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1. Introduction

In a spectral approach to geometry, such as the one advocated in noncommutative
geometry [7], a natural question that arises is how one may approximate a geometric
space if only part of the spectral data is available [8]. In fact, for the so-called spectral
truncations that are relevant in this paper one is naturally led to consider quantum
metric spaces in the sense of Rieffel [24].

More precisely, we consider a spectral triple (A, H, D) consisting of a C*-algebra A
acting as bounded operators on a Hilbert space H, together with a self-adjoint operator
D such that [D,a] extends to a bounded operator for a in a dense x-subalgebra of A,
and such that the resolvent of D is a compact operator. A spectral truncation for this
set of data is given in terms of a spectral projection Py of D onto the eigenspaces with
eigenvalues of modulus < A. The C*-algebra A is then replaced by an operator system,
to wit Py AP,. It acts on the Hilbert space Py’H and also D restricts to a self-adjoint
operator thereon.

The above question may then be sharply formulated in terms of Gromov—Hausdorff
convergence (as A — 00) of the state spaces S(Py APy) when equipped with the Connes
distance function [7]

dpyapr, (; ) = up {le(a) —d(a)] = [[PADPy, al]| =1} (1)

The limit structure one is aiming for is then of course the state space S(A), this time
equipped with the metric

dalp, ) = igg{lw(a) —¢(a)l : I[D;all| =1} (2)

Note that in the definition of quantum metric spaces there is an additional (and natural)
requirement of compatibility between the above metric structure and the given weak-*
topology on the pertinent state spaces (c¢f. [24, Definition 2.1)). If A = C(M) and D =
D)y is the Dirac operator on a compact Riemannian spin manifold M —indeed our case
of interest— this is the case, as was shown in [6]. In fact, Connes’ distance function then
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coincides with the Monge—Kantorovich distance on the state space S(C(M)) of all Borel
probability measures. In addition, for finite-dimensional operator systems —such as the
above Py APy— Connes’ distance function metrizes the weak-* topology as follows from
[23, Theorem 1.8] (see also [31, Remark 6]).

In a previous work, a convergence of spectral truncations has been established for the
circle, when equipped with the natural Dirac operator [31]. This was formulated in the
following general framework, which we will also exploit here.

Definition 1.1. An operator system spectral triple is a triple (£,H, D) where £ is a dense
subspace of a (concrete) operator system E in B(H), H is a Hilbert space and D is a
self-adjoint operator in H with compact resolvent and such that [D,T] is a bounded
operator for all T € €.

The relation between sequences of operator system spectral triples and a limit struc-
ture is then captured by the following notion of an approximate order isomorphism.

Definition 1.2. Let (£,H, D) and (Ex, Ha, Dy), for all A > 0, be operator system spectral
triples. For all A, let pp : € — £ and oy : Eo — £ be linear maps with the following
properties:

(i) pa and oy are positive and unital,
(ii) pa and op are Cl-contractive, i.e. they are contractive both with respect to norm
| - || and with respect to Lipschitz seminorm ||[D, -]||, respectively ||[Da, ||,
(iii) the compositions oy o ppy and py o op approximate the respective identities on £
and £p with respect to Lipschitz seminorm, i.e.

for some net (ya)aso with y4 — 0 as A — oo. Then we call the pair of maps (p, o)
(by which we mean the collection of pairs of maps (pa,or)) a Cl-approvimate order
isomorphism.

It was then shown in [31, Theorem 5] that if the metrics dg,, for all A > 0, and d¢
(defined as in (1) and (2)) metrize the respective weak*-topologies on the state spaces
S(€p) and S(€) and if a Cl-approximate order isomorphism exists, then the sequence
of metric spaces (S(€a),de,) converges to (S(E),ds) in Gromov-Hausdorff distance.
By exploiting this criterion it was shown in [31] that spectral truncations of the circle
converge.

Other results on Gromov—Hausdorff convergence that can be cast in this general frame-
work include [2,1,25]. Note also the recent developments around the related notion of
propinquity [17-19], also in the context of spectral triples, but which, however, mainly
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focuses on C*-algebras. It should be mentioned that, even though we are phrasing the
question about convergence of spectral truncations in terms of Gromov—Hausdorff dis-
tance, another point of view would be quantum Gromov-Hausdorfl distance [24]. In
fact, these notions are not equivalent [15]. However, as the authors point out, it follows
from [16, Proposition 2.14] that Gromov-Hausdorff convergence still implies quantum
Gromov—Hausdorff convergence in the case which we consider below.

In this article, we show that the conditions in the above Definition can be met for
tori in any dimension d > 1. Let us spend the remainder of this introduction by giving
an extended overview of our setup and approach.

Consider the spectral triple of the d-dimensional torus T¢ = R¢/27Z:

(C>=(T%),L2(S(T%)), D)

This consists of the *-algebra of smooth functions acting on the Hilbert space of L2-
sections of the spinor bundle S(T?) (by multiplication) and the Dirac operator D which
acts on the dense subspace of smooth sections of the spinor bundle. We identify S(T¢)
with the trivial bundle T¢ ® V, where V := Cl%?] and we write H := L2(T%) @ V =
L2(S(T4)) for the Hilbert space. Recall that D = —i ZZ:I 0, ®7* and that the spectrum
of D (which is point-spectrum only) is given by o(D) = {£(n? +--- +n2)"? : n; € Z}.
The Dirac operator gives rise to the distance function (2) on the state space S(C(T%))
which metrizes the weak*-topology on it and recovers the usual Riemannian distance on
T¢ when restricted to pure states.

For any A > 0, let Py, be the orthogonal projection to the subspace of H spanned
by the eigenspinors ey of the eigenvalues A with |[A| < A. More concretely, we have
P\H = spanf{e, : n € Z%, ||n|| < A} ® V, with e,(z) := ™, for all z € T¢. The
spectral projection P gives rise to the following operator system spectral triple:

(PAC™®(T") Py, PaH, PADPy)

We use the notation C(Td)(A) = PyC>®(T?) P, and write Dy := PyDP,. We also
abbreviate dp := dp, o (1ayp, for the distance function defined in (1).

