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1. Introduction

In a spectral approach to geometry, such as the one advocated in noncommutative 
geometry [7], a natural question that arises is how one may approximate a geometric 
space if only part of the spectral data is available [8]. In fact, for the so-called spectral 
truncations that are relevant in this paper one is naturally led to consider quantum 
metric spaces in the sense of Rieffel [24].

More precisely, we consider a spectral triple (A, H, D) consisting of a C*-algebra A
acting as bounded operators on a Hilbert space H, together with a self-adjoint operator 
D such that [D, a] extends to a bounded operator for a in a dense ∗-subalgebra of A, 
and such that the resolvent of D is a compact operator. A spectral truncation for this 
set of data is given in terms of a spectral projection PΛ of D onto the eigenspaces with 
eigenvalues of modulus � Λ. The C*-algebra A is then replaced by an operator system, 
to wit PΛAPΛ. It acts on the Hilbert space PΛH and also D restricts to a self-adjoint 
operator thereon.

The above question may then be sharply formulated in terms of Gromov–Hausdorff 
convergence (as Λ → ∞) of the state spaces S(PΛAPΛ) when equipped with the Connes 
distance function [7]

dPΛAPΛ(ϕ,ψ) = sup
a∈PΛAPΛ

{|ϕ(a) − ψ(a)| : ‖[PΛDPΛ, a]‖ = 1}. (1)

The limit structure one is aiming for is then of course the state space S(A), this time 
equipped with the metric

dA(ϕ,ψ) = sup
a∈A

{|ϕ(a) − ψ(a)| : ‖[D, a]‖ = 1}. (2)

Note that in the definition of quantum metric spaces there is an additional (and natural) 
requirement of compatibility between the above metric structure and the given weak-∗
topology on the pertinent state spaces (cf. [24, Definition 2.1]). If A = C(M) and D =
DM is the Dirac operator on a compact Riemannian spin manifold M —indeed our case 
of interest— this is the case, as was shown in [6]. In fact, Connes’ distance function then 
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coincides with the Monge–Kantorovich distance on the state space S(C(M)) of all Borel 
probability measures. In addition, for finite-dimensional operator systems —such as the 
above PΛAPΛ— Connes’ distance function metrizes the weak-∗ topology as follows from 
[23, Theorem 1.8] (see also [31, Remark 6]).

In a previous work, a convergence of spectral truncations has been established for the 
circle, when equipped with the natural Dirac operator [31]. This was formulated in the 
following general framework, which we will also exploit here.

Definition 1.1. An operator system spectral triple is a triple (E , H, D) where E is a dense 
subspace of a (concrete) operator system E in B(H), H is a Hilbert space and D is a 
self-adjoint operator in H with compact resolvent and such that [D, T ] is a bounded 
operator for all T ∈ E .

The relation between sequences of operator system spectral triples and a limit struc-
ture is then captured by the following notion of an approximate order isomorphism.

Definition 1.2. Let (E , H, D) and (EΛ, HΛ, DΛ), for all Λ � 0, be operator system spectral 
triples. For all Λ, let ρΛ : E → EΛ and σΛ : EΛ → E be linear maps with the following 
properties:

(i) ρΛ and σΛ are positive and unital,
(ii) ρΛ and σΛ are C1-contractive, i.e. they are contractive both with respect to norm 

‖ · ‖ and with respect to Lipschitz seminorm ‖[D, ·]‖, respectively ‖[DΛ, ·]‖,
(iii) the compositions σΛ ◦ ρΛ and ρΛ ◦ σΛ approximate the respective identities on E

and EΛ with respect to Lipschitz seminorm, i.e.

‖a− ρΛ ◦ σΛ(a)‖ � γΛ‖[D, a]‖
‖T − σΛ ◦ ρΛ(T )‖ � γΛ‖[DΛ, T ]‖,

for some net (γΛ)Λ�0 with γΛ → 0 as Λ → ∞. Then we call the pair of maps (ρ, σ)
(by which we mean the collection of pairs of maps (ρΛ, σΛ)) a C1-approximate order 
isomorphism.

It was then shown in [31, Theorem 5] that if the metrics dEΛ , for all Λ � 0, and dE
(defined as in (1) and (2)) metrize the respective weak∗-topologies on the state spaces 
S(EΛ) and S(E) and if a C1-approximate order isomorphism exists, then the sequence 
of metric spaces (S(EΛ), dEΛ) converges to (S(E), dE) in Gromov–Hausdorff distance. 
By exploiting this criterion it was shown in [31] that spectral truncations of the circle 
converge.

Other results on Gromov–Hausdorff convergence that can be cast in this general frame-
work include [2,1,25]. Note also the recent developments around the related notion of 
propinquity [17–19], also in the context of spectral triples, but which, however, mainly 
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focuses on C*-algebras. It should be mentioned that, even though we are phrasing the 
question about convergence of spectral truncations in terms of Gromov–Hausdorff dis-
tance, another point of view would be quantum Gromov–Hausdorff distance [24]. In 
fact, these notions are not equivalent [15]. However, as the authors point out, it follows 
from [16, Proposition 2.14] that Gromov–Hausdorff convergence still implies quantum 
Gromov–Hausdorff convergence in the case which we consider below.

In this article, we show that the conditions in the above Definition can be met for 
tori in any dimension d � 1. Let us spend the remainder of this introduction by giving 
an extended overview of our setup and approach.

Consider the spectral triple of the d-dimensional torus Td = Rd/2πZd:(
C∞(Td),L2(S(Td)), D

)
This consists of the ∗-algebra of smooth functions acting on the Hilbert space of L2-
sections of the spinor bundle S(Td) (by multiplication) and the Dirac operator D which 
acts on the dense subspace of smooth sections of the spinor bundle. We identify S(Td)
with the trivial bundle Td ⊗ V , where V := C�d/2�, and we write H := L2(Td) ⊗ V ∼=
L2(S(Td)) for the Hilbert space. Recall that D = −i 

∑d
μ=1 ∂μ⊗γμ and that the spectrum 

of D (which is point-spectrum only) is given by σ(D) = {±(n2
1 + · · · + n2

d)
1/2 : ni ∈ Z}. 

The Dirac operator gives rise to the distance function (2) on the state space S(C(Td))
which metrizes the weak∗-topology on it and recovers the usual Riemannian distance on 
Td when restricted to pure states.

For any Λ � 0, let PΛ be the orthogonal projection to the subspace of H spanned 
by the eigenspinors eλ of the eigenvalues λ with |λ| � Λ. More concretely, we have 
PΛH = span{en : n ∈ Zd, ‖n‖ � Λ} ⊗ V , with en(x) := ein·x, for all x ∈ Td. The 
spectral projection PΛ gives rise to the following operator system spectral triple:(

PΛC∞(Td)PΛ, PΛH, PΛDPΛ
)

We use the notation C(Td)(Λ) := PΛC∞(Td)PΛ and write DΛ := PΛDPΛ. We also 
abbreviate dΛ := dPΛC∞(Td)PΛ for the distance function defined in (1).

Observe that elements T of the operator system C(Td)(Λ) are of the form T =
(tk−l)k,l∈BZ

Λ
, where BZ

Λ := BΛ ∩ Zd is the set of Zd-lattice points in the closed ball 
of radius Λ, and where tk−l = 〈ek, Tel〉. In particular, C(T1)(Λ) is the operator system 
of (2
Λ� + 1) × (2
Λ� + 1)-Toeplitz matrices which was investigated at length in [8] and 
[11].

