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Lorentz in October 1910

H.A. Lorentz by Jan Veth

Origins of spectral geometry:

“Hierbei entseht das mathematische Problem, zu be-
weisen, dass die Anzahl der gentigend hohen Obertone
zwischen n und n + dn unabhangig von der Gestalt der

Hiille und nur ihrem Volumen proportional ist.”



Weyl in February 1911

N(A) = #wave numbers < A
N QdVoI(I\/I)Ad
d(2m)d

Evidence by the parabolic shapes (v/A):
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Mark Kac in 1966

“Can one hear the shape of a drum?”

Or, more precisely, given a Riemannian manifold M, does the spectrum of wave
numbers k in the Helmholtz equation

AMU = k2u

determine the geometry of M?



Isospectral drums!
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®
links.

. so the answer to Kac's question is no
and more information is needed...



Spectral description of geometry: distance

Noncommutative geometry (Alain Connes)

» Distance d(x,y) between two points is usually defined as

the smallest of the arclengths (computed using the metric) of curves connect-

ing x and y.

» But it can also be defined as

the largest of differences |f(x) — f(y)| for functions f with gradient |Vf| < 1.

d(x,y) = sup [0.(f) = dy(f)]
I{Dwm FllI<1

Combination (C>(M), L2(Sp), Dum) allows for reconstruction of geometry

<@é---->



Spectral triples

More generally, we consider a triple (A, #, D)
» a x-algebra A

» a self-adjoint operator D with compact resolvent and bounded commutators [D, a]
foraec A

» both acting (boundedly, resp. unboundedly) on Hilbert space H

Generalized distance function:
» States are positive linear functionals ¢ : A — C of norm 1

» Distance function on state space of A:

d(¢,¥) = jlelﬁ{lcb(a) —¢(a)l - [I[D; 4]l <1}



Example: commutative two-point space

F: 1@ 20

» Then the algebra of smooth functions

co-{(: 3

» A finite Dirac operator is given by

)\1,)\2 € (C}



Unitary (CKM) invariant: Specy(M)

[Connes 2008]

In general, all structure of a Riemannian spin manifold can be captured by a pair of
» The spectrum of the Dirac operator

» The relative position of two commutative von Neumann algebras: a discrete and a
continuous one.



Pair of maximal abelian von Neumann algebras in finite dimension

» Consider a pair of maximal abelian subalgebas M, N C L(H) with dim(H) = n.

» Corresponding to each idempotent e, € M, f\ € N there are unit vectors
&x,mx € H (up to a phase).

» They yield unitary matrices Cyx := (&x, M)

» Each row C,, is an element in the unit sphere S;(/N) of N, since
2 1GaP =1
A

and we are interested in the set of equivalence classes of these n rows in
P(N) :=S1(N)/U(1).

» Up to the gauge action of U(N) on the projective space, this defines the invariant
Specy (M),



Partition of unity

» A convenient encoding of these equivalence classes is given by the hermitian
matrices of rank 1 defined by:

(Px))\u = acxu

which satisfy:

PE=p Py =0 (x#£y): D (p)w=0xn ()

X
In fact, we have

Proposition (Connes, 2008)

Let N be a maximal abelian von Neumann subalgebra of L(H). The relative position
of abelian von Neumann algebras of constant multiplicity m in L(#) is classified by
subsets Specy (M) in the rank m hermitian matrices p (matrix indices in Spec(N))
with n/m elements such that (x) holds, up to the adjoint action of U(N).



Example: Cabibbo-invariant for two-point space
» maximal abelian subalgebra A = M in L(C?) and let N = C? be diagonal,

corresponding to D = (é _0/\>

ez ()
> We write C = <|¢2>t) where

w=(5)i = (L) lePrpR-1

» All phases of a, 5 can be gauged away, leaving them to be ¢,s € R with
c? + s? =1 and two commuting idempotents:

p1 = |[P1) (1| = (C2 C;) o, =) (o] = (_SZ _25) .

cs S S| Cc

» For the distance function we write a = ajp1 + axp2 € M and compute:
d(1,2) = (JA|sin(20))7! in terms of § € [0, ) (the 'Cabibbo angle’).