Observe that elements T of the operator system C(T?)") are of the form T =
(tk*l)k,leﬁﬁ’ where Ei := B N Z4 is the set of Z%lattice points in the closed ball
of radius A, and where t;,_; = (ey, Te;). In particular, C(T*)(") is the operator system
of (2|A] +1) x (2| A] 4+ 1)-Toeplitz matrices which was investigated at length in [8] and
[11].

The candidate for the map py : C(T?) — C(T4)™) in Definition 1.2 is canonically
inherent in the problem, namely, it is the compression map given by pa(f) = PrfPa.
It is easy to see that this map is positive, unital and C!-contractive (Lemma 3.1). It is,
however, less obvious what the candidate for the map o : C(T4)) — C°°(T%) should
be. Inspired by the choice of the map given in [31] in the case of the circle, we propose
the following map:
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AT = gy T () (] a(T))

Here, a is the T?-action (5) on C(T4))| the vector |¢) is given by 1) = 3> =z ey,

neB,
and Np(A) := #By NZ4 = #Ei is the number of Z%lattice points in the closed ball
of radius A. Note that the image of an element 7" = (tx_;), , .=z of the operator system

k,1eBy
C(T4)™ under this map is a function on T¢ as follows:

UA(T)('I) = @TY <(1)k7l€§i (tk_lei(k*l)'z)k’legi)

1 )
S tm— i(m—1)-x
Na(A) 2 tmie

mEBi

1 .
— tm_nez(mfn)-z,
Ne(A) 2

m,n€§i

=7
k,1€BS

for all € T¢. One may consider [24, Section 2] as another instance of inspiration for
this choice of map op by realizing that the map op is the formal adjoint of the map
pa when the *-algebra C*°(T?) is equipped with the L2-inner product and the operator
system C(']I‘d)(A) is equipped with the Hilbert—Schmidt inner product. Similarly as for
pA, it is easy to see that the map o, is positive, unital and C'-contractive (Lemma 3.2).

In order to show that our choice of maps py and o, gives rise to a C'-approximate or-
der isomorphism it remains to show that their compositions approximate the respective
identities on C*°(T9) and C(T%)®) in Lipschitz seminorm. We show by direct compu-
tations (Lemma 3.3) that the maps oa o pp and pp o op act on C*(T?), respectively
C(T4W) as follows:

anopa(f) = (mAJ?>V=¢ Fany ()
pa 0 on(T) = (ma(k = Dth—1)y ez = Sma(T)

The map F,, is known as Fourier multiplication and the map Sy, as Schur multiplica-
tion, respectively with symbol

my(n) = %, (3)

where N1, (A,n) := #By NBa(n) N Z% = #sz\(n) is the number of Z%-lattice points in
the intersection of the closed ball of radius A with a copy of itself translated by n (we
call this intersection a lense and denote the set of Z?-lattice points in it by EJZ\ (n)).

We denote the compression of the Dirac operator by D := PyDP,. We apply
an “antiderivative trick” (Lemma 3.4) to see that for obtaining estimates of the maps
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idcoo(w) — Fm, and idc(Td)(A) — S, in Lipschitz seminorm, one needs to estimate the
following two maps:

.FmA =

DO | =
]~

Foy @ {7,7} 1D, C(T)] = C=(T%;
p=1
. d
2
Sy =3 2 Sy @ {7} 1 [D,C(TH V] (T,
p=1

where Fiu and Sy are now respectively Fourier and Schur multiplication with the
symbol

0,ifn=0
Kin) = ’ 4
W) {(1mA(n))|7;|2, if n #0. @

A variation of the classical Bozejko-Fendler transference theorem for Fourier and Schur
multipliers (Lemma 3.5) then shows that the cb-norm of Sy, is bounded by the cb-norm
of Fu,. Since the latter map takes values in a commutative C*-algebra its cb-norm
coincides with its norm, so this is what is left to estimate.

It is not hard to see that Fy,, is an approximate identity controlled in Lipschitz
seminorm, if the convolution kernel Ky, = mp is a good kernel (Lemma 2.2). We show
that this is indeed the case by exploiting the fact that Ky, is the square of the spherical
Dirichlet kernel, whence positive. Since this is analogous to the 1-dimensional case, we
call Ky, the spectral Fejér kernel. As outlined above, our main result that (pa,op) is
a Cl-approximate order isomorphism and hence that spectral truncations of the d-torus
converge for all d > 1 is now simply a corollary of the fact that the spectral Fejér kernel
is good.

In the last section, we give a computation of the propagation number of the operator
system C(’]I‘d)(A). We conclude by pointing out some obstacles on the road to determining
its operator system dual. In particular, we argue that, for d > 2, the operator system
dual cannot quite be the one that we would have expected.
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2. Preliminaries
2.1. Actions and commutators

We spell out a few simple facts used throughout this article. Recall the usual action
of C(T%) on H:

flgov)=(fgev=> Y fln-mgme, v

n€Zd meZ?

This induces an action of C(T4)) on Py H:

Z ager v | = Z Z tp—iaep Qv

keB} keB} 1eBY
Furthermore, we have the standard T9action on C(T¢) (as a subalgebra of B(H)):

~ Y Fowenc?

nezd

This induces an action of T¢ on C(T%)») (as an operator subsystem of B(PyH)):

_ i(k—1)-0
ap(T) (tk_le )k,leﬁi (5)

Recall that the following holds:

d
-3 % wfen o
n=1nezd
Similarly, we have:
d
DA, Z tk l)kleBL ®’Y (6)
p=1

2.2. Good kernels

We follow the convention in [30] and call an approximate identity in the Banach
-algebra L!(T4) (with convolution) a good kernel:

Definition 2.1. For all A > 0, let K5 € LY(T9). The family {Kx}aso is called a good
kernel, if the following holds:
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(1) Jpa Ka(z)de =1 and
(2) for all § > 0, we have that de\Bé(o) Kp(z)dz — 0, as A — 0.

Good kernels provide a way to approximate the identity on C°°(T%) not only in L*-
and sup-norm, but also in Lipschitz seminorm:

Lemma 2.2. If K is a good kernel, then, for all f € C=(T?), the following holds:
1f = K= fIl < yalllD, Al
where Yo — 0 as A — 0.