The candidate for the map ρΛ : C∞(Td) → C(Td)(Λ) in Definition 1.2 is canonically 
inherent in the problem, namely, it is the compression map given by ρΛ(f) = PΛfPΛ. 
It is easy to see that this map is positive, unital and C1-contractive (Lemma 3.1). It is, 
however, less obvious what the candidate for the map σΛ : C(Td)(Λ) → C∞(Td) should 
be. Inspired by the choice of the map given in [31] in the case of the circle, we propose 
the following map:
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σΛ(T ) := 1
NB(Λ)Tr (|ψ〉 〈ψ|α(T ))

Here, α is the Td-action (5) on C(Td)(Λ), the vector |ψ〉 is given by |ψ〉 =
∑

n∈BZ

Λ
en, 

and NB(Λ) := #BΛ ∩ Zd = #BZ

Λ is the number of Zd-lattice points in the closed ball 
of radius Λ. Note that the image of an element T = (tk−l)k,l∈BZ

Λ
of the operator system 

C(Td)(Λ) under this map is a function on Td as follows:

σΛ(T )(x) = 1
NB(Λ)Tr

(
(1)

k,l∈BZ

Λ
(tk−le

i(k−l)·x)
k,l∈BZ

Λ

)

= 1
NB(Λ)Tr

⎛⎜⎝
⎛⎝ ∑

m∈BZ

Λ

tm−le
i(m−l)·x

⎞⎠
k,l∈BZ

Λ

⎞⎟⎠
= 1

NB(Λ)
∑

m,n∈BZ

Λ

tm−ne
i(m−n)·x,

for all x ∈ Td. One may consider [24, Section 2] as another instance of inspiration for 
this choice of map σΛ by realizing that the map σΛ is the formal adjoint of the map 
ρΛ when the ∗-algebra C∞(Td) is equipped with the L2-inner product and the operator 
system C(Td)(Λ) is equipped with the Hilbert–Schmidt inner product. Similarly as for 
ρΛ, it is easy to see that the map σΛ is positive, unital and C1-contractive (Lemma 3.2).

In order to show that our choice of maps ρΛ and σΛ gives rise to a C1-approximate or-
der isomorphism it remains to show that their compositions approximate the respective 
identities on C∞(Td) and C(Td)(Λ) in Lipschitz seminorm. We show by direct compu-
tations (Lemma 3.3) that the maps σΛ ◦ ρΛ and ρΛ ◦ σΛ act on C∞(Td), respectively 
C(Td)(Λ) as follows:

σΛ ◦ ρΛ(f) =
(
mΛf̂

)̂
=: FmΛ(f)

ρΛ ◦ σΛ(T ) = (mΛ(k − l)tk−l)k,l∈BZ

Λ
=: SmΛ(T )

The map FmΛ is known as Fourier multiplication and the map SmΛ as Schur multiplica-
tion, respectively with symbol

mΛ(n) := NL(Λ, n)
NB(Λ) , (3)

where NL(Λ, n) := #BΛ ∩ BΛ(n) ∩ Zd = #LZ

Λ(n) is the number of Zd-lattice points in 
the intersection of the closed ball of radius Λ with a copy of itself translated by n (we 

call this intersection a lense and denote the set of Zd-lattice points in it by LZ

Λ(n)).
We denote the compression of the Dirac operator by DΛ := PΛDPΛ. We apply 

an “antiderivative trick” (Lemma 3.4) to see that for obtaining estimates of the maps 
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idC∞(Td) − FmΛ and idC(Td)(Λ) − SmΛ in Lipschitz seminorm, one needs to estimate the 
following two maps:

FwΛ := i

2

d∑
μ=1

Fw
μ
Λ
⊗ {γμ, ·} : [D,C∞(Td)] → C∞(Td);

SwΛ := i

2

d∑
μ=1

Sw
μ
Λ
⊗ {γμ, ·} : [D,C(Td)(Λ)] → C(Td)(Λ),

where Fw
μ
Λ

and Sw
μ
Λ

are now respectively Fourier and Schur multiplication with the 
symbol

w
μ
Λ(n) =

{
0, if n = 0
(1 −mΛ(n)) nμ

‖n‖2 , if n �= 0.
(4)

A variation of the classical Bożejko-Fendler transference theorem for Fourier and Schur 
multipliers (Lemma 3.5) then shows that the cb-norm of SwΛ is bounded by the cb-norm 
of FwΛ . Since the latter map takes values in a commutative C∗-algebra its cb-norm 
coincides with its norm, so this is what is left to estimate.

It is not hard to see that FmΛ is an approximate identity controlled in Lipschitz 
seminorm, if the convolution kernel KmΛ = m̂Λ is a good kernel (Lemma 2.2). We show 
that this is indeed the case by exploiting the fact that KmΛ is the square of the spherical 
Dirichlet kernel, whence positive. Since this is analogous to the 1-dimensional case, we 
call KmΛ the spectral Fejér kernel. As outlined above, our main result that (ρΛ, σΛ) is 
a C1-approximate order isomorphism and hence that spectral truncations of the d-torus 
converge for all d � 1 is now simply a corollary of the fact that the spectral Fejér kernel
is good.

In the last section, we give a computation of the propagation number of the operator 
system C(Td)(Λ). We conclude by pointing out some obstacles on the road to determining 
its operator system dual. In particular, we argue that, for d � 2, the operator system 
dual cannot quite be the one that we would have expected.
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2. Preliminaries

2.1. Actions and commutators

We spell out a few simple facts used throughout this article. Recall the usual action 
of C(Td) on H:

f(g ⊗ v) = (fg) ⊗ v =
∑
n∈Zd

∑
m∈Zd

f̂(n−m)ĝ(m)en ⊗ v

This induces an action of C(Td)(Λ) on PΛH:

T

⎛⎝∑
k∈BZ

Λ

akek ⊗ v

⎞⎠ =
∑
k∈BZ

Λ

∑
l∈BZ

Λ

tk−lalek ⊗ v

Furthermore, we have the standard Td-action on C(Td) (as a subalgebra of B(H)):

αθ(f) =
∑
n∈Zd

f̂(n)enein·θ

This induces an action of Td on C(Td)(Λ) (as an operator subsystem of B(PΛH)):

αθ(T ) =
(
tk−le

i(k−l)·θ
)
k,l∈BZ

Λ

(5)

Recall that the following holds:

[D, f ] =
d∑

μ=1

∑
n∈Zd

nμf̂(n)en ⊗ γμ

Similarly, we have:

[DΛ, T ] =
d∑

μ=1
((kμ − lμ)tk−l)k,l∈BZ

Λ
⊗ γμ (6)

2.2. Good kernels

We follow the convention in [30] and call an approximate identity in the Banach 
∗-algebra L1(Td) (with convolution) a good kernel:

Definition 2.1. For all Λ > 0, let KΛ ∈ L1(Td). The family {KΛ}Λ>0 is called a good 
kernel, if the following holds:
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(1)
∫
Td KΛ(x)dx = 1 and

(2) for all δ > 0, we have that 
∫
Td\Bδ(0) KΛ(x)dx → 0, as Λ → ∞.

Good kernels provide a way to approximate the identity on C∞(Td) not only in L1-
and sup-norm, but also in Lipschitz seminorm:

Lemma 2.2. If KΛ is a good kernel, then, for all f ∈ C∞(Td), the following holds:

‖f −KΛ ∗ f‖ � γΛ‖[D, f ]‖,

where γΛ → 0 as Λ → ∞.

