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Abstract: For a real distribution D on the interval [0, L] with D the associated even
distribution on the interval [—L, L], we prove that if the associated quadratic form with
Schwartz kernel 5(x —y) defines a lower-bounded selfadjoint operator on L3([— %, %]),
whose lowest spectral value A is a simple, isolated eigenvalue with even eigenfunction
&, then all the zeros of the entire function £ (z), the Fourier transform of &, lie on the real
line. The proof proceeds in five steps. (1) We give a C*-algebraic proof of a corollary
of Carathéodory—Fejér’s 1911 structure theorem for Toeplitz matrices: if T € M, (C) is
a Hermitian, positive semidefinite Toeplitz matrix of rank n — 1, and £ € ker T, then
the polynomial P(z) = ) & jzf has all its zeros on the unit circle. (2) We formulate
and prove a continuous analogue of this result, replacing the Toeplitz matrix with a
convolution operator with continuous kernel /#(x — y), and the polynomial P (z) with
the Fourier transform of the eigenfunction corresponding to the largest eigenvalue. (3)
We analyze finite-dimensional truncations of the quadratic forms defined by real, even
distributions D on [—L, L], and observe that the resulting matrices exhibit a structure
previously encountered in perturbative expansions of the spectral action. (4) We establish
an analogue of Carathéodory—Fejér’s corollary for matrices of this specific structure,
thereby extending the zero localization result beyond the classical Toeplitz setting. (5)
Finally, we apply a classical theorem of Hurwitz concerning the zeros of uniform limits
of holomorphic functions to deduce the general result stated above.
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1. Introduction

The Carathéodory-Fejér theorem from 1911 [5] (see also [4, Theorem 1.3.6]) describes
the structure of Hermitian, positive semidefinite Toeplitz matrices as follows. Let

co €1 C2 -+ Cp
€1 ¢ €1 - Cpy
T—|c ca c Cha
Cn Cn—1 Cp=2 -+ €0
Then, if T is positive semidefinite of rank r, there exist distinct points z1, ..., z, €
T c C (the unit circle), and positive weights «j, ..., @ > 0, such that
T =VDV*,

where V € C*Dx7 ig the Vandermonde matrix

1 1 - 1
1 22 0 Zr
22 2
V — Zl Z2 .. Zr ,
n n n
Zl Z2 “ e Zr
and D = diag(«y, . .., o) is a diagonal matrix with positive real entries.

In our work on operator systems [10], we showed how the above theorem can be
derived from the duality theory of operator systems. This factorization also plays a
central role in the proof of truncated Weil positivity in [7].

A direct corollary of the Carathéodory-Fejér theorem is the following:

Corollary 1.1. Let T € M,;1(C) be a Hermitian, positive semidefinite Toeplitz matrix
of rank n, and let & € ker T. Then all the zeros of the polynomial

P(z):=) &2/

j=0

lie on the unit circle.
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This corollary exhibits a striking number-theoretic flavor, resonating with the ana-
logue of the Riemann Hypothesis for function fields; see [12] for a further discussion
of this connection. In number theory, Toeplitz matrices of this kind naturally arise, and
Corollary 1.1 applies to show that the zeros of the polynomial P(z), associated to an
eigenvector for the smallest eigenvalue of such a matrix, all lie on the unit circle. The key
difficulty in this context, then, becomes the verification that zero is indeed the (simple)
minimal eigenvalue of T'.

In the present paper, we investigate a distributional analogue of Corollary 1.1, moti-
vated by its potential relevance to the Riemann Hypothesis itself. Our approach proceeds
through several stages:

(1) We give a C*-algebraic proof of Corollary 1.1.

(2) We formulate and prove a continuous analogue of Corollary 1.1, in which the
Toeplitz matrix is replaced by a convolution operator with continuous kernel / (x —
v), and the polynomial P(z) by the Fourier transform of the eigenfunction corre-
sponding to the largest eigenvalue.

(3) We analyze the finite truncations of quadratic forms defined by real even distri-
butions D supported on [—L, L], and observe that the resulting matrices exhibit a
structure previously encountered in perturbative expansions of the spectral action.

(4) We prove an analogue of Corollary 1.1 for matrices of this special type.

(5) Finally, using a classical result of Hurwitz on the zeros of uniform limits of holo-
morphic functions, we deduce the following general theorem:

Theorem 1.2. Let L > 0, D be a real distribution on the interval [0, L] and D the
associated even distribution on [—L, L]. Assume that the quadratic form with Schwartz
kernel D(x — y) defines a lower-bounded selfadjoint operator A on L2([— ]) and
that the minimum of its spectrum is a simple, isolated eigenvalue A, with even eigen-
function &. Then all the zeros of the entire function S (z), z € C, Fourier transform of &
lie on the real line.

We refer to Theorem 6.1 for the precise formulation, the above formulation is slightly
unprecise as shown in Remark 4.3. In the course of the proof, we encounter a number
of illustrative examples and special cases. A detailed matrix-based verification of the
theorem is given in an appendix.

2. Toeplitz case

Recall the operator system C*(Z)u+1) S C*(Z) given by Fourier truncations on the
interval [—n, n] C Z from [10] It is the dual operator system of the operator system of
Toeplitz matrices, which in particular allows to associate a positive linear form Lr to
any positive Toeplitz matrix 7T':

n
Lr: C*(Z)(n+1) — C; f— Z Jrck.

k=—n

Note that a positive real Toeplitz matrix T of size n + 1 can be written in the following

form:
co Cl ... Cy

c1co e

7= . (ck €R).
g

Cp ... C1 €0



312 Page 4 of 35 A. Connes, W. D. van Suijlekom

The starting point for our proof of Corollary 1.1 is the following purely x-algebraic
result:

Proposition 2.1. Let T = (ci) be a positive (n + 1)-dimensional real Toeplitz matrix of
rank n and let (aj)'j’-=O be a real vector inker T.

(1) The ideal J of A = C[X, X~ '] generated by P = Y (a; X/ is stable under the
canonical involution, (aX™)* :=aX™", of C[X, X 1.

(2) The monomials X/ (j =0, ...,n — 1) form a basis of A/ J.

(3) There exists a unique linear form ¢ on the quotient A/J such that

¢(X))=cj,¥jel0,....n—1) (1)
(4) The linear form ¢ is positive on the x-algebra A/ J.

Proof. (1) We have that J* = J since P (X) is either palendromic, or anti-palendromic,
i.e.ap_j = xaj forall j = 0,...,n. Indeed, because of the structure of T as a
Toeplitz matrix, it follows that if (a;); is in the kernel of T, so is (a,—;);. Since
furthermore this kernel is one-dimensional, it follows that a,_; = Aa;, hence a; =
A2a;, which implies A = £1. But then

n
P*(X) = Zajx—f =+X"P(X)
j=0

as claimed.

(2) Since T is of rank n one has ag # 0 (see [12, Lemma 33] or show directly that if
ap = Othen (a4 )7’=0 witha,,1 = Oisalsoinker T). Thus X isinvertible in C[X]/J’
where J' = PC[X] since modulo P one has ag+X Q = 0for Q = (P —ag)/X. The
ring A = C[X, X ~11is the localisation of C[X] at X and localisation commutes with
quotients [2, Proposition 3.3 and Corollary 3.4], since X is not a zero divisor modulo
J'. Since X is invertible in C[X]/J’ localization at X does not change C[X]/J  and
one thus gets the equality A/J = C[X]/J’ and the claim follows.

(3) Follows from (2).

(4) Let ¢ : A — C be the unique linear form which vanishes on the ideal J and fulfills
(1). In order to show that ¢ is positive, we first show that ¢(X /) = ¢ ; for all
j=1,...,n—1.We have

$XTIP) =0 = app(X )+ ajp(x/7) =0
j=1

n
— ao¢(X_l) + Zajch =0.
j=1

Since (a;) € ker T we have in terms of the second row of T" that

n
chflaj =0
j=0

and hence ¢(X~') = ¢_| = ¢;. This argument can be repeated by considering
subsequent rows in 7' to obtain by induction that ¢ (X ¥) = c_; = cx. Note that
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from the firstrow of T italso follows that ¢ (X") = c,. We conclude that ¢ (X/) = cljl
forall j = —n, ..., n.