Proof. The proof is as in [2, Lemma 5.13]. For all z € T¢, we have:

|Kp  fz) — f(z)] < /IKA(y)(f(x —y) — f(z))ldy
Td
< / K ) 1l luidy
Td
- / K ()l Iulldyl 1D, £l
'H‘d

We set vz = [ra |[Ka(y)|l|lylldy. Let € > 0. Let Ag be large enough such that, for all
A= Ao, | |K(y)|dy < e. Then, for A > Ao, we obtain:

llyll=e

= / [EA@)lllylldy + / [Ea)lllylldy

iyl >e llyll<e

<d / Ka(y)ldy + / Kn(y)ldy
lyl|=>e [lyll<e

<d(e+eC),
where C' = supy ¢ [ra [Ka(y)|dy < oo. O
2.3. Fourier and Schur multipliers

Let T be a discrete group and let A : I' — B(¢?(T')) be its left-regular represen-
tation given by Agf(h) = f(gh). We denote by C3(I') the reduced group C*-algebra,
i.e. the completion of the group ring C[I'] in B(¢*(I')) with respect to the norm
lZ]lrea = [[A(2)||B(e2(ry)- A function ¢ : I' — C gives rise to a multiplier on the group
ring as follows:
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C[r] — C[T

Z agg Z ©(9)agyg

gel gel

If this map extends to a bounded linear map M., : C3(I') — C}(I") we call this extension
the multiplier on C}(T') with symbol ¢. We record the obvious fact that if ¢ is finitely
supported it always induces a multiplier on C}(T).

Recall that if T' is abelian, then C{(I") = C*(F)A% C(f), where T is the Pontryagin

dual of I'. In this case, we call the multiplier on C(T") the Fourier multiplier with symbol
¢ and denote it by F,. The Fourier multiplier takes on the following form:

~

Folf) = (97 0(9)fl9)) =7+ f (7)

See e.g. [14, Chapter 6] for the relevant Fourier theory of locally compact abelian groups.

Let k£ : ' x I' = C be a function, also called a kernel. A kernel k gives rise to a
linear map with domain B(¢*(T")) given by Sk : (tgn)g.ner = (k(g,h)tg.n)g ner, where
tgn = (04, T61), for T € B(¢*(T)). If this map is bounded with range in B(¢*(T)), we
call it a Schur multiplier. See e.g. [32] for a survey and [22, Chapter 5] as a standard
reference which includes a discussion of the connection with Grothendieck’s theorem. We
collect some well-known facts about Schur multipliers.

Proposition 2.3. Let k : T' x I' — C be a kernel. Then the following are equivalent:

(i) Sk is a Schur multiplier of norm ||Sk|| < 1.
(i) Sk is a completely bounded Schur multiplier of cb-norm ||Sk|lcp < 1.
(iii) There exists a Hilbert space H and families of vectors {&,}ger, {nnther C H with
€glls [l < 1 such that k(g, h) = (g, nn), for all g,h € T.

For an elementary proof of the equivalence of (i) and (ii), we refer to [21, Theorem
8.7 and Corollary 8.8]. A proof of the equivalence of (ii) and (iii) can be found e.g. in [5,
Theorem D.4], which we now sketch: Assuming that ||Sg|len, < 1, Wittstock’s factorization
theorem gives a factorization of S through B(#), for some Hilbert space H, which allows
to construct appropriate £, and ;. For the converse implication, the map Sy, is factorized
through B(¢*(T') @ H) as Sg(T) = V*(T @ 14y)W, for the contractions V§, := &, ® &,
and Wy, := d;, @ np,. The same works when tensoring with 1,y , for arbitrary n € N,
which shows complete contractivity of Sy.

We are mainly interested in Schur multipliers Sy induced by a function ¢ : I' — C,
i.e. k(g,h) := p(gh™1). We call such a Schur multiplier a Schur multiplier with symbol
cxry = Me:
Indeed, let f € C}(T') and {d,}4er be an orthonormal basis for £2(I'). Then the matrix
associated to f (viewed as an element of B(¢?(I"))) is a Toeplitz matrix in the following

 and slightly abuse notation to denote it by S,. It is easy to see that S,

sense:
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<5g7f5h> = <5ga Z fv)‘v(éh» = Z<59a f757h> = f_qh—l

yel’ vyel

It follows that the matrix associated to M (f) is the following Toeplitz matrix:

(8gs My (£)0n) = o(gh™") fyn-1,
which shows that Sy, ((fyn-1)g,her) = (Mu(f))g.n)g.her-

3. Convergence of spectral truncations of the d-torus

The goal of this section is to prove that the maps py : C®(T4) — C(T4)W),
given by the compression pp(f) := PrfPx, and oy : C(TH)WN) — C®(T?), given by
oa(T) :== mTr(W» (| a(T)), form a C'-approximate order isomorphism in the sense
of Definition 1.2.

3.1. A candidate for the C'-approzimate order isomorphism

We begin by checking unitality, positivity and C!-contractivity for the maps pp and

OA.
Lemma 3.1. The map py : C°(T%) — C(T4)®) s unital, positive and C'-contractive.

Proof. Unitality is clear as Pa1P (ZHEEZA Ann ®sn) = Zneﬁﬁ anen @ Sp, for
all Zneﬁﬁ anen @ s, € PaH. Also positivity is obvious since (PaPy, Po)px =
(aPp, Pp)ic > 0, for any Hilbert space I, any projection P € B(K) and any positive
operator a € B(K);. Contractivity in norm follows from Plancherel’s theorem:

IPAPA? = sup [Parprel? < 3 [F| < 3 |Fo| =11
wEP\H

el neBy nezd

For contractivity in Lipschitz seminorm, we first observe that py commutes with [D, ]
in the following sense, which is an immediate consequence of the fact that D commutes
with Py:

[Dn, pa(f)] = PA[D, f]Pa

This immediately gives ||[D, -]||-contractivity:

IDas pA (D] = 1PA[D; FIPAI < I[D, fIIl O

Lemma 3.2. The map o : C(T4)N) — C>(T9) is unital, positive and C*-contractive.
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Proof. Unitality is clear as, for all € T?, we have:

oA (1)(w) = gy T () (0] o (1) = gy T (1) (01 1) =

Positivity is also immediate from the definition. Namely, let T € C(Td)grA) be a positive
operator on PA'H and let PAH 3 ¢ — Qr(¢) := ({,T¢) be its associated quadratic form.
For ¢ = Zneﬁi‘ €n, We obtain:

1

1
0< @ @O = g T (9 W (etnmntnr),,,) = oa D)),

for all 2 € T?. For contractivity, we compute:

1
loa(T)(2)] < mww (YD llew (D) =T

For contractivity in Lipschitz seminorm, we first observe that o) commutes with [D, ]
in the following sense, which is an easy consequence of (6):

tpen @ yH

d
[D O’A Z

nGBA

T () (e (= )t ez ) ) 9

d
ZN
A®

1([Da, T1)
This immediately gives ||[D, -]||-contractivity:
I[D,on(D)| = lloa @ 1([Da, T)) | < [[Da, T]|| O
We now compute the compositions o o pp and pp 0 op:

Lemma 3.3. The two compositions opopy : C°(T4) — C>(T9) and ppooy : C(TH)P) —
C(Td)(/‘) are given respectively by the Fourier multiplier and by the Schur multiplier with
the symbol mpy :

OA O PA = Fmy
proon = Sm,

Proof. Both identities are just simple computations:

on 0 palf)(@) = @ﬂ (16) (4] 0w (P S PA)
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NBl(A)Tr<¢> (V] oz (( (k l>)k,@g>)

1
~ Ns(A) > Jlke = e
k,l€BY
= NL(A’H)Ane x
- e

pr 0 on(T) = pa (@Mw Wl a.<T>>)

= PA Z t—1€k—1

kl eBZ
NL(Aan)
- —tn n
PA ; N
neBs —B4

_ (Nu(A,m —n) )
_< Ng(A) b moneB% -

3.2. A transference result

In order to show that the pair (pa,0s) is a Cl-approximate order isomorphism it
remains to check that the compositions oy o pp and pp o op approximate the identity
respectively on C(T?) and C(T%)™ in Lipschitz seminorm.

Recall the definition of w’ (n), for p=1,...,d and n € Z¢ from (4).

Lemma 3.4. For every f € C(T%) we have the following equality of bounded operators
on the Hilbert space L2(T4) @ V:

. d
(f —onopa(f))®@1= % (mex ®{7#7'}> ((D, f1),
pn=1

where Fron is the Fourier multiplier on the x-algebra C>(T4%) with symbol ro’y.
Similarly, for every T € C(T%)M) | we have the following equality of bounded operators
on the Hilbert space PA\L*(T4) @ V :

(T'=proon(T)) @ <ZSmA®{7 }> ([Da, 1Y),

where Spn denotes Schur (i.e. entrywise) multiplication on the operator system C(T4)™)
with symbol 1o’y .
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Proof. For the first claim, we have:

f=onepalf)=f = Fuu(f) = Y (L —ma(n)f(n)en

nezd
d . R
= Z Z (1 —=mp(n) s - nuf(n)en
I
d
= " Fuy(-iduf) - o
pn,r=1

The first claimed result then follows by writing 26#* - 1 = {~*,4"}.
The computation for the second claim is largely analogous:

T~ pr 0 oA(T) = T — S, (T)

d
=y ((1 —mp(k — l))H (ky — lu)tkl>

k,leB%
d
=iy S (((ku - l")tk—l)k,zeﬁi) e

The result now follows by combining the defining relations for the gamma-matrices as
before with the expression (6) for the operator [Dy,T]| € B(PyH). O

It is a classical result of Bozejko and Fendler [4] that for any discrete group I' and
function ¢ : I' = C the cb-norm of Schur multiplication S, on B(¢%(T')) coincides with
the cb-norm of Fourier multiplication F, on C5(I') (see also [22, Theorem 6.4] and
[5, Proposition D.6]). However, the two linear maps obtained in Lemma 3.4 act on the
operator subsystems of differential forms on H and PpH, respectively, so the result of
Bozejko and Fendler does not apply directly. We prove a variation on it which relates
the cb-norms of the two linear maps which appear in Lemma 3.4:

. d

Fron 1= % ;F‘”X ® {1, }: [D, C=(T)] — C=(T%; (8)
. d

Sy = % D Spr @ {y", -} 1 [Da, C(TH)WM] — (T, (9)

1

w

Here we consider [D, C*(T%)] and [Dy, C(T?)(M)] as (dense subsets of) operator systems
in B(L2(TY) @ V).
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Lemma 3.5. For the above two linear maps we have the following norm inequality:
1S | < 1| Fro sl

Proof. We vary on the proof given in [22, Theorem 6.4]. First identify L?(T¢) @ V =
¢%(Z%) ®@ V using the Fourier basis {e, },czq, and write H := ¢2(Z?) @ V. Consider the
unitary operator U defined on H ® H by a combination of a shift in Fourier space and
a tensor flip in spinor space:

Ulen, @0 @ ey @0') =€, @0 @ enim Qv

Recall that an elementary matrix Ey; (k,I € Z9) acts on H as:

Eyi(en ®v) = dper @ v,
in contrast to a generator e, in the group C*-algebra C*(Z?) = C(T4), which acts as

ex(en V) = epyp @ .
Note furthermore that under the identification L?(T9) 2 ¢2(Z%) we have

D(e, ® v) = ne, @ y"v, (neziveV). (10)

We then find that

U(Er @ 1)U = By ® ey
U(EBuy" @ 14)U" = By @ ep_y"
where v# acts of course on the spinor space V. Note that in view of Equation (10) we

also have U([D,Ekl} & ]_'H)U* =Fy® [D, ek,l] € IC(H) (39 [D7 COO(Td)]
Using this we may now show

U (Swy @ idp30) (1D, Ert] @ 13)) U* = > U (S, (4" (k — 1) Era) @ 19) U*
=iy U (wh(k—1)(k—1)uEpn ®1y) U*

= iZEkl X mﬁ{(k — l)(]{i — l)uek_l
m

= Ei ® Fro, ([D, €x—1])
= (idp) @ Fr,) (U([D, Era] @ 131)U7) .