Proof. The proof is as in [2, Lemma 5.13]. For all x ∈ Td, we have:

|KΛ ∗ f(x) − f(x)| �
∫
Td

|KΛ(y)(f(x− y) − f(x))|dy

�
∫
Td

|KΛ(y)|‖y‖‖f‖Lipdy

=
∫
Td

|KΛ(y)|‖y‖dy‖[D, f ]‖

We set γΛ :=
∫
Td |KΛ(y)|‖y‖dy. Let ε > 0. Let Λ0 be large enough such that, for all 

Λ � Λ0, 
∫
‖y‖�ε

|KΛ(y)|dy < ε. Then, for Λ � Λ0, we obtain:

γΛ =
∫

‖y‖�ε

|KΛ(y)|‖y‖dy +
∫

‖y‖<ε

|KΛ(y)|‖y‖dy

� d

⎛⎜⎝ ∫
‖y‖�ε

|KΛ(y)|dy + ε

∫
‖y‖<ε

|KΛ(y)|dy

⎞⎟⎠
� d (ε + εC) ,

where C = supΛ>0
∫
Td |KΛ(y)|dy < ∞. �

2.3. Fourier and Schur multipliers

Let Γ be a discrete group and let λ : Γ → B(
2(Γ)) be its left-regular represen-
tation given by λgf(h) = f(gh). We denote by C∗

λ(Γ) the reduced group C∗-algebra, 
i.e. the completion of the group ring C[Γ] in B(
2(Γ)) with respect to the norm 
‖x‖red := ‖λ(x)‖B(�2(Γ)). A function ϕ : Γ → C gives rise to a multiplier on the group 
ring as follows:
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C[Γ] → C[Γ]∑
g∈Γ

agg �→
∑
g∈Γ

ϕ(g)agg

If this map extends to a bounded linear map Mϕ : C∗
λ(Γ) → C∗

λ(Γ) we call this extension 
the multiplier on C∗

λ(Γ) with symbol ϕ. We record the obvious fact that if ϕ is finitely 
supported it always induces a multiplier on C∗

λ(Γ).
Recall that if Γ is abelian, then C∗

λ(Γ) = C∗(Γ) ∼= C(Γ̂), where Γ̂ is the Pontryagin 
dual of Γ. In this case, we call the multiplier on C(Γ̂) the Fourier multiplier with symbol 
ϕ and denote it by Fϕ. The Fourier multiplier takes on the following form:

Fϕ(f) =
(
g �→ ϕ(g)f̂(g)

)̂
= ϕ̂ ∗ f (7)

See e.g. [14, Chapter 6] for the relevant Fourier theory of locally compact abelian groups.
Let k : Γ × Γ → C be a function, also called a kernel. A kernel k gives rise to a 

linear map with domain B(
2(Γ)) given by Sk : (tg,h)g,h∈Γ �→ (k(g, h)tg,h)g,h∈Γ, where 
tg,h = 〈δg, Tδh〉, for T ∈ B(
2(Γ)). If this map is bounded with range in B(
2(Γ)), we 
call it a Schur multiplier. See e.g. [32] for a survey and [22, Chapter 5] as a standard 
reference which includes a discussion of the connection with Grothendieck’s theorem. We 
collect some well-known facts about Schur multipliers.

Proposition 2.3. Let k : Γ × Γ → C be a kernel. Then the following are equivalent:

(i) Sk is a Schur multiplier of norm ‖Sk‖ � 1.
(ii) Sk is a completely bounded Schur multiplier of cb-norm ‖Sk‖cb � 1.
(iii) There exists a Hilbert space H and families of vectors {ξg}g∈Γ, {ηh}h∈Γ ⊂ H with 

‖ξg‖, ‖ηh‖ � 1 such that k(g, h) = 〈ξg, ηh〉, for all g, h ∈ Γ.

For an elementary proof of the equivalence of (i) and (ii), we refer to [21, Theorem 
8.7 and Corollary 8.8]. A proof of the equivalence of (ii) and (iii) can be found e.g. in [5, 
Theorem D.4], which we now sketch: Assuming that ‖Sk‖cb � 1, Wittstock’s factorization 
theorem gives a factorization of Sk through B(H), for some Hilbert space H, which allows 
to construct appropriate ξg and ηh. For the converse implication, the map Sk is factorized 
through B(
2(Γ) ⊗ H) as Sk(T ) = V ∗(T ⊗ 1H)W , for the contractions V δg := δg ⊗ ξg
and Wδh := δh ⊗ ηh. The same works when tensoring with 1Mn

, for arbitrary n ∈ N, 
which shows complete contractivity of Sk.

We are mainly interested in Schur multipliers Sk induced by a function ϕ : Γ → C, 
i.e. k(g, h) := ϕ(gh−1). We call such a Schur multiplier a Schur multiplier with symbol 
ϕ and slightly abuse notation to denote it by Sϕ. It is easy to see that Sϕ

∣∣
C∗

λ(Γ) = Mϕ. 
Indeed, let f ∈ C∗

λ(Γ) and {δg}g∈Γ be an orthonormal basis for 
2(Γ). Then the matrix 
associated to f (viewed as an element of B(
2(Γ))) is a Toeplitz matrix in the following 
sense:
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〈δg, fδh〉 = 〈δg,
∑
γ∈Γ

fγλγ(δh)〉 =
∑
γ∈Γ

〈δg, fγδγh〉 = fgh−1

It follows that the matrix associated to Mϕ(f) is the following Toeplitz matrix:

〈δg,Mϕ(f)δh〉 = ϕ(gh−1)fgh−1 ,

which shows that Sϕ((fgh−1)g,h∈Γ) = ((Mϕ(f))g,h)g,h∈Γ.

3. Convergence of spectral truncations of the d-torus

The goal of this section is to prove that the maps ρΛ : C∞(Td) → C(Td)(Λ), 
given by the compression ρΛ(f) := PΛfPΛ, and σΛ : C(Td)(Λ) → C∞(Td), given by 
σΛ(T ) := 1

NB(Λ)Tr(|ψ〉 〈ψ|α(T )), form a C1-approximate order isomorphism in the sense 
of Definition 1.2.

3.1. A candidate for the C1-approximate order isomorphism

We begin by checking unitality, positivity and C1-contractivity for the maps ρΛ and 
σΛ.

Lemma 3.1. The map ρΛ : C∞(Td) → C(Td)(Λ) is unital, positive and C1-contractive.

Proof. Unitality is clear as PΛ1PΛ

(∑
n∈BZ

Λ
anen ⊗ sn

)
=

∑
n∈BZ

Λ
anen ⊗ sn, for 

all 
∑

n∈BZ

Λ
anen ⊗ sn ∈ PΛH. Also positivity is obvious since 〈PaPϕ, Pϕ〉PK =

〈aPϕ, Pϕ〉K � 0, for any Hilbert space K, any projection P ∈ B(K) and any positive 
operator a ∈ B(K)+. Contractivity in norm follows from Plancherel’s theorem:

‖PΛfPΛ‖2 = sup
ϕ∈PΛH
‖ϕ‖�1

‖PΛfPΛϕ‖2 �
∑
n∈BZ

Λ

∣∣∣f̂(n)
∣∣∣2 �

∑
n∈Zd

∣∣∣f̂(n)
∣∣∣2 = ‖f‖2

For contractivity in Lipschitz seminorm, we first observe that ρΛ commutes with [D, ·]
in the following sense, which is an immediate consequence of the fact that D commutes 
with PΛ:

[DΛ, ρΛ(f)] = PΛ[D, f ]PΛ

This immediately gives ‖[D, ·]‖-contractivity:

‖[DΛ, ρΛ(f)]‖ = ‖PΛ[D, f ]PΛ‖ � ‖[D, f ]‖ �
Lemma 3.2. The map σΛ : C(Td)(Λ) → C∞(Td) is unital, positive and C1-contractive.
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Proof. Unitality is clear as, for all x ∈ Td, we have:

σΛ(1)(x) = 1
NB(Λ)Tr (|ψ〉 〈ψ|αx(1)) = 1

NB(Λ)Tr (|ψ〉 〈ψ|1) = 1

Positivity is also immediate from the definition. Namely, let T ∈ C(Td)(Λ)
+ be a positive 

operator on PΛH and let PΛH � ζ �→ QT (ζ) := 〈ζ, Tζ〉 be its associated quadratic form. 
For ζ =

∑
n∈BZ

Λ
en, we obtain:

0 � 1
NB(Λ)QT (ζ)(x) = 1

NB(Λ)Tr
(
|ψ〉 〈ψ|

(
e−(m−n)tm−n

)
m,n

)
= σΛ(T )(x),

for all x ∈ Td. For contractivity, we compute:

|σΛ(T )(x)| � 1
NB(Λ) Tr(|ψ〉 〈ψ|)‖αx(T )‖ = ‖T‖

For contractivity in Lipschitz seminorm, we first observe that σΛ commutes with [D, ·]
in the following sense, which is an easy consequence of (6):

[D,σΛ(T )] = −i

d∑
μ=1

1
NB(Λ)

∑
n∈BZ

Λ

inμtnen ⊗ γμ

=
d∑

μ=1

1
NB(Λ)Tr

(
|ψ〉 〈ψ|α

(
((nμ −mμ)tn−m)

n,m∈BZ

Λ

))
⊗ γμ

= σΛ ⊗ 1([DΛ, T ])

This immediately gives ‖[D, ·]‖-contractivity:

‖[D,σΛ(T )]‖ = ‖σΛ ⊗ 1 ([DΛ, T ]) ‖ � ‖[DΛ, T ]‖ �
We now compute the compositions σΛ ◦ ρΛ and ρΛ ◦ σΛ:

Lemma 3.3. The two compositions σΛ◦ρΛ : C∞(Td) → C∞(Td) and ρΛ◦σΛ : C(Td)(Λ) →
C(Td)(Λ) are given respectively by the Fourier multiplier and by the Schur multiplier with 
the symbol mΛ:

σΛ ◦ ρΛ = FmΛ

ρΛ ◦ σΛ = SmΛ

Proof. Both identities are just simple computations:

σΛ ◦ ρΛ(f)(x) = 1 Tr (|ψ〉 〈ψ|αx(PΛfPΛ))
NB(Λ)
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= 1
NB(Λ)Tr

(
|ψ〉 〈ψ|αx

((
f̂(k − l)

)
k,l∈BZ

Λ

))
= 1

NB(Λ)
∑

k,l∈BZ

Λ

f̂(k − l)ei(k−l)·x

=
∑

n∈BZ

Λ−BZ

Λ

NL(Λ, n)
NB(Λ) f̂(n)en(x)

ρΛ ◦ σΛ(T ) = ρΛ

(
1

NB(Λ)Tr (|ψ〉 〈ψ|α•(T ))
)

= ρΛ

⎛⎝ 1
NB(Λ)

∑
k,l∈BZ

Λ

tk−lek−l

⎞⎠

= ρΛ

⎛⎝ ∑
n∈BZ

Λ−BZ

Λ

NL(Λ, n)
NB(Λ) tnen

⎞⎠
=
(
NL(Λ,m− n)

NB(Λ) tm−n

)
m,n∈BZ

Λ

�

3.2. A transference result

In order to show that the pair (ρΛ, σΛ) is a C1-approximate order isomorphism it 
remains to check that the compositions σΛ ◦ ρΛ and ρΛ ◦ σΛ approximate the identity 
respectively on C(Td) and C(Td)(Λ) in Lipschitz seminorm.

Recall the definition of wμ
Λ(n), for μ = 1, . . . , d and n ∈ Zd from (4).

Lemma 3.4. For every f ∈ C∞(Td) we have the following equality of bounded operators 
on the Hilbert space L2(Td) ⊗ V :

(f − σΛ ◦ ρΛ(f)) ⊗ 1 = i

2

(
d∑

μ=1
Fw

μ
Λ
⊗ {γμ, ·}

)
([D, f ]),

where Fw
μ
Λ

is the Fourier multiplier on the ∗-algebra C∞(Td) with symbol wμ
Λ.

Similarly, for every T ∈ C(Td)(Λ), we have the following equality of bounded operators 
on the Hilbert space PΛL2(Td) ⊗ V :

(T − ρΛ ◦ σΛ(T )) ⊗ 1 = i

2

(
d∑

μ=1
Sw

μ
Λ
⊗ {γμ, ·}

)
([DΛ, T ]),

where Sw
μ
Λ

denotes Schur (i.e. entrywise) multiplication on the operator system C(Td)(Λ)

with symbol wμ
Λ.
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Proof. For the first claim, we have:

f − σΛ ◦ ρΛ(f) = f −FmΛ(f) =
∑
n∈Zd

(1 −mΛ(n))f̂(n)en

=
d∑

μ=1

∑
n∈Zd

(1 −mΛ(n)) nμ

‖n‖2 · nμf̂(n)en

=
d∑

μ,ν=1
Fw

μ
Λ
(−i∂νf) · δμν .

The first claimed result then follows by writing 2δμν · 1 = {γμ, γν}.
The computation for the second claim is largely analogous:

T − ρΛ ◦ σΛ(T ) = T − SmΛ(T )

=
d∑

μ=1

(
(1 −mΛ(k − l)) kμ − lμ

‖k − l‖2 · (kμ − lμ)tk−l

)
k,l∈BZ

Λ

= i

d∑
μ,ν=1

Sw
μ
Λ

(
((kν − lν)tk−l)k,l∈BZ

Λ

)
· δμν .

The result now follows by combining the defining relations for the gamma-matrices as 
before with the expression (6) for the operator [DΛ, T ] ∈ B(PΛH). �

It is a classical result of Bożejko and Fendler [4] that for any discrete group Γ and 
function ϕ : Γ → C the cb-norm of Schur multiplication Sϕ on B(
2(Γ)) coincides with 
the cb-norm of Fourier multiplication Fϕ on C∗

λ(Γ) (see also [22, Theorem 6.4] and 
[5, Proposition D.6]). However, the two linear maps obtained in Lemma 3.4 act on the 
operator subsystems of differential forms on H and PΛH, respectively, so the result of 
Bożejko and Fendler does not apply directly. We prove a variation on it which relates 
the cb-norms of the two linear maps which appear in Lemma 3.4:

FwΛ := i

2

d∑
μ=1

Fw
μ
Λ
⊗ {γμ, ·} : [D,C∞(Td)] → C∞(Td); (8)

SwΛ := i

2

d∑
μ=1

Sw
μ
Λ
⊗ {γμ, ·} : [DΛ,C(Td)(Λ)] → C(Td)(Λ). (9)

Here we consider [D, C∞(Td)] and [DΛ, C(Td)(Λ)] as (dense subsets of) operator systems 
in B(L2(Td) ⊗ V ).
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Lemma 3.5. For the above two linear maps we have the following norm inequality:

‖SwΛ‖ � ‖FwΛ‖

Proof. We vary on the proof given in [22, Theorem 6.4]. First identify L2(Td) ⊗ V ∼=

2(Zd) ⊗ V using the Fourier basis {en}n∈Zd , and write H := 
2(Zd) ⊗ V . Consider the 
unitary operator U defined on H ⊗H by a combination of a shift in Fourier space and 
a tensor flip in spinor space:

U(en ⊗ v ⊗ em ⊗ v′) = en ⊗ v′ ⊗ en+m ⊗ v

Recall that an elementary matrix Ekl (k, l ∈ Zd) acts on H as:

Ekl(en ⊗ v) = δlnek ⊗ v,

in contrast to a generator ek in the group C∗-algebra C∗(Zd) ∼= C(Td), which acts as

ek(en ⊗ v) = en+k ⊗ v.