Example: noncommutative two-point space

The two-point space can be given a noncommutative structure by considering the
algebra Ar of 3 x 3 block diagonal matrices of the following form

A 0 0]
0 a1 ar
0 a1 ax

A finite Dirac operator for this example is given by a hermitian 3 x 3 matrix, for
example

0
Df = 0
0]

o n o
o O 0l



. a good old noncommutative space!
» Consider two unitaries U and V/, satisfying the relation

uv = e vu: 0eR

» The noncommutative torus [Connes 1980, Rieffel 1981] is given by
Ag = {a = Zam,,U’" V" : (amn) rapid decay }

» Faithful trace 7 : Ag — C given by a + agg yields a Hilbert space L?( Ay, 7).
» Introduce derivations d1, 62 on Ay satisfying

51(U): U; (51(\/)20; (52(U):0; 52(\/): V.

D, — 0 01+ id
Ao = —01 + 02 0]

» The triple (Ag, L2(Ap, 7) ® C2,D4,) describes the “smooth geometry” of the
noncommutative torus [Connes, 1980].

and write



Spectral data: (A, #H, D)

» The mathematical reformulation of geometry in terms of spectral data (global
analysis) requires the knowledge of the full Dirac operator.

» From a physical or computational standpoint this is not very realistic: detectors
have limited energy ranges and resolution.

» We develop the underlying mathematical formalism for doing (noncommutative)
geometry with only part of the spectrum. [D'Andrea—Lizzi-Martinetti 2014],
[Glaser—Stern 2019] and based on [Connes—vS] (CMP, Szeged, ...)

Thus, we project onto part of the spectrum of D:

» 7 +— P?H, projection onto closed Hilbert subspace

» D — PDP, still a self-adjoint operator

» A PAP, this is not an algebra any more (unless P € A)
Instead, PAP is an operator system: (PaP)* = Pa*P.



Operator systems

Definition (Arveson 1969, Choi-Effros 1977)

An operator system is a x-closed vector space E of bounded operators. Unital: it
contains the identity operator.

» E is ordered: cone E; C E of positive operators, in the sense that T € E, iff

W, TY) >0, (P € H).
» in fact, E is matrix ordered: cones M,(E)+ C M,(E) of positive operators on H"

for any n.

Maps between operator systems E, F are completely positive maps in the sense that
their extensions M,(E) — M,(F) are positive for all n.

Isomorphisms are complete order isomorphisms



C*-envelope of a unital operator system
Arveson 1969, Hamana 1979, ...

A C*-extension k : E — A of a unital operator system E is given by a complete order
isomorphism onto k(E) C A such that C*(k(E)) = A.

A C*-envelope of a unital operator system is a C*-extension « : E — A with the

following universal property:
E—"
;EI!

B

Example: operator system Cpam (D) of continuous harmonic
functions with C*-envelope C(S?).

» >




Example: spectral truncation of the circle [Connes-vS, 2020]

» Eigenvectors of Dg1 are Fourier modes ey (t) = et for k € Z
» Orthogonal projection P = P, onto spanc{ei, e,...,en}

» The space C(S')(" := PC(S')P is an operator system

» Any T = PfP in C(5%)(" can be written as a Toeplitz matrix

to t-1 - topp2toppr

t1 to t—1 t_ny2
PfP ~ (tk_l)kl = : t1 to

th—2 L, |

th—1 th—2 - t1 to

» States are defined as unital positive linear functionals.
We have: CZ (C(SH)(M) = M,(C)

env



Dual operator system: Fejér—Riesz

We introduce the Fejér—Riesz operator system C(Sl)(,,):

» functions on S! with a finite number of non-zero Fourier coefficients:

a= ( oc 307 a—pt1,d—np42,.-.,4-1,4d0,81,.-.,dp-2,dn-1, Oa .- )
» an element a is positive iff ), ace™ is a positive function on S*.
» The C*-envelope of C(Sl)(n) is given by C*(Z) = C(S?)