This extends by linearity to arbitrary x =, I th_1Ep € C(THW to yield
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U ((Swy @idpag)([D,2] @ 1)) U* = (idp) @ Fro,) (U([D, 2] @ 13)U*) .
From this we obtain the following estimate:

[Sror ([0, 2D = [[Swo ([P, 2]) ® 1|
= [[(Swa @ idp ) ([D; 7] @ 14)||
= |U ((Swy @ idpeany) ([Ds 2] @ 13)) U”||
= [[(idg(#) ® Froy) (U([D, 2] @ 13)U7) ||
< lidiey ® Fron IU(ID, 2] @ 13)U™|
= || Fro lenll[D; ][I,

where the penultimate step follows from the fact that U([D,z] ® 13)U* € K(H) ®
[D, C>°(T%)]. This implies that ||S, || < || Fro|lcb-

Finally, supposing that F,, is a bounded linear map its norm and cb-norm coin-
cide because its range is a subset of a commutative C*-algebra, namely C(T?) (cf. [21,
Theorem 3.9]). O

Remark 3.6. Note that the classical transference theorem is stated as an equality of the
cb-norms of a Schur multiplier S, and a Fourier multiplier F,. However, for this it is
crucial that F, and S, are defined on the C*-algebras C}(T") and B(¢*(T')) which is
not the situation we find in the above lemma. In fact, the maps (8) and (9) are only
defined on operator subsystems and do not extend to the C*-algebras C(T%) and B(H)
respectively, so equality in Lemma 3.5 is not to be expected.

Our task is thus reduced to the computation of the norm of the map Fy,
[D, C%(T%)] — C>=(T?) given in Equation (8).

3.3. The spectral Fejér kernel

We define Ky,, as the convolution kernel corresponding to the Fourier multiplier F,,
as in (7), i.e.

KmA =M.

In view of Lemma 2.2 it would be desirable to see that Ky,, is a good kernel. Indeed, by
Lemma 3.4 this would give precisely the estimate of F,, which remains to show.

Lemma 3.7. For every n € Z¢, we have that my(n) — 1, as A — oo.

Proof. This follows from two simple geometric observations. One is that |[Np(A) —
Ve(A)| < VdAg(A), where Vg(A) is the volume of the d-dimensional ball of radius
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A and Ag(A) is its surface area. The other is that a lense (i.e. the intersection of two
d-dimensional balls of radius A one of them shifted by a parameter n € Z?) contains the
ball of radius A — ||n||, if this number is non-negative. Together, these observations yield
the following estimates:

1= mam)] = g A () AL m)
1
< m\VB(A +Vd) = V(A = Vd — |[n])+)]
1

= m [(A+Vd)* = (A= Vd —|In]))+)"]

=O(Ad-1)

— 0,
as A = oo. (Here ty :=¢,if ¢t >0,and t; :=0,ift <0, fort €R.) O
Proposition 3.8. The function Ky, is positive and is a good kernel.

Proof. We begin by showing positivity of Kp,. Indeed, Ky, = My is the (inverse)
Fourier transform of a convolution-square:

o) = 25041

1
m Z Xg'f\(k)XEﬁ(n)(k) (11)
(

B kezd
= ﬁ (s * xmz) ()

Next, we check the total mass of Ky, :

/KmA () de = /\ﬁ (ng * ngg) (0)
Td
_M(A0)
Ni(A)

Last, we argue that the mass of Ky,, becomes concentrated around 0 as A — co. Fix
some ¢ > 0 and let € > 0 be arbitrary. Let ¢ be a non-negative trigonometric polynomial
such that the following holds:

19
1_XB5<90<1_XB5/2+§
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The existence of such a trigonometric polynomial ¢ follows from Weierstraf’s approxima-
tion theorem for trigonometric polynomials since the §-neighborhood of the continuous
function v, given by
7, if © € By,
P(x) = §||x|| + 7 —1, if z € Bs \ Bsa,
1+ %, if T4\ By,

lies between 1 — xp, and 1 — XBs,, T 5. Let Ag > 0 be large enough such that, for

all A > Ag, we have that max |1 —mp(n)| . This is of course possible

€

< aln~n

n€supp () 2[|@lle2 (za)

since the pointwise convergence from Lemma 3.7 implies uniform convergence to 1 of the

restriction of my to the finite set supp(®). Then the following holds:

| Emi@)do = [ Kny @)1 - xi,(2)) da
J

Td\B;

< [ K @)po)ds
Td

< | [ Kny@)pl)ds = 00 + 5
Td

~ —~ g
= |3 maam) - 3 fm)| + 5
nezd nezd
~ €
< || (mA - 1) |supp(<2)H€°°(Zd) : ”90”21(261) + 5
<S¢
S22

for all A > Ap. In the fourth step we applied the Plancherel formula and in the fifth step
the Holder inequality. O

Remark 3.9. Note that (11) shows that the function Ky, is precisely the square of the
well-known spherical Dirichlet kernel (¢f. [12, Definition 3.1.6]). However, by a classical
result by du Bois-Reymond the latter is not a good kernel (cf. [12, Proposition 3.3.5]).
The feature of Ky, which is crucial for its good behavior is positivity. We emphasize
that our spectral Fejér kernel does not coincide with the so-called circular Fejér kernel
which is investigated in [12, Chapter 3|. Note in particular, that the circular Fejér kernel
fails to be good in dimensions d > 3 which motivates the introduction of Bochner—Riesz
summability methods.

Theorem 3.10. Spectral truncations of T¢ converge, for all d > 1.
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Proof. From (T — pp 0o opA(T)) ® 1 = S, (T) (Lemma 3.4) and ||Sw, || < || Frw, |l
(Lemma 3.5), together with Fp, (f) = (f —oaopa(f) ®1=(f — Kn, * f) ® 1 (again
Lemma 3.4), we obtain from Lemma 2.2 a sequence yo — 0, as A — oo, such that

|T — paoon(T)|| < yall[Da, T]||  and
£ —onopalH)Il <alllD, f1II,

since the spectral Fejér kernel Ky, is a good kernel (Proposition 3.8). Together with
Lemma 3.1 and Lemma 3.2 this shows that (pa, o) is a Cl-approximate order isomor-
phism which by [31, Theorem 5] implies our result. 0O

Remark 3.11. We point out that similarly convergence of other kinds of truncations of
T< can be shown. In particular, by replacing our projections Py with the projections PE
with ran(Py) = {e, : n; = —N,..., N, fori = 1,...,d}, analogous arguments to the
ones presented in this chapter yield a new proof that the “box-truncations” of T¢, which
were considered in [2], converge.