Note furthermore that under the identification L2(Td) ∼= 
2(Zd) we have

D(en ⊗ v) = nen ⊗ γμv, (n ∈ Zd, v ∈ V ). (10)

We then find that

U(Ekl ⊗ 1H)U∗ = Ekl ⊗ ek−l

U(Eklγ
μ ⊗ 1H)U∗ = Ekl ⊗ ek−lγ

μ

where γμ acts of course on the spinor space V . Note that in view of Equation (10) we 
also have U([D, Ekl] ⊗ 1H)U∗ = Ekl ⊗ [D, ek−l] ∈ K(H) ⊗ [D, C∞(Td)].

Using this we may now show

U
(
(SwΛ ⊗ idB(H))

(
[D,Ekl] ⊗ 1H

))
U∗ =

∑
μ

U (SwΛ(γμ(k − l)μEkl) ⊗ 1H)U∗

= i
∑
μ

U
(
w

μ
Λ(k − l)(k − l)μEkl ⊗ 1H

)
U∗

= i
∑
μ

Ekl ⊗w
μ
Λ(k − l)(k − l)μek−l

= Ekl ⊗FwΛ([D, ek−l])

= (idB(H) ⊗FwΛ) (U([D,Ekl] ⊗ 1H)U∗) .

This extends by linearity to arbitrary x =
∑

Z tk−lEkl ∈ C(Td)(Λ) to yield

k,l∈BΛ
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U
(
(SwΛ ⊗ idB(H))

(
[D,x] ⊗ 1H

))
U∗ = (idB(H) ⊗FwΛ) (U([D,x] ⊗ 1H)U∗) .

From this we obtain the following estimate:

‖SwΛ([D,x])‖ = ‖SwΛ([D,x]) ⊗ 1H‖
= ‖(SwΛ ⊗ idB(H))([D,x] ⊗ 1H)‖
= ‖U

(
(SwΛ ⊗ idB(H))

(
[D,x] ⊗ 1H

))
U∗‖

= ‖(idB(H) ⊗FwΛ) (U([D,x] ⊗ 1H)U∗) ‖
� ‖idK(H) ⊗FwΛ‖‖U([D,x] ⊗ 1H)U∗‖
= ‖FwΛ‖cb‖[D,x]‖,

where the penultimate step follows from the fact that U([D, x] ⊗ 1H)U∗ ∈ K(H) ⊗
[D, C∞(Td)]. This implies that ‖SwΛ‖ � ‖FwΛ‖cb.

Finally, supposing that FwΛ is a bounded linear map its norm and cb-norm coin-
cide because its range is a subset of a commutative C∗-algebra, namely C(Td) (cf. [21, 
Theorem 3.9]). �
Remark 3.6. Note that the classical transference theorem is stated as an equality of the 
cb-norms of a Schur multiplier Sϕ and a Fourier multiplier Fϕ. However, for this it is 
crucial that Fϕ and Sϕ are defined on the C∗-algebras C∗

λ(Γ) and B(
2(Γ)) which is 
not the situation we find in the above lemma. In fact, the maps (8) and (9) are only 
defined on operator subsystems and do not extend to the C∗-algebras C(Td) and B(H)
respectively, so equality in Lemma 3.5 is not to be expected.

Our task is thus reduced to the computation of the norm of the map FwΛ :
[D, C∞(Td)] → C∞(Td) given in Equation (8).

3.3. The spectral Fejér kernel

We define KmΛ as the convolution kernel corresponding to the Fourier multiplier FmΛ

as in (7), i.e.

KmΛ := m̂Λ.

In view of Lemma 2.2 it would be desirable to see that KmΛ is a good kernel. Indeed, by 
Lemma 3.4 this would give precisely the estimate of FwΛ which remains to show.

Lemma 3.7. For every n ∈ Zd, we have that mΛ(n) → 1, as Λ → ∞.

Proof. This follows from two simple geometric observations. One is that |NB(Λ) −
VB(Λ)| �

√
dAB(Λ), where VB(Λ) is the volume of the d-dimensional ball of radius 
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Λ and AB(Λ) is its surface area. The other is that a lense (i.e. the intersection of two 
d-dimensional balls of radius Λ one of them shifted by a parameter n ∈ Zd) contains the 
ball of radius Λ −‖n‖, if this number is non-negative. Together, these observations yield 
the following estimates:

|1 −mΛ(n)| = 1
NB(Λ) |NB(Λ) −NL(Λ, n)|

� 1
VB(Λ −

√
d)

|VB(Λ +
√
d) − VB((Λ −

√
d− ‖n‖)+)|

= 1
(Λ −

√
d)d

|(Λ +
√
d)d − ((Λ −

√
d− ‖n‖)+)d|︸ ︷︷ ︸

=O(Λd−1)

→ 0,

as Λ → ∞. (Here t+ := t, if t ≥ 0, and t+ := 0, if t < 0, for t ∈ R.) �
Proposition 3.8. The function KmΛ is positive and is a good kernel.

Proof. We begin by showing positivity of KmΛ . Indeed, KmΛ = m̂Λ is the (inverse) 
Fourier transform of a convolution-square:

mΛ(n) = NL(Λ, n)
NB

= 1
NB(Λ)

∑
k∈Zd

χBZ

Λ
(k)χBZ

Λ(n)(k)

= 1
NB(Λ)

(
χBZ

Λ
∗ χBZ

Λ

)
(n)

(11)

Next, we check the total mass of KmΛ :

∫
Td

KmΛ(x) dx = 1
NB(Λ)

(
χBZ

Λ
∗ χBZ

Λ

)
(0)

= NL(Λ, 0)
NB(Λ) = 1

Last, we argue that the mass of KmΛ becomes concentrated around 0 as Λ → ∞. Fix 
some δ > 0 and let ε > 0 be arbitrary. Let ϕ be a non-negative trigonometric polynomial 
such that the following holds:

1 − χBδ
� ϕ � 1 − χBδ/2

+ ε

2
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The existence of such a trigonometric polynomial ϕ follows from Weierstraß’s approxima-
tion theorem for trigonometric polynomials since the ε4 -neighborhood of the continuous 
function ψ, given by

ψ(x) =

⎧⎪⎪⎨⎪⎪⎩
ε
4 , if x ∈ Bδ/2,
2
δ‖x‖ + ε

4 − 1, if x ∈ Bδ \ Bδ/2,

1 + ε
4 , if Td \ Bδ,

lies between 1 − χBδ
and 1 − χBδ/2

+ ε
2 . Let Λ0 > 0 be large enough such that, for 

all Λ � Λ0, we have that max
n∈supp(ϕ̂)

|1 − mΛ(n)| � ε

2‖ϕ̂‖�1(Zd)
. This is of course possible 

since the pointwise convergence from Lemma 3.7 implies uniform convergence to 1 of the 
restriction of mΛ to the finite set supp(ϕ̂). Then the following holds:∫

Td\Bδ

KmΛ(x) dx =
∫
Td

KmΛ(x)(1 − χBδ
(x)) dx

�
∫
Td

KmΛ(x)ϕ(x) dx

�

∣∣∣∣∣∣
∫
Td

KmΛ(x)ϕ(x) dx− ϕ(0)

∣∣∣∣∣∣+ ε

2

=

∣∣∣∣∣∣
∑
n∈Zd

mΛ(n)ϕ̂(n) −
∑
n∈Zd

ϕ̂(n)

∣∣∣∣∣∣+ ε

2

� ‖ (mΛ − 1) |supp(ϕ̂)‖�∞(Zd) · ‖ϕ̂‖�1(Zd) + ε

2
� ε

2 + ε

2 ,

for all Λ � Λ0. In the fourth step we applied the Plancherel formula and in the fifth step 
the Hölder inequality. �
Remark 3.9. Note that (11) shows that the function KmΛ is precisely the square of the 
well-known spherical Dirichlet kernel (cf. [12, Definition 3.1.6]). However, by a classical 
result by du Bois-Reymond the latter is not a good kernel (cf. [12, Proposition 3.3.5]). 
The feature of KmΛ which is crucial for its good behavior is positivity. We emphasize 
that our spectral Fejér kernel does not coincide with the so-called circular Fejér kernel
which is investigated in [12, Chapter 3]. Note in particular, that the circular Fejér kernel 
fails to be good in dimensions d � 3 which motivates the introduction of Bochner–Riesz 
summability methods.