To show that ¢ is positive, i.e. that ¢ (f* * f) > 0 for all f € A, note that the value
of ¢(f* x g) only depends on the classes of f and g in A/J. Thus one can take

f =307 £,X7, one then gets

QU )= fid XY= fifacij = (f I Tf) =0

which shows (4).
O

Proposition 2.2. Let T = (cy) be a positive (n + 1)-dimensional Toeplitz matrix of rank
n. If(aj);?zo is a vector in ker T then the polynomial P(z) = Zj a;z’ has all zeros on
unit circle in C.

Proof. The positive linear form ¢ on A vanishing on J defines a positive linear form on
the envelopping C*-algebra C*(Z) of the involutive algebra A, i.e. a positive measure
on the Pontrjagin dual U (1) of Z. This measure is supported by the n eigenvalues of
the unitary 7 (X) associated to X in the GNS representation 7 of (A, ¢) which is of
dimension n by construction. Since P € J C ker &, these eigenvalues correspond to
the roots of the generator P of J which are hence all of modulus one. O

Remark 2.3. In general, when the kernel of T is more than one-dimensional —in other
words, when the extreme eigenvalue is not simple— it follows from the Carathéodory-
Fejér decomposition that there is an equivalence between being in the kernel and the
vanishing of the corresponding polynomial on the complex numbers of modulus one that
appear in this decomposition. So if it happens that the number of these complex numbers
is strictly less than n, then this condition will be fulfilled by polynomials which will have
these particular complex numbers as zeros, but which otherwise can have arbitrary other
zeros. This means that it is not true in general if the eigenvalue is not simple, that the
theorem holds. The correct formulation of the theorem is that if you take the intersection
of the zeros of the various eigenfunctions, then they are all on the unit circle. This is
reminiscent to the notion of the radical of a quadratic form.

3. The Continuous Kernel Case

In this section we shall extend the Toeplitz case to the continuous case.

Theorem 3.1. Let h € C([—L, L]) be an even real continuous function. Let K be the
operator on L*([0, L]) given by

(Kf)(x) = /h(x = fdy. 2)

Then K is a compact selfadjoint operator. Assume that its eigenvalue of largest modulus
is simple and let & € L*([0, L]) be its eigenvector. If we extend § to an element of L*(R)
to be zero outside [0, L] then all the zeros of the entire function & belong to R C C.

Proof. The operator K of (2) is of Hilbert-Schmidt class since h(x — y) is square
integrable. We first approximate K by finite rank operators as follows (Fig. 1). Since the
function 4 is real continuous and even on [—L, L] we can find, givene¢ > Oana > 0
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Fig. 1. The approximation of z(|x — y|) and the reflected Toeplitz matrix (by symmetry with respect to the x
axis)

and scalars hj € Rfor j =0,...,L/a = N € N, such that, with j(x) denoting the
integer part of x /o, one has
[h(x —y) = hjjeo—joil <€ Vx,y€[0, L]
This follows provided one chooses & > 0 and the scalars /; € R such that Vx € [0, L]
h@) —hjl <e Vjllj—j@I=1,
as one gets by comparing j(|x — y|) with |j(x) — j(»)].

Let then x; be the characteristic function of the interval /; := {x | j(x) = j}and T
the Toeplitz matrix 7, ,; := hj,—m|, one thus obtains the inequality

(=) = Y Tumxa ) xm| <€, Vx,y €0, L.
It follows from the Hilbert-Schmidt control of the norm that one obtains in this manner

a sequence R, of finite rank operators converging in norm to K, each of the form, with
T areal symmetric Toeplitz matrix and x; characteristic functions of intervals,

Ry =T jlxi){xl. 1K = Rull > 0.

Let then £ be an eigenvector of norm 1 for the eigenvalue A of K of largest modulus;
without loss of generality we assume that A > 0. The spectral projection P obtained
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e L 1L

Fig. 2. The contour of integration for the definition of the projection P in Eq. (3)

as a Cauchy integral of the resolvent of K along the contour C (see Fig. 2), isolating A
from the rest of SpecK,

p— / - K)ldz 3)
2mi C

is of rank one and fulfills P§€ = &. Let P, be defined by the same formula using R, in
place of K. This makes sense for n large enough since ||K — R, || — 0 when n — oo.
One has P, — P in norm and thus P, is of rank one for n large enough. Let &, = P,§.
One has &, — & in norm. Let us show that for n large enough, &, is an eigenvector of
R, for the largest eigenvalue.

By construction, for n large enough, it is a non-zero eigenvector of R, and is the
only one for the interval between the lower part of C and its highest part. Since we have
chosen this highest part to be || K || + 1, it follows that, for n large enough, it is the highest
eigenvalue of R,. We can thus assert that £ is the norm limit of the sequence &, where,
for each n, &, is of the form,

§n = Zanjv Zajzj =0 =|zl=1

and where the x; are the characteristic functions of N = L/« intervals I; = Ip + j ,
0 < j < N forming a partition of [0, L). We now compute the Fourier transform of &,.
The Fourier transform of xg is

_ « _ i(—1+e7)
Xo(s) = / exp(—isx)dx = ——.
0

One has x;(x) = xo(x — ja), and this gives X;(s) = exp(—isaj)xo(s) so that we
obtain

£4(s) = P(exp(—isa)o(s). P() =) a;z/

Thus the zeros of /é\,, are the union of the set {2’an | n € Z,n # 0} of zeros of ¥y with
the set of complex numbers s such that exp(—isa) is one of the roots of P(z). But we
know (from the Toeplitz case, Proposition 2.2) that all these roots are of modulus 1. For
each root zx of P(z) = 0, let sx € R be such that exp(—isya) = z, the set Z of zeros
of &, is then

2 2
2= ez nt0 U s+ =L |neZ) CR
o (07

Now since the sequence &, converges to & in L2[0, L], we find for the entire functions
&n(s) and £ (s) that

L
B =B < 115 — &all 2 /0 2360

We conclude from this that the sequence ’S\n (s) converges uniformly to . g(s) on compact
subsets of C. Thus the Hurwitz’s theorem shows that all the zeros of &€ (s) are real. O
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4. Quadratic Form Q Associated to a Distribution

Let L > 0. We start with a distribution D on the interval [0, L], i.e. a continuous linear
form on C°°([0, L]) written formally as

L
D(f) = /0 FEOD@), Vf e C®(0, L))

and we use it to define an even distribution D on [—L, L] by symmetrization,
D(f) :==D(f)+D(f), fx):= f(—x), Vx € [-L, L. €5

Note that 5( f) continues to make sense when f is smooth when restricted to both
[0, L] and [—L, 0] but not necessarily smooth at 0. We consider the Hilbert space H :=
L2([0, L1, dx) with orthonormal basis

Un(x) := L™2 exp2minx/L), Vx € [0, L], n € Z. (5)

These functions are extended to x € R so that they vanish for x ¢ [0, L]. One then uses
the involution f*(x) := f(—x) and the convolution

(f % 9)(y) == / F(0g(y — x)dx.

We then use D to get a densely defined hermitian form Q on trigonometric polynomials
by

- L
(flg)o =D(f*xg) = /0 ((f* )+ (f"* &) (—=x)) D(x), (6)

whose matrix in the orthonormal basis U, is given by

L
(UnlUn)g = fo ((Up % Up)() + Uy, % Un) (=) D(y)dy. (7

We assume that this defines a lower-bounded self-adjoint quadratic form with spectrum
having an isolated eigenvalue at its minimum and are interested in the eigenvector n for
this lowest eigenvalue (assumed simple).

For D = §y the Dirac mass at y = 0, one has

L L
/0 ((Upy % Un) () + (Upy % Un) (=) D(y)dy = 2(Upy, % Up)(0) = 2/0 Un (x)Up (x)dx
= 2<Um|Un)

which shows that by adding to D a multiple of 8y one can assume that the quadratic form
Q is positive and the eigenvector 7 is in the radical of the quadratic form, i.e. that one
has
(Unln)o =0, Vn e Z.