Proposition

1. The extreme rays in (C(S')(n))+ are given by the elements a = (a) for which the
Laurent series Y, axz* has all its zeroes on S*.

2. The pure states of C(Sl)(n) are given by a— >, ak\k (A € S1).



Pure states on the Toeplitz matrices
Duality of C(S)(" and C(S%)(,) [Connes—vS 2020] and [Farenick 2021]:
C(SH™ x (S = C

(T = (tki)i,na = (ak)) — Z axt_j

k
Proposition
1. The extreme rays in C(Sl)gf’) are y(\) = |A\)(f| for any X € S*.
2. The pure state space P(C(S)("+1)) = T"/S, .




Curiosities on Toeplitz matrices

Theorem (Carathéodory)
Let T be an n x n Toeplitz matrix. Then T >0 iff T = VAV* with

dy 11
e d> ; Vi L )\_1 A2
Vo
dp AT A

for some di,...,d, >0 and \1,..., \, € SL.



Distance function for spectral truncations of the circle

Proposition (vS21, Hekkelman 2021)
The sequence of state spaces {(S(P,C(S*)P,),dn)} converges to (S(C(S')), ds1) in
Gromov—HausdorfF distance.

And more examples include (quantum) fuzzy spheres, Fourier truncations, truncations
of tori, Peter-Weyl truncations (Gaudillot-Estrada, Leimbach, RU) ...
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Chapter One.

Fermions



Spectral triples: one-particle (fermionic) physical systems

» A spectral triple (A, H, D) allows to write the Dirac equation for ¢ € H:

» This describes the propagation of a single fermion (described by the 'wave
function’ ¢): one-particle quantum physics.

» We keep this first quantization as a mystery, and will consider second quantization
as a functor (free on Edward Nelson).

» Let us start with some basic theory on second quantization [Araki 1987, Carey
1987, GVF 2001]



Clifford algebra: from H — CI(Hg)

» Given a Hilbert space H, consider the real Euclidean vector space underlying it:
V = Hg.

» In finite dimensions, we may define CI(V) = CI(V) ®g C as the complexified
Clifford algebra, generated by c(v) for any v € V with relations:

c(v)e(w) + c(w)c(v) = 2(v, w)
» In the infinite-dimensional case, we consider the algebraic Clifford algebra

CIP'8(V) = UCI(V¥) with the union over all finite-dimensional subspaces V¢ C V.

» This x-algebra is equipped with a trace 7 such that 7(1) = 1, we define CI(V) as
the C*-closure in B(H,) for the Hilbert space completion H, of CI?'8(V).
[Plymen—Robinson, 1994]



C*-dynamical system and KMS-condition

» The self-adjoint operator D in H is used as the generator of a one-parameter
group of automorphisms of the Clifford algebra:

of(c(v)) = c(e®Pv);  (ve Vp)

» In short the KMS condition at inverse temperature 8 means that one has the
formal equality

@(act(b))|t=ig = p(ba)  a,beC.

Proposition
For any B > 0 there exists a unique KMSg state pg on the C*-dynamical system
(CI(HR)v Jt‘D)

Proposition

If the operator exp(—/3|D|) is of trace class, the state @z is of type | and the
associated irreducible representation is given by the fermionic second quantization
associated to the complex structure | :== i sign D on Hg.



Fermionic second quantization
» Equip Hr with complex structure, e.g. | = isignD ~- Dirac sea e
» CI(Hr) acts on the Fock space AH; via

ItD
yi(v) = aj(v) + a/(v); (v € Hr).

Proposition (Chamseddine—Connes—vS, 2018)

(i) The one-parameter group P is implemented in the (physical) Fock representation

by the one-parameter unitary group [\ exp(it|D|):

(02 (A) = () AeP))  Ae Ci(Hz).