Theorem 3.10. Spectral truncations of Td converge, for all d � 1.
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Proof. From (T − ρΛ ◦ σΛ(T )) ⊗ 1 = SwΛ(T ) (Lemma 3.4) and ‖SwΛ‖ � ‖FwΛ‖
(Lemma 3.5), together with FwΛ(f) = (f − σΛ ◦ ρΛ(f)) ⊗ 1 = (f −KwΛ ∗ f) ⊗ 1 (again 
Lemma 3.4), we obtain from Lemma 2.2 a sequence γΛ → 0, as Λ → ∞, such that

‖T − ρΛ ◦ σΛ(T )‖ � γΛ‖[DΛ, T ]‖ and

‖f − σΛ ◦ ρΛ(f)‖ � γΛ‖[D, f ]‖,

since the spectral Fejér kernel KmΛ is a good kernel (Proposition 3.8). Together with 
Lemma 3.1 and Lemma 3.2 this shows that (ρΛ, σΛ) is a C1-approximate order isomor-
phism which by [31, Theorem 5] implies our result. �
Remark 3.11. We point out that similarly convergence of other kinds of truncations of 
Td can be shown. In particular, by replacing our projections PΛ with the projections P�

N

with ran(P�
N ) = {en : ni = −N, . . . , N, for i = 1, . . . , d}, analogous arguments to the 

ones presented in this chapter yield a new proof that the “box-truncations” of Td, which 
were considered in [2], converge.

4. Structure analysis of the operator system C(Td)(Λ)

4.1. C*-envelope and propagation number

Recall [13] (see also [21, Chapter 15]) that a C∗-extension of a unital operator system 
E is a unital C∗-algebra A together with an injective completely positive map ι : E → A

such that C∗(ι(E)) = A. A C∗-extension A of E is called the C∗-envelope and denoted 
by C∗

env(E) if, for every unital C∗-algebra B and every unital completely positive map 
φ : A → B, the map φ is a complete order injection if the composition φ ◦ ι is. Recall 
furthermore from [8] that the propagation number prop(E) is the smallest positive integer 
n such that (ι(E))◦n ⊆ C∗

env(E) is a C∗-algebra, where F ◦n = span{f1 · · · fn : fi ∈ F}, 
for a unital operator subsystem F of a unital C∗-algebra A.

For p ∈ BZ

Λ + BZ

Λ, we define the following operator in C(Td)(Λ) ⊂ B(PΛH):

Tp :=
∑

n∈LZ

Λ(p)

En−p,n =
∑

n∈LZ

Λ(−p)

En,n+p, (12)

where Ek,l ∈ B(PΛH) is the matrix unit given by 〈em, Ek,len〉 = δmkδln, for k, l, m, n ∈
BZ

Λ. It is not hard to check that {Tp}p∈BZ

Λ+BZ

Λ
is a basis for the operator system C(Td)(Λ).

With the preparations of Appendix A, we are in position to treat the C∗-envelope and 
propagation number of the operator system C(Td)(Λ).

Proposition 4.1. The C∗-envelope and the propagation number of C(Td)(Λ) are given by 
C∗

env(C(Td)(Λ)) = B(PΛH) and prop(C(Td)(Λ)) = 2.
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Proof. The matrix order structure on C(Td)(Λ) is the one inherited from the inclu-
sion into B(PΛH). It remains to show that the inclusion C(Td)(Λ) ↪→ B(PΛH) is a 
C∗-extension, i.e. that it generates B(PΛH). Indeed, if this is the case, it is clear that 
B(PΛH) ∼= C∗

env(C(Td)(Λ)) since B(PΛH) is simple.
We will see that B(PΛH) is in fact spanned by respective products of two basic oper-

ators (12). To this end, let p, q ∈ BZ

Λ + BZ

Λ. Then, the following holds:

TpTq =

⎛⎝ ∑
n∈LZ

Λ(p)

En−p,n

⎞⎠⎛⎝ ∑
n∈LZ

Λ(−q)

En,n+q

⎞⎠
=

∑
n∈LZ

Λ(p)∩LZ

Λ(−q)

En−p,n+q

=
∑

n∈LZ

Λ(p+q)∩LZ

Λ(q)

En−p−q,n,

where we used the fact that 
(
LΛ(p) ∩ LΛ(−q)

)
+ q = LΛ(p + q) ∩ LΛ(q) which can be 

easily checked. As a special case, for l, k ∈ BZ

Λ +BZ

Λ such that l+k ∈ BZ

Λ +BZ

Λ, we obtain:

T−kTl+k =
∑

n∈LZ

Λ(l)∩LZ

Λ(l+k)

En−l,n (13)

Note that this generalizes the formula given in the proof of [8, Proposition 4.2] where d
was equal to 1.1

We need some elementary geometric observations. For Λ′ � 0, let KΛ′ := co
(
BZ

Λ′

)
denote the convex hull of the set of Zd-lattice points in the closed ball of radius Λ′. Note 
that KZ

Λ′ := KΛ′ ∩ Zd = BZ

Λ′ . Furthermore, KΛ′ is a polytope which is symmetric under 
reflections along coordinate axes and diagonals (i.e. under changing signs of coordinates 
and exchanging coordinates). Clearly, all the extreme points of KΛ′ , the set of which is 
denoted by ex(KΛ′), have integer coordinates. Moreover, if x ∈ KΛ′ is of norm ‖x‖ = Λ′

it is an extreme point, but not necessarily all extreme points of KΛ′ are of norm Λ′ as 
can be seen in the case d = 2, Λ′ = 3 (cf. Fig. 1).

In order to prove the claim it is enough to write every rank-one operator Ep,q ∈
B(PΛH) as a linear combination of products of the form (13), where p, q ∈ BZ

Λ and l, k ∈
BZ

Λ+BZ

Λ such that l+k ∈ BZ

Λ+BZ

Λ. To this end, fix p, q ∈ BZ

Λ and set l := q−p ∈ BZ

Λ+BZ

Λ. 
Set Λ′ := ‖q‖. We claim that we can find an extreme point m ∈ ex(KΛ) such that the 
following holds:

KΛ′ ∩ (KΛ −m + q) = {q}. (14)

1 Moreover, this formula may be interpreted in a similar way: The operator T−kTl+k can be regarded as 
“matrix” (with multi-indexed entries) which has 0-entries everywhere except for the l-th “diagonal” where 
its entries are either 1 or 0 depending on the parameter k.
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Fig. 1. A plot of the boundaries of the balls BΛ and the polytopes KΛ, for Λ = 0, 1,
√

2, 2,
√

5, 2
√

2, 3.

To see this, note that q is an extreme point of KΛ′ and that the smallest cone 
[0, ∞) · (KΛ′ − q) + q which contains KΛ′ is locally compact (trivially in this finite 
dimensional case), closed, convex, proper and has vertex q. By Corollary A.3 we can 
find an extreme point m ∈ ex(KΛ) such that (KΛ − m) ∩ (KΛ′ − q) = (KΛ − m) ∩
([0,∞) · (KΛ′ − q) + q) = {0}, which is equivalent to (14).