By analogy with the Toeplitz case, one would like to obtain a positive linear form on
the quotient of the convolution algebra of functions on R by the ideal generated by 7
allowing one to extend the quadratic form Q. This would then yield an analogue of
Corollary 1.1 by showing that the zeros of the entire function 7 are all real.

Instead of working directly with this infinite dimensional situation, our strategy is
to first compute the matrix (7), observe that it is of a particular form already met in
perturbation theory of the spectral action, and prove a matrix form of the reality of zeros
of Fourier transforms of lowest eigenvectors. The infinite dimensional result will then
follow by approximation using Hurwitz theorem as in the proof of Theorem 3.1.
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4.1. Matrix of the quadratic form Q. Fory € [0, L] one has, forn # m, using Uy, (t) =
Ofort <Oand U,(x) =0forx > L,

U+ U = [ Uss =00, = [ TG =0, 00ds

1 L
= Z/ expQrim(y —x)/L +2mwinx/L)dx =
y

exp(2mi(n — m)x/L)dx = —————""> (exp(2mi(n — m)x/L))} =

exp(2rimy/L) /L exp(2rimy/L)
L y 2mi(n —m)

_exprimy/L) — exp(2riny/L)
27i(n — m) '

Moreover and still with y € [0, L] one has

Uy x Un)(=y) = (U, % Un)*(y) = (U % Un) (y).

exp(2rwimy/L)—exp(2miny/L)
2xi(n—m)

Thus since the formula
n#mandy € [0, L],

is symmetric in n, m, one obtains for

Up % Up) () + Uy, x Up)(=y) =20 <
_ sin2emy/L) — sin(2mny/L)

expQrimy/L) — exp(2m'ny/L))
2mwi(n —m)

®)

w(n —m)

For m = n the same computation gives
1 L
U +Uy)(y) = —L/ exprin(y—x)/L+2nxinx/L)dx = (1—y/L)exp(2winy/L)
)7

and

Uy *Un)(y) + Uy * Up)(=y) = 2R ((1 — y/L) expQminy/L))
=21 —y/L)cosmny/L). )

We can summarize the above computation as follows

Proposition 4.1. Let D be as above and Q be the quadratic form Q of (7). Let ¥ (x) :=
% fOL sin@mx(1 — y/L))D(y)dy. The matrix elements qn », of Q are given as follows

v’ (n), ifn=m.

Proof. One has, for n # m, using (7), (8) and the equality sin(2rx(l — y/L) =
—sin(2rxy/L) for x € Z,

YD) e
qm.n = { m=n f # ’ (10)

L
(UnlUn)o = fo (U2 Un)(3) + (U2 % Up)(—y)) Dy)dy =

D(y)dy
T(n —m) n—m

fL sin2Qrmy/L) — sin(2wrny/L) _ Y(n) —y(m)
0
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For n = m, one has using (7), (9)

L
(UnlUn) o = 2/0 (I = y/L)cosmny/L)D(y)dy = 8x ¥ (x)|x=n

which gives the required equality. O

4.2. The diagonal values. Proposition 4.1 gives the diagonal values of the matrix of the
quadratic form Q, but unlike the off-diagonal values which only depend upon the first
Fourier components of the distribution D, the diagonal values involve all the Fourier
components of D. This follows from the equalities

1 ik
2[ (1 — x)exp(2mi kx)cos(2rnx)dx = l—, Vk # +£n;
0 wk? — n?
1 1 .
2/ (1 — x) exp2rinx)cos2rnx)dx = ~ + ——,  Vn £0.
0 2 4mn

Indeed these equalities show that the Fourier coefficient a; of D(x) appears in the
diagonal term gy, , as, for n # 0,
ik 1 I i i
dnn = Z s E(an +a_p) + E(;Cln - ;a—n)
k#+tn
Since the distribution D(x) is real valued, one has a_; = aj so that the terms ika; and

i(—k)a_y = ikay add up to a real contribution for k # £n. With a = xi + iy for
k > 0, one gets for k # n,

ikay +i(—k)a_p = —2kyx
which gives the first contribution to g, , as
2k
k>0,2k;én K — k2
For k = n one gets the two terms
i

1 i
E(an +a_,)+ H(;an - ;a—n) = Xn = Yy

Forn =0

ik 2

= —_— + = — _

Q0= k7 +a0 = Xo > S
ks£0 k>0

Proposition 4.2. Let N € N. The matrices (q; j), i, j € {—N, ..., N} obtained from
distributions D by Proposition 4.1, are all matrices of the following form, where a; and

b; are real numbers witha_; = a; and b_; = —b;, Vi € {—N, ..., N}
. bi —b; ., .
gii =ai, Vi, qij= e Vi#Fi L jef{=N,....N}L (D
Moreover given a matrix Q = (g, j), i,j € {—N,..., N} of the above form there

exists a unique real distribution D(x) all of whose Fourier components a, = 0 for
n ¢ {—N,..., N} and whose associated matrix is Q.
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Proof. Proposition 4.1 shows that the matrices (¢;,;), i, j € {—N, ..., N} obtained
from distributions D by Proposition 4.1 are of the form given by (11). Let us show that
conversely any matrix of the form (11) appears.

The equality ¥ (x) = %fol‘ sin(2rx(1 — y/L))D(y)dy of Proposition 4.1, gives, in
terms of the Fourier coefficients ay = xi + iy of D(x), for n € Z, taking L = 1 for
simplicity,

1t 1 1
Y(n) = ——/ sinRrny)D(y)dy = —a, — —a_, = —yp.
T Jo 2mi 2mi T

Thus the matrix entries g; ; for i # j determine the real numbers y; which are the
imaginary parts of the Fourier coefficients a; of D. These imaginary parts then give the
following contributions to the diagonal value, for n # 0,

1 . Z 2k (12)
dnn = Xn — Yn 7z —— ykﬁ
2mn >0ken T wk
and we can choose the real part x,, of the Fourier coefficients a, of D to obtain arbitrary
diagonal values a; as required. Moreover the off-diagonal values determine uniquely the
imaginary parts y, of the Fourier coefficients of D(x) forn € {—N, ..., N} and the

diagonal values then determine uniquely the real parts x,, of the Fourier coefficients of
D(x) forn € {—N, ..., N}. O

Remark 4.3. 1t is important to take as a starting point a distribution D on [0, L] and
then define the associated quadratic form using (6), rather than starting from an even
distribution on [—L, L]. For instance the derivative 86 of the Dirac distribution at 0 €
[0, L] gives rise to a non-zero quadratic form while the associated even distribution
obtained by symmetrisation is equal to 0.

4.3. Relation to the spectral action. There is a close analogy between the quadratic
form in (11) and the second derivative with respect to perturbations in the spectral action
[6], as we will now explain. Suppose we are given a linear self-adjoint operator D in a
finite-dimensional Hilbert space, which is assumed to have simple spectrum labeled by
{Aj }1,.\’:_ ~» With corresponding eigenvectors {e; }. Suppose that we have a real symmetric
posiﬁve matrix Q = (g;j), i, j € {—N, ..., N} defined as

bi=b; . , .

gy ={ 7 7 (13

a; i=j
for some a;, b; € R. The quadratic form Q is given in terms of the Hilbert space inner
product as

O(f. ) =(0f | g) =(f10¢g). (14)

Consider now an even smooth function f : R — R. Under perturbations D — D+A
it can be computed that the quadratic form given by the second Gateaux derivative of
the spectral action is of the form [13,15,16,19,20]

1 d?
5z WD +1A) =0 =D AijAjigij
ij
where ¢;; is exactly as in (11) for b; = f'(%;), a; = f”(;) and &; = i, the spectrum of
the Dirac operator D = Dg1 on the circle.
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5. Finite Dimensional Even Case

In this section we deal with the general finite dimensional even case. We are given a real
symmetric positive matrix Q = (g;,;), i, j € {—N, ..., N} of the form (11), i.e.

. bi —b; S
qii =ai, Vi, gi,j = e Vji#i, i,je€{=N,...,N}

where the scalars g; fulfilla_; =ajandb_; = —b; forall j € {—N, ..., N}.