4. Structure analysis of the operator system C(T?)(A)
4.1. C*-envelope and propagation number

Recall [13] (see also [21, Chapter 15]) that a C*-extension of a unital operator system
F is a unital C*-algebra A together with an injective completely positive map ¢ : £ — A
such that C*(¢(E)) = A. A C*-extension A of E is called the C*-envelope and denoted
by Ci..,(E) if, for every unital C*-algebra B and every unital completely positive map
¢ : A — B, the map ¢ is a complete order injection if the composition ¢ o ¢ is. Recall
furthermore from [8] that the propagation number prop(FE) is the smallest positive integer
n such that (¢(E))°™ C C%,(E) is a C*-algebra, where F°" = span{f1--- f, : fi € F},
for a unital operator subsystem F' of a unital C*-algebra A.

For p € EIZ\ + E/Z\, we define the following operator in C(T4)) c B(PyH):

Ty = Z En—pn = Z Enntps (12)

nel (p) n€L} (—p)
where Ej; € B(PpA#H) is the matriz unit given by (e, Exen) = Imi0in, for k,I,m,n €
Eﬁ. It is not hard to check that {Tp}peﬁﬁ+§ﬁ is a basis for the operator system C(T%)®),

With the preparations of Appendix A, we are in position to treat the C*-envelope and
propagation number of the operator system C(T4)®).

Proposition 4.1. The C*-envelope and the propagation number of C(’]I‘d)(A) are given by
C?, (C(TH X)) = B(Py\H) and prop(C(T4)?) = 2.

env
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Proof. The matrix order structure on C(T%)®) is the one inherited from the inclu-
sion into B(PyH). It remains to show that the inclusion C(T?)®) «— B(PyH) is a
C*-extension, i.e. that it generates B(PyH). Indeed, if this is the case, it is clear that
B(PyH) =2 C,, (C(T9) M) since B(PyH) is simple.

We will see that B(Py#H) is in fact spanned by respective products of two basic oper-
ators (12). To this end, let p,q € EIZ\ + EJZ\. Then, the following holds:

1, Z Enpn Z Enntq

neL; (p) nel} (—q)

= § En—pn+tq

nefi (p)ﬁfi(—q)

= § Enfpfq,nv

neLy (p+q)NL (q)

where we used the fact that (La(p) NLa(—¢q)) + ¢ = La(p + ¢) N La(g) which can be
easily checked. As a special case, for [,k € E[Z\ +§[Z\ such that [+k € Eﬁ +§i, we obtain:

T,kﬂJrk = Z Enfl,n (13)
neli ()L (14k)

Note that this generalizes the formula given in the proof of [8, Proposition 4.2] where d
was equal to 1.!
—7
We need some elementary geometric observations. For A’ > 0, let K,/ := co (B A,)

denote the convex hull of the set of Z%lattice points in the closed ball of radius A’. Note
that K/Z\, =Ky NZE = Ei,. Furthermore, K/ is a polytope which is symmetric under
reflections along coordinate axes and diagonals (i.e. under changing signs of coordinates
and exchanging coordinates). Clearly, all the extreme points of K/, the set of which is
denoted by ex(K ), have integer coordinates. Moreover, if x € K,/ is of norm |[z] = A’
it is an extreme point, but not necessarily all extreme points of K. are of norm A’ as
can be seen in the case d = 2, A’ = 3 (¢f. Fig. 1).

In order to prove the claim it is enough to write every rank-one operator E,, €
B(Pp\H) as a linear combination of products of the form (13), where p,q € Eﬁ and [,k €
E/Z\+E/Z\ such that [+ € E,Z\—FE/Z\. To this end, fix p,q € E,Z\ andsetl:=qg—p € E/Z\—FE,Z\.
Set A’ := ||q||. We claim that we can find an extreme point m € ex(K,) such that the
following holds:

Ky N(Kpy—m+q) ={q}. (14)

L Moreover, this formula may be interpreted in a similar way: The operator T_iTi+, can be regarded as
“matrix” (with multi-indexed entries) which has O-entries everywhere except for the I-th “diagonal” where
its entries are either 1 or 0 depending on the parameter k.
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=2

-3 -2 -1 0 1 2 3

Fig. 1. A plot of the boundaries of the balls By and the polytopes K4, for A = 0,1,v?2,2,v5,2v2, 3.

To see this, note that g is an extreme point of K, and that the smallest cone
[0,00) - (Kas — q) + g which contains K, is locally compact (trivially in this finite
dimensional case), closed, convex, proper and has vertex ¢. By Corollary A.3 we can
find an extreme point m € ex(K,) such that (Ky —m) N (Ky —q) = (Kp —m) N
([0,00) - (Kp» — q) + q) = {0}, which is equivalent to (14).

Now, fix an extreme point m € ex(K,) such that (14) is satisfied and set k :=
g —1—m = p — m. Note that for this [ and k the product (13) makes sense, i.e.
ke EIZQ + Eﬁ and [+ k € Ei + EIZ\. Furthermore, the following holds:

(Eﬁ(Z) NEL(+ k)) NKx = {q}

The fact that the point ¢ is an element of the set on the left-hand side is clear since
g—l=pc€ EIZQ and ¢ — (I +k)=m € Ei. The converse inclusion is clear from (14)
together with fﬁ(l +k)C Eﬁ(l + k) = K%+ g — m, where ¢ — m = | + k was used.

This shows that, for | = ¢—p and k = p—m, the rank-one operator F,, , is a summand
of T_;T;1y as in (13) where, for all the other rank-one operators E,,_; ,, appearing in
the sum, we have that ||n| > ||q, i.e.