Now, fix an extreme point m ∈ ex(KΛ) such that (14) is satisfied and set k :=
q − l − m = p − m. Note that for this l and k the product (13) makes sense, i.e. 
k ∈ BZ

Λ + BZ

Λ and l + k ∈ BZ

Λ + BZ

Λ. Furthermore, the following holds:(
LZ

Λ(l) ∩ LZ

Λ(l + k)
)
∩KΛ′ = {q}

The fact that the point q is an element of the set on the left-hand side is clear since 
q − l = p ∈ BZ

Λ and q − (l + k) = m ∈ BZ

Λ. The converse inclusion is clear from (14)
together with LZ

Λ(l + k) ⊂ BZ

Λ(l + k) = KZ

Λ + q −m, where q −m = l + k was used.
This shows that, for l = q−p and k = p −m, the rank-one operator Ep,q is a summand 

of T−kTl+k as in (13) where, for all the other rank-one operators En−l,n appearing in 
the sum, we have that ‖n‖ > ‖q‖, i.e.

Ep,q = T−kTl+k −
∑

n∈LZ

Λ(l+k)∩LZ

Λ(l)
‖n‖>‖q‖

En−l,n. (15)

Moreover, for each En−l,n in the above sum, a similar expression can be obtained, and so 
forth. Hence, after finitely many steps this gives a finite linear combination of products 
of the form (13) for Ep,q.
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Altogether, this proves that B(PΛH) ⊆ span
{
T−kTl+k

∣∣ l, k, l + k ∈ BZ

Λ + BZ

Λ

}
which 

shows that C∗
env(C(Td)(Λ)) ∼= B(PΛH) and prop(C(Td)(Λ)) � 2. Realizing that E0,0 /∈

C(Td)(Λ) it is clear that prop(C(Td)(Λ)) > 1. This finishes the proof. �
We illustrate the procedure of expressing elementary matrices Ep,q ∈ B(PΛH) in terms 

of products of basic operators of the form (13) as described in the above proof in the 
following two examples.

Example 4.2. Let p, q ∈ BZ

Λ such that ‖q‖ = Λ. Finding an m ∈ ex(KΛ) such that (14)
holds is particularly easy in this case, namely, set m := −q. Then set k := p −m = p + q

and, with l = q − p, we obtain:

Ep,q = T−kTl+k = T−p−qTq−p+p+q = T−p−qT2q,

according to (15), since there are no n ∈ BZ

Λ with ‖n‖ > ‖q‖ = Λ.

Example 4.3. Let d = 2 and Λ =
√

2, i.e. BZ

Λ consists of 9 points and KΛ = co
(
BZ

Λ

)
is the square with side length 2. For p = (0, 0) and q = (1, 0), we want to express 
the matrix unit Ep,q as a linear combination of products of basic operators (13) with 
l = q − p = (1, 0). Set Λ′ := ‖q‖ = 1. Now, find an extreme point m ∈ ex(KΛ) such that 
(14) holds. A valid choice is e.g. m := (−1, −1). Set k := p −m = (1, 1). Then we have:

LZ

Λ(l) ∩ LZ

Λ(l + k) = LZ√
2(1, 0) ∩ LZ√

2(2, 1) = {(1, 0), (1, 1)}

Therefore:

T−kTl+k = T(−1,−1)T(2,1) =
∑

n∈LZ√
2(1,0)∩LZ√

2(2,1)

En−(1,0),n = E(0,0),(1,0)︸ ︷︷ ︸
=Ep,q

+E(0,1),(1,1)

Note that ‖(1, 1)‖ =
√

2 > ‖q‖ = 1.
By Example 4.2, we have E(0,1),(1,1) = T(−1,−2)T(2,2). Altogether, we obtain:

E(0,0),(1,0) = T(−1,−1)T(2,1) − T(−1,−2)T(2,2)

Remark 4.4. We point out that analogously to the proof of Proposition 4.1 one can show 
that the C∗

env(PK
Λ C∞(Td)PK

Λ ) = B(PK
Λ H) and prop(PK

Λ C∞(Td)PK
Λ ) = 2, where K is a 

convex compact subset of Rd which is symmetric with respect to reflections along the 
coordinate axes and diagonals and where PK

Λ ∈ B(H) is the orthogonal projection with 
ran(PK

Λ ) = {en : n ∈ (Λ · K) ∩ Zd}. In particular, this shows that the propagation 
number of the operator system obtained from “box-truncations”, which were considered 
in [2], is also 2.
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4.2. Dual

In [11, Theorem 3.1] it was shown that the operator system of (N × N)-Toeplitz 
matrices C(S1)(N) is dual to the Fejér–Riesz system C(S1)(N) which consists of trigono-
metric polynomials of the form 

∑N−1
n=−N+1 anen. In fact, this was already stated in [8]

but it was only shown in [11] that C(S1)(N) ∼=
(
C(S1)(N)

)d in the sense that there is 
a unital complete order isomorphism. For the proof, the (operator valued) Fejér–Riesz 
theorem plays an essential role. Recall that the Fejér–Riesz theorem states that every 
non-negative Laurent polynomial P =

∑N
k=−N akek � 0 can be expressed as a hermitian 

square of an analytic polynomial Q =
∑N

k=0 bkek, i.e.

P = Q∗Q.

A generalization to the case where the coefficients ak and bk are operators on a Hilbert 
space is due to Rosenblum. See [10] for a survey on the operator-valued Fejér–Riesz 
theorem.

In view of the duality result for S1, it would be natural to expect that the operator 
system C(Td)(Λ) is dual to the operator system C(Td)(2Λ) which consists of trigonometric 
polynomials on the d-torus of the form 

∑
n∈BZ

2Λ
anen. However, this duality must fail even 

algebraically as soon as d � 2. Indeed, it is clear that dim
(
C(Td)(2Λ)

)
= #BZ

2Λ = NB(2Λ)
and from the above considerations about a basis we conclude that dim

(
C(Td)(Λ)) =

# 
(
BZ

Λ − BZ

Λ

)
= # 

(
BZ

Λ + BZ

Λ

)
. In general, however, the inclusion BZ

Λ + BZ

Λ ⊂ BZ

2Λ is 
strict, as the following examples demonstrate:

Example 4.5. If d = 2, we have that (3, 2) ∈ BZ

4 \
(
BZ

2 + BZ

2

)
. If d � 3, we have that 

(1, · · · , 1) ∈ BZ

2 \
(
BZ

1 + BZ

1

)
.

In view of these remarks, a more promising candidate for the dual operator system 
of C(Td)(Λ) might be the operator subsystem C(Td)(Λ)+(Λ) of C(Td) which consists of 
trigonometric polynomials on the d-torus of the form 

∑
n∈BZ

Λ+BZ

Λ
anen.