Weletej, j € {—N, ..., N}, be the canonical orthonormal basis given by the vectors
(8(k, j)) whose all components are 0 except one. Using the canonical inner product
(o | B), the quadratic form Q is given by

O(f.8) =(0f | &) =(f | Qg). 15)

Lemma 5.1. (i) Let y be such that y(ej) := e_j forall j € {—N, ..., N}. One has

y2=Idand Qy =y Q.
(ii) Let D be defined by D(ej) := jej forall j € {—=N,...,N}. One has Dy = —y D
and

DQ—0QD=B)nl— Bl =) bjej. n=y e  (16)

Proof. (i) Onehasq_;_; =g; jforalli,j € {—N,...,N}.

(i) The diagonal elements of the diagonal matrix D are antisymmetric which gives
Dy = —yD. Let us prove (16). One has (D Q); ; =iq;,j, (OD); j = jgi,j so that
(DQ—0D);j=b;—bjforalli, j € {—N,..., N}. Similarly one has

AB)Y(mDij = 1B)inlj = bi, (n)(BDij = Im)i(Bl; = b

which gives the required equality.

Lemma 5.2. Assume Q > 0 and Q& = 0 where y& =& and (£ | n) = 1.

(i) One has Q D& = —8.
(ii) The operator D' := D — |D &){(n| is selfadjoint with respect to the inner product
defined by Q.

Proof. (i) We apply (16) and get, using Q& = Oand (8|£) = 0 since the two eigenspaces
of y are orthogonal,

—0D&E=(DQ—-0D)§=|B)nl§) —In{BIE) = B.
(ii) The inner product defined by Q is given by (15), i.e.

(flglo=(Qf | g)

Thus we want to show that (D'f | g)p = (f | D'g)p for all f, g. One has, with
R = —|D§&)(n

(D'f 1 8o =(QD'f |g) =(ODf | g) +(ORf | g).
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By (i), one has QR = —|Q Dé&)(n| = |B)(n|. Moreover by (16), one has QD — DQ =
—[B)(nl + |n){B|. Thus
(D'f18)o=(DOf g +(R'f|g), R =In)Bl
Moreover, using that both Q and D are selfadjoint,
(f1D'g)o =(0f | Dg)+(Qf | Rg) =(DOf | &) +(f | ORg)

and the required equality follows from

(f 1 ORg) = (f | B)(nlg) = (R'f | 8).

O
Lemma 5.3. Let O, D, &, n and D' be as in Lemma 5.2. Then
(i) Lets ¢ {—N,..., N}. Then
N £
Det(D' —5) =0 < » —_=o. (17
=~

(ii) One has Det(D") = 0, and for j € {(—=N,...,N}, j #0,Det(D' — j) =0 <
£ =0,

Proof. (i) We start by writing, in terms of R = —(D&)(n|:

D —s=D+R—s5=(D—s) <Id+(D—s)—1R)
Consequently

Det(D' — 5) = Det(D — s)Det(Id + (D — 5)"'R).

To compute the second determinant we use the identity

Det(Id + A) = i r (/\kA)

k=0

applied to the rank one operator A = (D — s)~'R. The higher exterior powers AFA
vanish for k > 1 thus

Det(ld+ (D =)' R) = 1 = tr (I(D = )~ DE) ] ) = =s{nl(D = 9)~'¢),

using (D — s)"'DE = & +s(D — 5)"'& and (n|€) = 1. Hence,

N N
Det(D' —s5) = —sDet(D —s){(n|(D —5)'&) = —s [[ -5 > (i—97"¢.
i=—N j=—N
(18)

We conclude that if s # j for j = —N, ..., N then Det(D’ — s) = 0 iff Z?’:_N(j —
s)71g; = 0.

For (ii) we have that D' = 0 so Det(D’) = 0. For s = j # 0 we find that the only
non-vanishing term on the right-hand side of (18) is j [, 2@ — j)&j which is zero iff
ijj =0. . O
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Remark 5.4. The expression (18) for Det(D’ — s) is related to the ordinary Lagrange

interpolation polynomial for the function f(X) at the points Ag, A1, ..., Ay :
n n X — )\' .
P(x) = M) - L.
=2 ro0-]] e
k=0 Jj=0
J#k

We now compute the Fourier transform of functions on [0, L] translated to [—%, %]
and extended by O to the full line R. The Fourier transform is defined by

F(f)(s) := /Rf(x) exp(—isx)dx.

The next Proposition is a reformulation of the Shannon sampling theorem ([18]).
Proposition 5.5. Let f € L*([0, L]) and f° (x) := f(x + %) for |x| < § be extended
by 0 on R.
(i) The restriction of the Fourier transform of f° to ZT”Z is given by the Fourier transform
fof f € L>*(R/LZ) as follows
o 2n n 7y
F(f )(Tn) =(=D"f(m), Vnel. (19)

(ii) The Fourier transform of f° is given by

(20)

F(f*)(s) = sin(Ls/2) ) fn)—m—.
~ Ls/2—nm

Proof. (i) Let n € Z. One has by definition f(n) = fOL f(x)exp(—2minx/L)dx and
2 ) 5 L .
]F(f")(fn) = / f%(x)exp(—2minx/L)dx = / . f(x+§)exp(—2mnx/L)dx =
R -7

L
(=D" / f(x)exp(—2minx/L)dx = (—1)" f(n).
0

(ii) One has f(x) = 1 > f(n) exp(2rwinx /L), thus it is enough to treat the case
f(x) =exprinx/L). Then

F(f)(s) = / f2(x)exp(—isx)dx = /7 expmin(x + %)/L) exp(—isx)dx =
R _

L
2

W [ 2w .1 om L
=(=D f% exp(z(fn —s)x)dx = (=1) i(ZT”n——s)(eXp(l(Tn - S)x))_%
_L sin(Ls/2)
Ls —2nmn
which gives (20) using f(x) = 1LY, f(n)expQrinx/L). O

After these preliminaries we obtain
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Theorem 5.6. Let Q be a real symmetric positive matrix of the form (11) with one
dimensional kernel which is even with respect to y. Let & € ker Q.
(i) All the roots of the following polynomial are real:

P)= Y  &x [T G-9] 1)

ke{-N,...N} je{=N....N},j#k

(ii) The Fourier transform g(z) of the function

E(x) = Zék exp(2rikx), Vx € [0, 1], £&(x) =0, Vx ¢ [0, 1]
is entire and has all its zeros on the real line.

Proof. (i) Recall D, y from Lemma 5.1 and note that D has one-dimensional kernel.
If eg € ker Q one checks (i) and (ii) directly. Thus we assume that eg ¢ ker Q. Let
& € ker Q, & # 0. The real symmetric positive matrix Q defines an inner product on
R2N+1 and its radical consists of the one dimensional subspace generated by £. One has
D¢ # 0 since otherwise eg € ker Q. One has Q D& # 0 since D¢ is odd and therefore
linearly independent of £ while ker Q is one-dimensional. By (16) one has

0#(DQ—0QD)E)=B)nl§) — n(BIE) = |B)nl&).

Thus one can normalize £ so that (n|&) = 1. Let then D’ := D — |D £)(n| as in Lemma
5.2. One has D’(§) = 0 and thus D’ induces an operator D" on the Euclidean space
E obtained as the separated quotient of (RZN+L 0. By Lemma 5.2, (ii), the operator
D" is selfadjoint in E. Thus the real spectral theorem (see [3], Theorem 7.29) applies
and shows that the characteristic polynomial of D" has all its roots in R. Let v; be an
orthonormal basis of E of eigenvectors for D" with eigenvalues A ;. Let w; € R2N+1
be lifts of the v;. One has D"(v;) = A;v; and hence D’(wj) = Ajw; +s;& for some
real scalars s;. Thus in the basis of R?N*! formed by & and the w j» the matrix of D" is
triangular, with O and the A ; on the diagonal. Thus one gets

Det(D' —s5) = —s ]_[(,\j —5).

Comparing this formula with (18) one obtains that the polynomial P (s) of (21) has all
its zeros in R.