(ii) If exp(—pB|DY]) is of trace class the state g is of type | and is given by

ep(A) = N2 Tr ( \exp(=BID))(A)) A€ Ci(Hz)



Gibbs states and entropy

» We thus have a density matrix

P =N"1. /\(efﬂlD\)

» Note that this is the Gibbs state for a Fermi gas on the (noncommutative) space
that is described by (A, #, D).

Theorem (Chamseddine—Connes-vS, 2018)

The (von Neumann) entropy,

S(ps) = —Trpglog ps,

of the above Gibbs state pg is given by a spectral action Try h(3D) for the function
h(x) = E(e™™) where E(y) is the entropy of a partition of the unit interval in two
intervals with size of ratio y (i.e. of size1/(1+y) and y/(1+ y)).



Analysis of the function h

» E(y) is the entropy of a partition of the unit interval in two intervals with size of
ratio y:
1 9
E(y)=—Trpylogpy;  py={"§ o |
Tty
|
> We have £(y) = log(y +1) — 435"

X
1+ eX

h(x)=E(e™) =

+ log(1+e7)

and this is applied to the spectrum of 5D.




Example: entropy of two-point space

F: 1@ 20

» Distance r := d(1,2) = 1/‘C| in terms of DF = <S g) .

» For r — 0 we have S(pg) = 0;
» For r — oo we have maximum entropy 5(/)5) = 2log 2;

Entropic force F(r) = 3719,5(pp)?

_ BB
F(r) = ()




Laplace transform and heat expansion

Proposition (Chamseddine—Connes-vS, 2018)
The function h is a Laplace transform:

h(x) = /0 T g(t)e

with
n 2 n —1/4t

g(t) = gfts/zz q=¢

This allows us to use heat asymptotics of e3P’ to determine Tr h(3D).



Asymptotic expansion of entropy

If Tre=t0* ~ 37, tkby then

S(ps) = Trh(BD) ~ > 52 y(K)bx =—
k
in terms of the Riemann &-function :
£(s) = 5s(s ~ D (S)C(6)
1(=1) [ (=1/2) | ~(0) 1(1/2) (1) 1(3/2)
%(3) w32 log 2 1 1 7¢(3)
2 3 27 8 85/2




Example: entropy of the electroweak theory

Use D,%MF = D/2\/1 + D,2_- with noncommutative two-point space F = C & H to compute
(in 4d)

S(pﬁ) =Tr h(,BDIVIxF) ~ C4ﬂ_4VO|(M) == C2,8_2 / R\/E
—m/qwﬂwm+/%Tﬁ@WLQﬁ%W+%Wﬁ+m

» (Higher-derivative) gravity
» The Yang—Mills term F,, FH
for hypercharge and W-boson

» The Higgs potential
—12]6? + Algl*




A dictionary and outlook

one-particle ‘ second-quantized
A ol oDa
H Cl(Hr)
D {oP}; arising from e/®?
spectral action entropy of KMS

» Geometric significance of this entropy
» Extension to type II?

» Quantization of inner perturbations



Chapter Two.

Bosons



Real spectral triples

(A, H,D)
» Extend to a real spectral triple:
J:H—H real structure (anti-unitary)

such that
J?=+1: JD =+DJ

» Right action of A°P on H via a°®® = Ja*J~! and we demand
[a°P, b] = 0; abe A
» D is said to satisfy the first-order condition if

[[D,a],b?] =0



Key example: AC geometries

Let M be an compact m-dimensional Riemannian spin manifold.
A=C®M)® Afr

H = L>(Sy) @ HF

D = Dy ® 1+ vy ® D, Dirac operator

J = Cp ® Jg (charge conjugation)

vVvyyy



Gauge theory

» Action of unitaries u € U(.A) on self-adjoint operators D by
D~ UDU*; U= udul™?