Epg=T_kTi4r — Z En—in. (15)
nel (I4+k)NLy (1)
lInll>llql
Moreover, for each F,_; ,, in the above sum, a similar expression can be obtained, and so

forth. Hence, after finitely many steps this gives a finite linear combination of products
of the form (13) for E, ,.
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Altogether, this proves that B(PyH) C span {T,kTHk Lk l+ke Ei + E/Z\} which
shows that CZ,,(C(T4)WM) = B(PyH) and prop(C(T?)M)) < 2. Realizing that Foyo ¢

C(THW it is clear that prop(C(T?))) > 1. This finishes the proof. 0

We illustrate the procedure of expressing elementary matrices E, € B(Py’H) in terms
of products of basic operators of the form (13) as described in the above proof in the
following two examples.

=7

Example 4.2. Let p,q € B, such that ||¢|| = A. Finding an m € ex(K,) such that (14)
holds is particularly easy in this case, namely, set m := —q. Then set k :=p—m =p+gq
and, with [ = ¢ — p, we obtain:

Epq=T 1Tk =T p—gTg—pip+q = T—p—qT12q;
according to (15), since there are no n € Eﬁ with ||n|| > [|¢|| = A.

Example 4.3. Let d = 2 and A = /2, i.e. Ei consists of 9 points and Kj = co (EIZ\)
is the square with side length 2. For p = (0,0) and ¢ = (1,0), we want to express
the matrix unit E, , as a linear combination of products of basic operators (13) with
l=q—p=(1,0). Set A’ := ||g|| = 1. Now, find an extreme point m € ex(K,) such that
(14) holds. A valid choice is e.g. m := (=1, —1). Set k := p —m = (1,1). Then we have:

Ta(l) NIy(l+ k) = Tog(1,0) NTog(2,1) = {(1,0), (1, 1)}

Therefore:

Tk Tk =T(-1,-1T(21) = > Ene,0,n = £(0,0),(1,0) TE(0,1),1,1)
nel’5(1,00nLY5(2,1) —E,,

Note that [[(1,1)|| = V2 > ||q|| = 1.
By Example 4.2, we have Eg 1y 1,1) = T(—1,—2)T(2,2)- Altogether, we obtain:

Ew,0),1,00 = T—1,-0T21) — T(—1,-2)T(2,2)

Remark 4.4. We point out that analogously to the proof of Proposition 4.1 one can show
that the Cf,, (PEC>(T4)PE) = B(PEH) and prop(PEC>(T?)PK) = 2, where K is a
convex compact subset of R? which is symmetric with respect to reflections along the
coordinate axes and diagonals and where PE € B(H) is the orthogonal projection with
ran(PK) = {e, : n € (A- K)nZ%}. In particular, this shows that the propagation
number of the operator system obtained from “box-truncations”, which were considered
in [2], is also 2.
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4.2. Dual

In [11, Theorem 3.1] it was shown that the operator system of (N x N)-Toeplitz
matrices C(S)™V) is dual to the Fejér-Riesz system C(S')(y) which consists of trigono-
metric polynomials of the form Zg::l N41@nén. In fact, this was already stated in [§]
but it was only shown in [11] that C(S1)(V) = (C(Sl)(N))d in the sense that there is
a unital complete order isomorphism. For the proof, the (operator valued) Fejér—Riesz
theorem plays an essential role. Recall that the Fejér—Riesz theorem states that every
non-negative Laurent polynomial P = 22\27 n @rex = 0 can be expressed as a hermitian

square of an analytic polynomial Q) = ZQLO brex, i.e.
P=0Q*Q.

A generalization to the case where the coefficients a; and by are operators on a Hilbert
space is due to Rosenblum. See [10] for a survey on the operator-valued Fejér—Riesz
theorem.

In view of the duality result for S', it would be natural to expect that the operator
system C(T%)™) is dual to the operator system C(T) ) which consists of trigonometric
polynomials on the d-torus of the form ) B, AnCn- However, this duality must fail even

algebraically as soon as d > 2. Indeed, it is clear that dim (C(T%)2x)) = #EfA = Ng(27)

and from the above considerations about a basis we conclude that dim (C(']I‘d)(A)) =
# (EJZ\ — EJZ\) = # EIZ\ —|—Ei). In general, however, the inclusion E/Z\ + Ei C ESA is

strict, as the following examples demonstrate:
Example 4.5. If d = 2, we have that (3,2) € §4Z\ (EZ —l—EZ). If d > 3, we have that
=7, (=7 =T
(1, 1) e By \ (Bf +BY).
In view of these remarks, a more promising candidate for the dual operator system

of C(T%)™) might be the operator subsystem C(T%)(a)+(a) of C(T?) which consists of

trigonometric polynomials on the d-torus of the form ) =2 Ap €y

€BX+B%
In order to generalize the proof of [11] to this setting, one would need to show that
the following map is a complete order isomorphism:

¢+ C(THMN) = (C(TY) (p)4(a))*

t*—)(pt,

where

Sat(f) = Z t_panp,

neﬁ%\ +§%\
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for t = (tk*l)k,leﬁ?ﬁﬁﬁ and f = Znéﬁﬁ-&-ﬁi anen € C(T%)(p)4(a)- It is easy to see that
¢ is unital and an isomorphism of vector spaces, so it remains to show that ¢ and ¢!
are completely positive.

While the proof of complete positivity of ¢! is largely analogous to the one in [11],
for the proof of complete positivity of ¢ a multivariate version of the (operator-valued)
Fejér—Riesz theorem would be needed. In fact, it would be sufficient to be able to express
a (dense subset of the cone of) non-negative Laurent polynomials in d variables P =
Zn €B% Anfn 38 & finite sum of squares of analytic polynomials Q); = Zne(Ei ) b en,

where (Elzi) := B N (Z=0)?. Although it is not known to the authors if such a result
+

holds for a dense subset of the positive cone, at least for d > 3 it must fail for some
non-negative Laurent polynomials even if higher degrees of the analytic polynomials
Q; are admitted ([29]). For d = 2, Dritschel proved ([9, Theorem 4.1]) that if P is
a non-negative Laurent polynomial of degree (d;,ds) (with Hilbert space operators as
coefficients), then P is a sum of at most 2dy squares of analytic polynomials each of
degree at most (di,ds — 1). However, as it is stated in the conclusion of that article
it is not clear by how much the number of summands and in particular the bound on
the degree can be improved. Yet, there are examples of non-negative polynomials of
degree (di,ds) which are not a finite sum of squares of analytic polynomials of degree
(d1,dz2) (]20], [27], [28, Section 3.6]). Note that it is in fact true that a strictly positive
trigonometric polynomial P > 0 in d variables is a finite sum of squares of analytic
polynomials ([10, Theorem 5.1]), but the degrees might get out of control.