(i) The Fourier transform of the function with supportin [0, 1] given there by exp(2wikx)
is .

2e” 7sin (%)

1
/ expRmikx)exp(—isx)dx =
0 s —2mk

Thus the Fourier transform of &€(x) is

Q@) = 2¢%sin (%) Z Z_E—jzm

The zeros z € 2w Z of sin (%) cancel the pole at 277 j which occurs when &; # 0 and

remain as zeros of g(z) otherwise. The other zeros are given by the roots of P(z/27) =0
where P(z) is defined in (21). Thus by (i), all these zeros are real. |
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5.1. General finite dimensional operator D. Consider as before the more general sit-
uation of a linear self-adjoint operator D in a finite-dimensional Hilbert space, which
is assumed to have simple spectrum labeled by {)»j}évz_ -+ With corresponding eigen-
vectors {e;}. We then consider the real symmetric positive matrix Q = (g;j), i, j €
{—N, ..., N} defined in (13).

The following Lemma’s are the analogues of Lemmas 5.1, 5.2 and 5.3, whose proofs
follow mutatis mutandis.

Lemma 5.7. Suppose that A_; = —X; and b_; = —b; foralli € {—N, ..., N}.
(i) Lety be such that y(e;) = e_; foralli € {—N,..., N}. One has y*> = Id and

Qy =v0.
(ii) One has Dy = —y D and

DQ-0D=IB)nl—nBl. B=) biei. 1= e, (22)

so that B is odd and and n is even with respect to the Z;-grading given by y.

Lemma 5.8. Let D, Q,y be as in Lemma 5.7, assume Q > 0 and Q& = 0 where
y§=%§and (§|n) =1

(i) One has Q D& = —8.

(ii) The operator D' :== D — |D &)(n| is self-adjoint with respect to the inner product
defined by Q.

Lemma 5.9. Let Q, D, &, n and D’ be as in Lemmas 5.7 and 5.8, and assume that D
has simple spectrum. Then

(i) Let s € C\{—Apn,...,An}and s # 0. Then

N
’ E]
Det(D" —s) =0 «~— —— =0. 23
et(D' — ) j:§st_kj 23)

(ii) One has Det(D') = 0, and if Aj # 0 we have Det(D" — 1;) =0 <= &; =0.
As a result, we also have the following analogue of Theorem 5.6(i):
Proposition 5.10. Let D have simple spectrum and let Q be a real symmetric positive

matrix of the form (13) with one dimensional even kernel. Let & € ker Q. Then all the
roots of the following polynomial are real:

P)= Y  &x [T @i-9] (24)

ke{—N.,...N} je{=N,...N}.j#k

We then obtain Theorem 5.6(ii) as a corollary to this result, when it is applied to the
case D = Dgi1 so that A; = j.
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6. Infinite Dimensional Case

In this section we prove the result announced in the Introduction,

Theorem 6.1. Let L > 0, and let D be a real distribution on the interval [0, L]. Let Q be
the quadratic form defined on trigonometric polynomials by (6). Assume that Q defines
a lower-bounded essentially selfadjoint operator and that the minimum of its spectrum
is a simple, isolated eigenvalue X, with even eigenfunction' &. Then all the zeros of the
entire function £(z), z € C, the Fourier transform of & lie on the real line.

Proof. By hypothesis the trigonometric polynomials form a core for the operator A
which is defined by

(@[ AB) = (a | B)o-

We normalize the eigenvector £ by ||&]| = 1. Given € > 0 there exists an even trigono-
metric polynomial 7, with

el =1, 1§ =nell <€, (ne|ne)o <A +e. (25)

Let N be a finite integer such that the support of 7. is contained in {—N, ..., N}. By
Proposition 4.1 the matrix of the restriction Q y of the quadratic form Q to the space Ey
of trigonometric polynomials with support in {—N, ..., N} is of the form (11). Since
QO is a restriction of Q to a subspace, its minimum is > A and the above inequalities
show that it is between A and A + €. By hypothesis the spectrum of the operator A is
contained, except for the simple eigenvalue A in the interval [\ + §, oo) for some § > 0.
Thus the restriction of Q to the orthogonal complement of & fulfills

(@]a)o = (h+8)|el? Va|(a|&) =0.

This holds in particular in the codimension one subspace Fy of Ey defined by (o |
&) = 0 (note that Fy cannot be all of Ey since then we also would have had & L .
which contradicts (25)). The smallest eigenvalue of Qy fulfills A < Ay < A +¢€. By the
min-max theorem, the next eigenvalue uy > Ay of Qy is given by

UN =  max min  QOpy(x)
MCENy xeM,|x|=1
codim(M)=1

so that, using M = F)y one gets ity > A+4. This shows that for e < §/2 the eigenvalue
Ay of Qp is simple and the only one in the interval [A, A + §]. Let then P be the
spectral projection of Qy for the eigenspace associated to the minimal eigenvalue Ay .
Decomposing

Ne=Pne+(1— P =a+p = 0ne) = rnllal* + Q(B)

where Q(B8) > (A + 8)||8]|%>. Thus by (25), one gets that the convex combination with
weights [|or|? and || 8]|> of 2 and Q(B)/|IB]I> = (A +8) is less than A + €. It follows that
IBII> = 1 — |la||> < €/8. Let then £y be the eigenvector of Qy for the eigenvalue Ay
given by P1n.. One controls

Ine — Pnell < V€/8, &€ —nell <€ = || —énll <€++/€/8.

1} e. invariant under the symmetry x — L — x of [0, L]
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Since the even functions form a closed subspace in L2[0, L], and £ is even, for € small
enough the vector &y is even as well. Thus, it follows from Theorem 5.6 that all the zeros
of the Fourier transform “;‘ n are real. Moreover when € — 0 the vectors &y converge in
norm to & so that the sequence éN(z) converges to é(z) uniformly on compact subsets
in C (as in the proof of Theorem 3.1). But then the Hurwitz theorem applies, allowing
us to conclude that all zeros of E (z) are real. O

7. Spectral Action and Divided Differences

As already observed there is a close relation of the quadratic form in (15) and the spectral
action tr f (D) introduced in [6]. We will now analyze this in more detail for perturbations
of the type D — D + R with R = —|D&)(n| as in Lemma 5.2, extending the Taylor
expansions derived in [13,15,16,19,20] to this case.

First, in order to make sense of the spectral action for (not necessarily self-adjoint
or normal) bounded perturbations of a self-adjoint operator we write f(x) as a Fourier
transform, and then invoke Araki’s expansionals [ 1]—or Dyson series— to give meaning
to ¢! H0*V) for bounded perturbation V of a self-adjoint operator Hy (to be precise, this
is [1, Eq. 5.16]):

1
¢l Ho+V) . Exp </ . ivHOVe—ivHods> i Ho
r )

_ Z / lS()H() VelslHo Vels,,Hodn (26)
n>0
where the n-simplex A, is parametrized by tuples (so,...,s,) € R’g)l satisfying

> & sk = l.Inour case of interest, these expansionals are given by series of the following
form:

t$(D+tR) Z(lt%.) f HOEDRemlSD Relv,lfan (27)
n>0

Note that since |A,| = 1/n! the n’th summand in the expansional is norm bounded by
t"|E|"|R|)" /n! so that the series expansion is norm convergent. This suggest to define
for suitable functions f:

F(D+1R) = /R Fl)es @+ g (28)

More precisely, we have

Lemma 7.1. Let D be a self-adjoint operator on 'H, R bounded operator on H and let

f be such that | f™ |1 < C"n! for all n > 0 and some C > 1. Then for sufficiently
small t the expression in (28) is a bounded operator on H.

Proof. We estimate:

r"an”/ S en ¢
D+R| <Y 1 I T
If(D+ )ll_g ar Jo O8NS = TR

which is bounded for r < 1/(C|R]|). |
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In order to define the spectral action as the trace of this operator, we need a more
restrictive class of functions. Namely, as in [16] we define

&= {f € C : there exists C > 1s.t. ||(f1;’"\)(")||1 <"yt forallm < sandn > O} ,

where u(x) = x —i.