» Gauge group: G(A) := {uduJ™t: ucU(A)}
» Compute rhs:

UDU" = D + u[D, u™] + 4[D, 0*] + a[u[D, u”], 0]

with & = JuJ~! and last term on rhs vanishes if D satisfies first-order condition



Morita equivalence

Suppose A ~p B.
Can we construct a spectral triple on B from (A, H, D)?

» Let B~ End4(€) with & finitely generated projective. Define
H=E4H

Then B acts as bounded operators on H'.

» The self-adjoint operator (1 ®y D)(n ® ) := Vp(n)y + n ® D requires a
universal connection on &:

V:E—=E4 QA

where V indicates that ad(b) € Q'(A) is represented as a[D, b] € Q}(A).
» Then (B,H',1®y D) is a spectral triple [Connes, 1996].



Morita equivalence
with real structure
Again, suppose A ~y B.
» If there is a real structure J on (A, H, D), then we define

H = (EQUH)RAE

with the conjugate (left A-) module £
» Define analogously the operator (1 ®v D) ®< 1 on H', where

V:E- QY A)®AE,
and we also define
J H = H, NRUYRP— pRJY RN

Proposition (Chamseddine—Connes—vS, 2013)

We have (1 ®v D) ®c 1 =1®v (D ®g 1) and the tuple (B,H',(1®y D) @< 1;J') is
a real spectral triple.



Morita self-equivalence

without real structure

> IfB=A(ie. E=A)wehave H =E @4 H ~H.
» The operator D is perturbed to D' = D + A1) where

A(l) = VD(]-) = Z aj[D, bj]

J

» Gauge transformations D' — uD'u* implemented by

A(l) — UA(]_)U>k + U[D, U*]



Morita self-equivalence

with real structure
> IfB=A(ie. E=A)wehave H' =E Q4 HRAE ~H and J = J.
> The operator D is perturbed to D' = D + A(1) + A1) + A(2) where
A(l) = Z aj[D, bj], ’Z(l) = Z §j[D, Bj] = :|:JA(1)J_1;

J J
A =Y 4[Aw), bl =D djallD, b, b]
J Jik

and A(2) vanishes if D satisfies first-order condition
» Gauge transformations D' — UD'U* implemented by
A(l) — UA(]_)U* + U[D, U*]
Ay = Jud P Ay Ju* I 4+ Jud M u[D, u*], Jut I

» Spectral action functional: Tr (D + Agy + /Z(l) +Ap)).
[



The perturbative expansion of the spectral action

Theorem (van Nuland-vS, 2021)

For a finitely-summable spectral triple (A, H, D) and f in a suitable function class,
there is the following absolutely convergent series expansion in A = mp(w):

> 1
Tr(f(D + A) — f(D)) = kz_:l </¢k es2k-1(w) + 5 /%k Fk>

Here the higher-dimensional Chern—-Simons forms are given by
1
csok—1(w) == / w - FEldt, Fi = téw + t2w?
0

The functionals ¥,x_1 and ¢k turn out to define odd and even cyclic cocycles.



Gauge invariance

» For the Yang—Mills terms, it turns out that gauge invariance is a consequence of
the fact that ¢o, are Hochschild cocycles:

/quu*:/ Fk.
Dok 2k

» Since the spectral action is a spectral invariant, it is in particular invariant under
gauge transformations.

» This combines: also the Chern—Simons terms are gauge invariant:

Z/ CSQk_l(UAU>|< aF U(;U*) = Z/ CSzk_l(A)
k=1 k=1

2k—1 2k—1

Theorem (van Nuland-vS, 2021)

Let f be in a suitable function class. Then the sequence (Jgkﬂ) defines an odd entire
cocycle and the pairing of (¢x11) with Ki(A) is trivial



Conclusions

Noncommutative geometry: metric aspect

Operator systems: from (spectral) truncations and tolerance relations

>

>

» New invariants: propagation number, K-theory

» Second quantization and entropy: spectral action functional
>

Morita self-equivalence and gauge theory



