diagrams:
Vs A

a [D. 4]

®  There is a bosonic Ward identity: { - =

which induces the following quantum Ward identity for the divergent
one-loop contributions:

(Va,.oyaVs o VO — (v, Ve, V)

oo

= (Va,...,Vi1,[D,a], V..., V)EE ()

oo
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Proof of (aVi, Vo))ll — (Wi, Vea)ll = ([D, a], Vi, Vo))

WO,ONW

e

Vi
V2
al \a D, a]
1 \
1 1
w .,\fr’@‘m
1 1
\ 1
1 1
1 1
a a
a
< :3’@‘“«1
v, w» -

V. [D.4] (D.a] v D3]
- /?\ vy >3:c>u
Vi
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One-loop renormalizable spectral action

In general, as a consequence of the quantum Ward identity one can show
that the divergent part of the 1L contribution (V/,..., V))Cle) has the
same structure as (V,..., V):

Z%«V""’ V) = > </~ csok—1(A) + ;{/{%F") :

n k=1 2k—1 2k

where 5 and zz are the analogues of ¢ and v but now defined using the
double bracket.

We conclude that the passage to the one-loop renormalized spectral
action can be realized by a transformation in the space of
noncommutative integrals, sending ¢ — ¢ — ¢ and 9 — ¥ — 1.
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