Lemma 7.2. If D is s-summable, i.e. (D — i)™* is trace-class for some s > 0, and
f € & then f(D +tR) is trace-class for sufficiently small t.

Proof. The proof of the required estimates follows line-by-line the proof of [16, Theorem
6] after having given the meaning (27) to the exponentials appearing in the multiple
operator integrals (i.e. Definition 2 in loc. cit.). O

We recall the definition of divided differences. Let f : R — R and let xq, x1, ...x,
be distinct points in R. The divided difference of order n is defined by the recursive
relations

flxol = f(x0),

flxt, .. xq] = flxo, x1, ... Xp—1]

flxo, x1,...x5] =

Xp — X0
Also note the following useful representation, due to Hermite [14]: for any xg, ..., x, €
R’

flxo,xt, oo xal = | f (sox0 + 5121 + -+ + 5,200) d"s.

Ay
This also allows to extend the definition of divided difference to coinciding points.
Lemma 7.3. Let D be a self-adjoint operator in H such that (D — i)™° is trace class

for some s > 0, R is a bounded operatorin H and f € E5. Thent — trf(D +tR) is
smooth in a neighborhood of 0 with n’th derivative

d" ,
TS (D +1R)|i=0 = n! ZRiliz c Rigiy [y A )

in terms of the eigenvalues A; of D.

Proof. Since f(D +tR) is defined in terms of Araki’s expansional formula, we have

n

d dn —~ .
SRS (D 4R = f ST @EPTR) i

=n! Y Ry Riyiy / (&) expli&hi. ... iEx;, . 160 1F(§)dE
i1,02,.00p
=n! Z Rijiy - Ripiy STy oo My A1
01,02, in
O
Remark 7.4. It would be interesting to extend the above definition of the spectral ac-
tion for not necessarily self-adjoint perturbations to the case where also the assump-

tion on self-adjointness on the operator D is relaxed. This has potential applications to
Lorentzian spectral triples,
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Let us now take a function f such that f”(x;) = aj and f'(A;) = b;, where a;, b;
are the coefficients of the quadratic form as in 13. We then have

d d?
Etrf(D +IR)|1=0 = Z Rjibj; d7trf(D +IR)|1=0 = ZRinjiqz‘j.

Proposition 7.5. Let H be finite-dimensional. In the notation of Lemma 5.7, assume
0 = (gij) = 0and Q& = 0 where y§ =& and (§|n) = 1. Let R = —|D§&)(n| so that
Rij = —(D§&);. Then we have

d d?
Etrf(D +1R)|=0 = (D&, D&); ﬁtrf(D +1R)|;=0 = (D&, D§)g.

Proof. The second derivative is reduced to the first derivative because Q D& = —f (cf.
Lemma 5.8(1)). Indeed, this yields:

D ORjif'Dis hjl ==Y f'hi 1 I(DE)j = —(QDE); = b; = f' ().
J J

From this it follows that

D RiRji i A1 =) Rii f'00) = = ) _(DE);i ()

1

=) (D£);(QDE); = (DE, D§)q.

O
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Appendix A. An instance of truncation matrices

In this appendix we describe an example where the truncation matrices admit simple
maximal and minimal eigenvalues but this property fails in the limit where the maximal
and minimal eigenvalues have multiplicity 2. We let L = 1 and take the distribution D
of the form

D(x) = do(x) + 2w bsin(2mx). 29)
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We then compute ¥ (x) := %fol sin(2rx (1 — y))D(y)dy as

1 . I , 1. sin(27x)
Yx) = ;sm(an) + Zb/ sin(2ry)sinRax(1 — y))dy = ;sm(2nx) +b—m—
0

sin(27 x) b
= 1+ .
b/ 1 —x2

Thus one has ¥ (n) = O foralln € Z, except forn = £1. Moreover one gets ¥ (—1) = b
and ¥ (1) = —b. The derivative is

7 —mx?

_ 2bxsin(2mx) N 2b cos(2m x)

7 (1-x2)° 1—x?

¥ (x)

+2cos(2mx).

One finds that for n € Z, not equal to 1, one has

Y'(n) =2+ 2
n=2+—o
1 —n?

while for n = %1 one has y'(n) = 5 +2.

Lemma A.1. Let L = 1 and D be given by (29), Q be the quadratic form Q of (10).
The matrix elements g, of Q are given by gy m = 28,.m + b n,m, where the matrix [
is independent of b and given by puy m =0, Ya,m ¢ {—1,0, 1}, n # m and

2
(//Ln,m)n,me{—l,o,l} =|-12 -1]1, Mn.n = ——nz’ Vn ¢ {—1,0,1},

Mn,—1 = -1 = = Vi ¢ {—=1,0,1}, pn1 = p1p = vn ¢ {—1,0, 1}.

—1— —1+n’

Proof. This follows from Proposition 4.1 and the above determination of i (n) and

v’ (n). O

The matrix elements i, , of u, for |n| < 4 and [m| < 4 are the following

-200 f o0o-fo o0 o
0o -1o L o-Loo o
0 0-%10-%£0 0 0
R e b
00 0-12-1020 0
S i TR SN
0 0 0-101-30 0
0 0 0-ro i o-1o
0 00-fo i 0 o0-%
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Let then & be the vector with coordinates &(n) = forn # —1 while £(—1) = 0,

form the canonical

l+n
and n with n(n) =
orthonormal basis. Thus one has

n#—1 n#l

The functions corresponding to these vectors are
. 1 . : 1 .
E(x) = 2mi|x— 2 exp(—2mix), n(x) = —2mi|x — 3 exp(2mix).

One has % = —n(x)

Zsmmw — K2 =1
2k(k+1) 2

We consider the rank 4 matrix given by
R :=In) (Uil + Ul = [EU—1] — [U-1)(&].
Its matrix elements Ry, ,,, fulfill R, ,, =0, Vn,m ¢ {—1, 1}, while
Rpi=Rip=nm), Ry—1=R_1,=—6Mm), Vn¢{-11}
The corresponding Schwartz kernel r(x, y) is given by
r(x, y) = n(x) exp(=2miy) — exp(2rix)§(y) — &(x) exp(2miy) +exp(=27ix)n(y).

Lemma A.2. (i) Let D be the diagonal matrix with diagonal elements d, = ﬁ for

n? #1andd, = %forn2 = 1. One then has w = D + R.
(ii) The operator D is given by the convolution among periodic functions with period 1
by the function

a(x) = —4n(x — %)sin(an), Vx € [0, 1).

Proof. (i) This follows from Lemma A.1.
(ii) One has, forn € Z,n # +1,

1
1 1
271/ (x — —) sin(2wx)cos(2mnx) dx = 5 .
0 2 n- — 1

while the value of this integral is — l forn = £1. O

Note that the function «(x) needs to be viewed as a perlodlc function of period 1 and
this requires reinterpreting the term x — % asx — E(x) — 5 I where E(x) is the integer
part of x € R. This plays a role in the formula for the convolution, which is

1
D) (x) = /0 a(x — ) F(dy.

One has
sin(2w (x — y)) = —cos(2wx)sin(2wy) + sin(2wx)cos(2wy)
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so that
ax —y)=—4n(x—y—Ex—y)— %) (—cos(2rx)sin(2wy) + sin(2wx)cos(2wy))

and the only term which does not separate as a product of functions of x by a function
of y is the term involving E(x — y) whichisequaltoOif y <xandto —1if y > x.In
fact it is more symmetric to add the % to E(x — y) which coincides with %Sign(x —-y).
The other contributions are given by the 4 terms which are, up to the overall factor —2,

(_l-)xe—2in(y—x) + l-xe2in(y—x) . l-yeZin(y—x) + l-ye—Zin(y—x)
which, taking into account the factor —2m can be rewritten as

—n(x) exp(=2imy) +&(x) exp(2imy) — exp(=2imx)n(y) +exp(2iwx)&(y)

We thus see that these terms cancell the rank 4 additional contribution R and thus we
get the following simple formula for the Schwartz kernel w(x, y) of the operator u,

Proposition A.3. (i) The operator  is given by the formula

1
W(F)x) =27 /0 Sign(r — y)sin@7(x — )) F()dy.

(ii) In general the Schwartz kernel of the operator associated to the distribution D is
equal to the restrictionto x,y € [0, L] of D(|x — y|).