In order to generalize the proof of [11] to this setting, one would need to show that 
the following map is a complete order isomorphism:

φ : C(Td)(Λ) → (C(Td)(Λ)+(Λ))d

t �→ ϕt,

where

ϕt(f) =
∑

n∈BZ

Λ+BZ

Λ

t−nan,
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for t = (tk−l)k,l∈BZ

Λ+BZ

Λ
and f =

∑
n∈BZ

Λ+BZ

Λ
anen ∈ C(Td)(Λ)+(Λ). It is easy to see that 

φ is unital and an isomorphism of vector spaces, so it remains to show that φ and φ−1

are completely positive.
While the proof of complete positivity of φ−1 is largely analogous to the one in [11], 

for the proof of complete positivity of φ a multivariate version of the (operator-valued) 
Fejér–Riesz theorem would be needed. In fact, it would be sufficient to be able to express 
a (dense subset of the cone of) non-negative Laurent polynomials in d variables P =∑

n∈BZ

Λ
anen as a finite sum of squares of analytic polynomials Qi =

∑
n∈

(
BZ

Λ

)
+

binen, 

where 
(
BZ

Λ

)
+

:= BΛ ∩ (Z�0)d. Although it is not known to the authors if such a result 
holds for a dense subset of the positive cone, at least for d � 3 it must fail for some 
non-negative Laurent polynomials even if higher degrees of the analytic polynomials 
Qi are admitted ([29]). For d = 2, Dritschel proved ([9, Theorem 4.1]) that if P is 
a non-negative Laurent polynomial of degree (d1, d2) (with Hilbert space operators as 
coefficients), then P is a sum of at most 2d2 squares of analytic polynomials each of 
degree at most (d1, d2 − 1). However, as it is stated in the conclusion of that article 
it is not clear by how much the number of summands and in particular the bound on 
the degree can be improved. Yet, there are examples of non-negative polynomials of 
degree (d1, d2) which are not a finite sum of squares of analytic polynomials of degree 
(d1, d2) ([20], [27], [28, Section 3.6]). Note that it is in fact true that a strictly positive 
trigonometric polynomial P > 0 in d variables is a finite sum of squares of analytic 
polynomials ([10, Theorem 5.1]), but the degrees might get out of control.

We see that it is apparently not as straightforward to determine the operator system 
dual of C(Td)(Λ) as one might expect at first thought and we have to leave this to further 
research to be conducted.

Appendix A. Some convex geometry

In order to compute the propagation number of the operator system C(Td)(Λ), some 
facts from convex geometry are required. Since the natural setting for these is locally 
convex spaces we formulate all the required results in this abstract language even though 
we only make use of them in the finite dimensional case. See e.g. [26, Section 11] and [3, 
Chapter II] for much of the standard terminology.

Throughout this section, let X be a Hausdorff locally convex space over R with contin-
uous dual X ′. Every linear functional l on X and every real number α ∈ R give rise to a 
hyperplane in X given by Hl=α = {x ∈ X | l(x) = α}. Clearly, Hl=α = ker(l−α) and the 
hyperplane Hl=α is closed if and only if l is continuous which is the only case we consider. 
Every hyperplane Hl=α gives rise to an open positive and an open negative half-space 
denoted by Hl>α and Hl<α respectively and defined by Hl>α := {x ∈ X | l(x) > α} and 
similarly for Hl<α. Their respective closures are called the closed positive and the closed 
negative half-space associated to Hl=α and denoted by Hl�α and Hl�α respectively. Of 
course Hl�α = {x ∈ X | l(x) � α} and similarly for Hl�α.
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If K, L ⊆ X are two convex sets, it is said that they are separated by the hyperplane 
Hl=α if K ⊆ Hl�α and L ⊆ Hl�α. The sets K and L are called properly separated if 
additionally K �⊂ Hl=α or L �⊂ Hl=α. The sets K and L are called strictly separated by 
Hl=α if K ⊆ Hl>α and L ⊆ Hl<α. A hyperplane Hl=α is called a supporting hyperplane
for a non-empty convex set K ⊂ X, if K ⊆ Hl�α and x ∈ Hl=α, for at least one x ∈ K. 
A supporting hyperplane Hl=α for K is called non-trivial if K � Hl=α.

Recall that a cone C ⊆ X is called pointed if 0 ∈ C, salient if it does not contain any 
1-dimensional subspaces of X and proper if C ∩ (−C) = {0}. We only consider convex 
cones. A convex pointed cone is salient if and only if it is proper. For x ∈ X, we call 
a set C + x a cone with vertex x if C is a pointed cone. A cone with vertex x is called 
proper if C − x is a proper cone.

Let K ⊂ X be convex set with 0 /∈ K. Set C := [0, ∞) · K. Clearly, C is a convex 
pointed cone. Moreover, C is the smallest convex pointed cone which contains K in the 
sense that every convex pointed cone which contains K must contain C.

If C is a convex pointed cone, a subset B ⊂ C is called a base (or sole in [3, II, §8.3]) 
if there exists a closed hyperplane H /� 0 such that B = H ∩ C and such that C is the 
smallest convex pointed cone which contains B. It is well-known that a convex subset B
of a convex pointed cone C is a base if and only if, for every x ∈ C \ {0}, there exists a 
unique pair (λ, y) ∈ (0, ∞) ×B such that x = λy.

The statement of the following lemma can be found in [3, II, §7.2, Exercise 21a].

Lemma A.1. Let C ⊂ X be a locally compact, closed, convex, proper cone with vertex x. 
Then there exists a closed supporting hyperplane H of C such that H ∩ C = {x}.

Proof. To simplify notation we assume, without loss of generality, that x = 0. Let U ⊂ X

be a convex open neighborhood of 0 such that K := U ∩ C is compact. We claim that 
C = [0, ∞) ·K, i.e. C is the smallest convex pointed cone which contains K. In fact, the 
inclusion C ⊇ [0, ∞) ·K is clear from the cone property. To see that C ⊆ [0, ∞) ·K, let 
y ∈ C. Since every 0-neighborhood in a locally convex space is absorbent, there exists a 
positive scalar λ > 0 such that y ∈ λU . Hence, 1

λy ∈ U ∩ 1
λC = U ∩C ⊂ K and therefore 

y = λ 1
λy ∈ λK ⊂ [0, ∞) ·K.

By [3, II, §7.1, Proposition 2], there is an open half-space Hl<α ⊂ X such that 
0 ∈ Hl<α ∩ K ⊂ U ∩ C. We may assume that the scalar α is positive, otherwise pass 
to the functional −l instead. The boundary ∂Hl<α = Hl=α of this half-space is a closed 
hyperplane of X which does not contain 0.

We claim that the cone C is the smallest closed convex pointed cone which contains 
Hl=α ∩ C, i.e. C = [0, ∞) · (Hl=α ∩ C). To see this, observe that the following inclusion 
holds:

[0,∞) · (Hl=α ∩ C) = [0,∞) · (Hl�α ∩ C) ⊆ [0,∞) ·K = C
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The converse inclusion [0, ∞) · (Hl�α ∩ C) ⊇ [0, ∞) ·K follows from the continuity and 
hence boundedness on the compact set K of the functional l by observing that there 
exists a positive real number λ > 0 such that λHl�α = Hl�λα ⊇ K.

Now, set H := Hl=0. Then we have:

H ∩ C = H ∩ [0,∞) · (Hl=α ∩ C) = (H ∩ [0,∞) ·Hl=α) ∩ C = {0}

So H is the desired closed supporting hyperplane for C. �
Lemma A.2. Let K ⊂ X be a non-empty compact convex subset. Let l ∈ X ′ be a con-
tinuous linear functional and Hl=0 be the associated closed hyperplane through 0. Then 
there exists an extreme point x ∈ ex(K) such that K − x ⊂ Hl�0.

Proof. By continuity of l, the image l(K) ⊂ R is bounded. Set α := inf(l(K)). In other 
words, α is the largest real number such that K ⊂ Hl�α. In particular, Hl=α is a closed 
supporting hyperplane of K. By [3, II, §7.1, Corollary to Proposition 1], the hyperplane 
Hl=α contains an extreme point x of K. Moreover, K − x is contained in the positive 
half-space Hl�0. �

Combining the previous two lemmas, we obtain the following immediate consequence:

Corollary A.3. Let C ⊂ X be a locally compact, closed, convex, proper cone with vertex 
x and let K ⊂ X be a non-empty compact convex set. Then there exists an extreme point 
y ∈ ex(K) and a closed hyperplane H which separates C−x and K− y. Moreover, these 
two sets only intersect in 0, i.e. (C − x) ∩ (K − y) = {0}.
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