We see that it is apparently not as straightforward to determine the operator system
dual of C(T%)™ as one might expect at first thought and we have to leave this to further
research to be conducted.

Appendix A. Some convex geometry

In order to compute the propagation number of the operator system C(Td)(A), some
facts from convex geometry are required. Since the natural setting for these is locally
convex spaces we formulate all the required results in this abstract language even though
we only make use of them in the finite dimensional case. See e.g. [26, Section 11] and |3,
Chapter II] for much of the standard terminology.

Throughout this section, let X be a Hausdorff locally convex space over R with contin-
uous dual X’. Every linear functional [ on X and every real number o € R give rise to a
hyperplane in X given by Hi—,, = {z € X |l(z) = a}. Clearly, Hj—, = ker(l — a) and the
hyperplane H;—,, is closed if and only if [ is continuous which is the only case we consider.
Every hyperplane H;—,, gives rise to an open positive and an open negative half-space
denoted by Hj~, and H;<, respectively and defined by H;s, := {z € X |l(x) > a} and
similarly for H;.,. Their respective closures are called the closed positive and the closed
negative half-space associated to H;—, and denoted by H;>, and H;¢, respectively. Of
course Hi>o = {z € X |l(z) > o} and similarly for H,.
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If K,L C X are two convex sets, it is said that they are separated by the hyperplane
Hi—, if K C Hi>o and L C Hj¢,. The sets K and L are called properly separated if
additionally K ¢ Hj—, or L ¢ H;—,. The sets K and L are called strictly separated by
H_,if K C H-~,and L C Hj.,. A hyperplane H,—,, is called a supporting hyperplane
for a non-empty convex set K C X, if K C H;>, and x € Hj—,, for at least one x € K.
A supporting hyperplane H,—,, for K is called non-trivial if K ¢ Hj—,.

Recall that a cone C' C X is called pointed if 0 € C, salient if it does not contain any
1-dimensional subspaces of X and proper if C' N (—C) = {0}. We only consider convex
cones. A convex pointed cone is salient if and only if it is proper. For x € X, we call
a set C + x a cone with verter x if C is a pointed cone. A cone with vertex x is called
proper if C' — x is a proper cone.

Let K C X be convex set with 0 ¢ K. Set C := [0,00) - K. Clearly, C is a convex
pointed cone. Moreover, C is the smallest convex pointed cone which contains K in the
sense that every convex pointed cone which contains K must contain C.

If C is a convex pointed cone, a subset B C C' is called a base (or sole in [3, I, §8.3])
if there exists a closed hyperplane H % 0 such that B = H N C and such that C is the
smallest convex pointed cone which contains B. It is well-known that a convex subset B
of a convex pointed cone C is a base if and only if, for every x € C'\ {0}, there exists a
unique pair (A, y) € (0,00) x B such that z = \y.

The statement of the following lemma can be found in [3, II, §7.2, Exercise 21a].

Lemma A.1. Let C' C X be a locally compact, closed, convex, proper cone with vertex x.
Then there exists a closed supporting hyperplane H of C' such that H N C = {x}.

Proof. To simplify notation we assume, without loss of generality, that t = 0. Let U C X
be a convex open neighborhood of 0 such that K := U N C is compact. We claim that
C =[0,00) - K, i.e. C is the smallest convex pointed cone which contains K. In fact, the
inclusion C' 2 [0,00) - K is clear from the cone property. To see that C' C [0,00) - K, let
y € C. Since every 0-neighborhood in a locally convex space is absorbent, there exists a
positive scalar A > 0 such that y € A\U. Hence, %y eUn %C =UNC C K and therefore
y=Aiy € AK C [0,00) - K.

By [3, II, §7.1, Proposition 2], there is an open half-space H;., C X such that
0€ HeoNK C UNC. We may assume that the scalar « is positive, otherwise pass
to the functional —I instead. The boundary 0H;., = H;—, of this half-space is a closed
hyperplane of X which does not contain 0.

We claim that the cone C' is the smallest closed convex pointed cone which contains
Hi_oNC,ie. C=[0,00) (Hj=o N C). To see this, observe that the following inclusion
holds:

[0,00) - (Hi—a N C) = [0,00) - (Hica N C) C [0,00) - K = C
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The converse inclusion [0,00) - (Hi<q N C) 2 [0,00) - K follows from the continuity and
hence boundedness on the compact set K of the functional [ by observing that there
exists a positive real number X > 0 such that AH;<, = Hi<)a 2 K.

Now, set H := H;—g. Then we have:

HNC=HN[0,00): (H=zo, NC)=(HN[0,00) - H—y)NC = {0}
So H is the desired closed supporting hyperplane for C. O

Lemma A.2. Let K C X be a non-empty compact convex subset. Let | € X' be a con-
tinuous linear functional and Hi—g be the associated closed hyperplane through 0. Then
there exists an extreme point x € ex(K) such that K — x C Hj>o.

Proof. By continuity of /, the image I(K) C R is bounded. Set « := inf(I(K)). In other
words, o is the largest real number such that K C H;>,. In particular, H;—, is a closed
supporting hyperplane of K. By [3, II, §7.1, Corollary to Proposition 1], the hyperplane
H;_,, contains an extreme point z of K. Moreover, K — x is contained in the positive
half-space H;>9. O

Combining the previous two lemmas, we obtain the following immediate consequence:

Corollary A.3. Let C' C X be a locally compact, closed, convez, proper cone with vertex
x and let K C X be a non-empty compact convex set. Then there exists an extreme point
y € ex(K) and a closed hyperplane H which separates C —x and K —y. Moreover, these
two sets only intersect in 0, i.e. (C —x)N (K —y) = {0}.
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