Proof. (i) Follows from the above computation.
(ii) By (7) one has for smooth f, g with support in [0, L],

L L
O(f.g) = /0 (& * /Y + (g = [H)(=y) D(y)dy = /L(g* * )(MD(|yhdy

where one needs to be careful in doubling the coefficient of §p in D(]y|). This formula
does not change if one replaces f(x) by f(x + %) and g(x) by g(x + %), shifting their

supports to the symmetric interval [—%, %]. Then Q(f, g) = 0 when f and g have
opposite parity. One then uses the formula for three functions f, g, i, h even

g fMh(Do = / g() f(h(z)dxdy

x=y+z

L
/L(g* * FYh(=y)dy = /

+y+z=0

=/g(X)fk(x,y)f(y)dydx, k(x,y) =h(x —y)
where w is the measure on the plane x + y + z = 0 given by |dx A dz| = |dx Ady|. O

One can then investigate numerically the zeros of the polynomials PnjE (s) associated by
(21) to the eigenvectors for the largest and smallest eigenvalues of the matrix p(n) of
size 2n + 1, which is the compression of the matrix w,

:u“(n)i,j = /-'Li,jv Vls] € {_l’l, ceey f’l}
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For n = 1, this matrix is simply
2
uHy=|-12 -1

Its three eigenvalues are

The polynomials Pli (s) are given by
Pi(s) =3 (¢57 - 7) s2—57+3, PI(s)=3 (¢57 +7) 2 —/37-3

and their roots are real and are algebraic numbers.

The numerical study of the eigenvalues and eigenvectors of 1 () indicates that the largest
and smallest eigenvalues are simple for finite 7, and that in the limit when n — oo the
following occurs:

Fact A4. (i) The functions realizing the maximum of the matrix | are
fH(x) =sin(wx), f~(x) =cos(mx), Vx € [0, 1].
(ii) The functions realizing the minimum of the matrix u are
g7 (x) =sin(3wx), g~ (x) = cos(Bmx), Vx € [0, 1].
One can then deduce the relevant properties of the Fourier transforms as follows.

Proposition A.5. (i) The Fourier transforms h* of the functions f*(x + %) are given
by
27 cos (§)

2iscos (%)
22 g2 :

ht(s) = S

h=(s) =
(ii) The Fourier transforms k* of the functions g* (x + %) are given by

6mcos (%)

2iycos(3)
92 —y2°

K (y) = :
) =02

k=(y) = —

(iii) The functions h™, k* are entire functions all of whose zeros are real, and given by
all odd multiples of w except + for h*, £37 for k™ and including 0 for h~ and k.
(iv) The maximal and minimal eigenvalues of the matrix |1 are % and —%.
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Appendix B. Explicit checks for N D 1, 2

We give concrete proofs of Theorem 5.6 in the simplest cases N = 1, 2.

B.1. Case N = 1. For N = 1 itis enough to treat the following matrix M (c) for ¢ € R,
0 —-1-1

Mc)y=|-1c¢ —1]. (30)
-1-10

The three eigenvalues are
1 1
{LE(—¢&+2c+9+c—1),5(¢&+2c+9+c—1)}

and their dependence on c is as follows:

I . I I
=4 -2 2 4
—2+

4t

The corresponding eigenvectors are

—/c?2+2c+9+c—3 Y —/c2+2c+9—c+3
C) = —
Ve2+2c+9—c -3

-1 0 1
1 X1, X(e)=—

1 Y() 1 VAZ+2c+9+c+3

and the dependence of X (c), Y (¢) on c is as follows:

The Fourier transform of the vector (1, x, 1) is given by the function of s equal to
s2(—x) — 252 + 472x, and thus its roots are real exactly when x(x +2) > 0. This fails
when —2 < x < 0, and this is realized by Y (c) for ¢ < 0. But the corresponding
eigenvalue y(c) fulfills forc < 0

%(—\/C2+2C+9+C—1) =x(c) <y(c):%<\/cz+20+9+c—l) <1
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as shown by the graphs for ¢ < 0, where x(c) appears in blue, and y(c) remains between
x(c)and 1.

We thus get

Proposition B.1. For any distribution D the 3 x 3 matrix g, ,, where n,m € {—1,0, 1}
has the property that the zeros of the Fourier transforms of the eigenvectors correspond-
ing to the extremal eigenvalues are real.

Proof. Note first that it is enough to prove the result for the specific matrix M (c) of
(30). Indeed in general the 3 x 3 matrix R = g, where n,m € {—1, 0, 1} has all its
off-diagonal entries given by Proposition 4.1, and they only depend upon ¥ (1) =: a
since ¥ (0) = 0 and ¥ (—1) = —¢¥ (1) = —a. This shows
V@) =V v m e (1.0, 1), | n £ m.
n—m

If a = 0 the eigenvectors corresponding to the extremal eigenvalues of R are elements
of the basis, and their Fourier transform is, by (20) a multiple of

i 2
M, ne{-1,01)}
s/2—nm
whose zeros are all real. We can thus assume that @ = —1. The diagonal values of R are

an even function of n € {—1, 0, 1} and thus by adding a scalar multiple of the identity
matrix one can assume that they are of the form {0, ¢, 0} for some ¢ € R. Let us now
prove the result for the specific matrix M (c) of (30). The value of X (c) is always positive
and thus the Fourier transform of the vector (1, X(c), 1) has all its roots real for any
value of ¢. The value of Y (c) belongs to the forbidden interval (—2, 0) exactly when
¢ < 0, but in this case the corresponding eigenvalue y(c) fails to be extremal since it is
strictly between the two others x(c) and 1. O

B.2. Convexity proof of Proposition B.1. We consider the positive cone C, in the linear
space C of matrices of the form

a ¢ ¢
ula,b,cy=\c b c
c ¢ a

We first rewrite this matrix in terms of the two orthogonal projections

S OO
W= W= I —
W= W= W —
= W= W] —
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and the identity matrix 13. One gets
b—a)P+3cQ+(a—c)lz=pu(a,b,c)

The ranges of the projections P, O generate the two dimensional subspace S which is
the orthogonal of the vector v = (1, 0, —1) which belongs to the kernel of P and Q.
The angle of the two projections P, Q is determined by its sine square,

1ol 1ol

) 323 2 2
(P-0)=(050]=%E, E=|010],

1 1 1 1

303 203

where we denote by E the orthogonal projection on E. By construction E commutes
with w(a, b, ¢). We take the orthonormal basis of E given by the vectors v; = (0, 1, 0)
and v, = (JLE’ 0, \%). In this basis the projections P, Q are given by the matrices

1 V2
_(10 (L%
P=Voo0) 97\ 2 |
3 3
Any real symmetric 2 x 2 matrix can be written as

1 3
R

Lemma B.2. (i) The map p : C — End(E) given by p(T) := ETE is an isomorphism
of C with the linear space S(E) of selfadjoint real matrices in E.
(ii) The image p(Cy) is the intersection of the cone S(E) of positive elements of S(E),

with the half space H,
—qfxY
H}_{<yZ)IZZv6ﬂ.

(iii) The extreme rays of C, are transformed by the isomorphism p into those extreme
rays of S(E)+ which are included in H.
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Proposition B.3. The elements T = u(a, b, c¢) € Cy which have a non-zero kernel are
of three kinds:

(1) Ifa > 0, then T is on an extreme ray of Cy, its restriction to E is a positive multiple
of a rank one projection whose kernel coincides with the kernel of T

(2) Ifa = 0 and T is not on an extreme ray of C, the kernel of T is one dimensional,
equal to Rv, v = (1,0, —1).

(3)Ifa =0and T is on an extreme ray of Cy, the kernel of T is 2-dimensional,

Using this proposition one obtains another proof of Proposition B.1.

B.3. The case N = 2. We are considering the linear space C of real symmetric matrices
of the form

t+zb—ab @b b
2 3 2b
b—at+ya a %
M(‘Lb,)’vz,f): g a t a z
? a at+yb—a
atb b
5 3 jb—at+z

The block decomposition using the subspace E for N = 1 works in general and cor-
responds to the restriction to even and odd vectors, coming from the commutativity of
u(a, b, y, z, t) with the symmetry

00001
00010
J=]00100]|, J’=1Id
01000
10000

We take the orthonormal basis of even vectors, i.e. E := {§ | J§ = £} given by
© : 0 1 0) ( 1 0,0,0 : )

= s T =y Yy T —» , 3 =(—7—,0,U,VU, —
NN AN 2

and obtain the following matrix for the restriction of u(a, b, y, z,t) to E,

e;1 =(0,0,1,0,0), e

b

t \/zll \/_E
o(a,b,y,z,t) = | V2a a+y+t —éa—zm
% —2(a—2b) S+z+t

For the odd vectors we take the orthonormal basis given by

1 1 1 1
n=(-—=,000-—7%), np=(0,—47,0,——.,0
1 (ﬁ ﬁ) 2= ( 7 7 )

and obtain the following matrix for the restriction of u(a, b, y, z, t)

12z —b)+t —3(2a —b)
—%(Za—b) —a+t+y )’

ala,b,y,z,t) = <
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We now investigate positive matrices u(a, b, y, z, t) whose kernel contains the vector
& = uej+vey+wez € E. This condition specifies a 2-dimensional subspace K (u, v, w)
of C of the form

bw (3«@1} - 8u) a (3ﬁu2 +3uv — 2uw — Sﬁvz)

K={n=1(a b,y z 1t — - ,
{n=1(,b,y,z,0) |y v Ew.

av <2u + 3ﬁw) b (3\/5142 + 8uv + 3uw — 3\/§w2) V2av hw

7 —> — , 0 —> — —

Suw 6uw u V2u

and one needs to decide if this subspace contains a positive element of C. A 2 x 2

hermitian matrix is positive if and only if its two real eigenvalues are positive, and this

is equivalent to the positivity of its trace and of its determinant. One applies this to the

matrix «(n) and to the restriction of o (1) to the orthogonal of the vector £. One obtains
in this manner the following 4 “positivity conditions’:

(1) Trace of > 0

}

33 2au +6av — 2aw +4bw  —4av + 3+/2bu + 8bv + 6bw -

3v 6w

2) Det of a > 0.
—2a%v («/Eu +2(v+ w)) +ab (31,42 +2u(7v +2w) + 8v% + 6vw — 2w2) +2b%w («/iu +2(v+ w))
>

3vw
(3) Traceof o > 0.
2a (—3u2w +2u (v2 + wz) — 3v2w) —-b (3u2v +4/2u (v2 + wz) + 3vw2)
3V 2uvw

>0

(4) Detof o > 0.

(u2 +v2+ wz) (2ﬁa2v +ab (ﬁ(w —4v) — 3u> — 2«/§b2w)
uvw

On the other hand the polynomial associated to § = ue| + vey + wez € E is
P(s) = s*u + V25 + V25 w — 2072 s%u — 168277 520 — 4277 52w + 647 u

which depends only on s> and has real roots when the degree 2 polynomial
ux? — 202 ux + 647 u + V2vx? — 16827 %vx + vV2wx? — 4v 272 wx

has positive roots, i.e. equivalently that the sum and product of the roots are positive,
which gives the two conditions”

5u+\/§(4v+w)>07 u+ 2v+\/§w>0. 31)

u u

2 We use the reciprocal polynomial.
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In fact we can assume that w # 0 since otherwise one is reduced to the case n = 1.
Thus we take w = 1, and (31) is reduced to the following cases :

) —S5u—~/2
<u<0/\v<T>v(0<u<3x/§/\v>T>

v(:@%/im»%i). (32)

-4 -2 0 2 4 6 8

This shows the region of the (u, v) plane near the origin which ensures that the zeros of
the associated polynomial P are real.
We now reduce the above 4 positivity conditions, and compare them with (32).

u < —+/2 In this case the reduction of the above 4 positivity conditions gives

(v<0\/0<v<%<«/§(—u)—2)) u=—-/2Av<0

which implies (32).
—+/2 < u < 0 In this case the reduction of the above 4 positivity conditions gives
1
— 2<u<0/\v<5(\/§(—u)—2>

which implies (32).
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0 < u < 3+/2 1In this case the reduction of the above 4 positivity conditions gives

<O<u<\f/\( ( 3v2u —2) \/:/\g<v<0Vv>0>>v<u:\f/\v>O)

v<?<u§3x/§A(;( 3v2u —2) \/:}zf<v<OVU>O>>

and the solutions form the upper graph of the function

flu) = % (—3ﬁu _ 2) + %

Thus to compare with (32) we need to see if the graph of f in the interval [0, 34/2] is
above the graph of the function v = — % — ‘—1‘. This is shown by the following

42

1 2 3 4

u > 3+/2 In this case the reduction of the above 4 positivity conditions gives

2V2
( 3v2u —2) ff<v<OVv>O).

<%(\/§(—u)—2)<v<—( 3V 2u —2) V3u

OOI»—‘

232

In the first part, the condition —1 —u/ V2 <v implies (32). The second condition means
that one is above the graph of the function f (x). Thus we need to show that for u > 3+/2
the graph of f is above the graph of —1 — u/+/2. This follows from the inequality of
the slopes

—3v2/8 > —1/v/2

and the following
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I
1k 5 6 7 8 9 10

We can thus conclude that if an even vector & = ue| +ver +wes € E isin the kernel of a
positive matrix u(a, b, y, z, t) then the zeros of the associated polynomial are real. But
we need to look at the possibility of a non trivial odd vector in the kernel of a positive
matrix u(a, b, y, z, t).

We now consider the case where an odd vector n = un1+vn; is in the kernel of a positive
matrix u(a, b, y, z, t). In this case the restriction to the odd part will be a multiple of a
one dimensional projection P; and we thus need to first solve the equation

_ cos2(B)  sin(B)cos(B)
a(a’b’y’z’t)_<sin(ﬂ)COS(ﬂ) sin2(B) >

The solution is given by

{b — 2a + %sin(ﬁ)cos(ﬂ), 7 — 211 (—4sin2(/3) +4cos?(B) + 3sin(,3)cos(,8))
4y, — a+sin2(f) — y}
We then consider the restriction of the solution matrix to the even part
2a+3sin(2p)

a+sin(B) —y V2a 7
V2a 2a + sin?(B) 2a +sin(2B)
3 .
Mjg(zﬂ) 2a +sin(2B) 2a + 3sin(2B) + cos2(B)

and compute its characteristic polynomial. We then apply the following

Fact B4. Let P(x) = x" +)_ ajx”_/ be a monic polynomial whose all roots are real.
Then all the roots are > 0 if and only if(—l)jaj >0forall j €{l,...,n}.

One obtains in this manner the following 3 “positivity conditions”:
(1) —az =0
1/ L,
< (4as1n(,8) +cos(B) (3sm B) — 2a)>
(4sin3(,6) — 4ysin(B) + cos(B) <8y _ 11sin2(ﬁ))) >0,
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(2) a2=0

—]4—3asin(2,3) — <2a + %) cos(2B) — 4ay + S5a + Zsin(2,3) — %sin(4,3)

5a + 2sin”(B) + cos>(B) + %sin(,B)COS(,B) —y=>0

The solution of the existence of (a, y) fulfilling these inequalities for a given 8 is given
by the following three cases. In each of them we plot the value of — cot(8) which gives
the component v of the vector n+vn> in the kernel of the positive matrix u(a, b, y, z, t).
We find that all values of v arise except those in the interval (—2, —%). The associated
polynomial to the vector un| + vnj is

0(s) =2v2 (—2ns2u — 520+ 813U + 1671311)
and its roots are real if and only if

872(u +2v) -
2u+v

which for u = 1 is realized if and only if v ¢ (-2, —%) as shown by the graph of the

. 2v+1
function S

Finally the case by case discussion of the allowed values of g is given in Fig. 3.
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